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INTEGRAL REPRESENTATIONS AND FORMULAS
FOR THE UNIFIED AND MODIFIED PRESENTATION
OF FUBINI NUMBERS AND POLYNOMIALS

NESLIHAN KILAR

ABSTRACT. The aim of this paper is to give some different type integral representa-
tions for the unified and modified presentation of Fubini numbers and polynomials. By
applying both the p-adic integrals including the Volkenborn integral and the fermionic
p-adic integral, and the Riemann integral to the generating functions of the unified
and modified presentation of Fubini numbers and polynomials, we give some integral
representations including these numbers and polynomials, as well as the Daehee num-
bers, the Bernoulli numbers and polynomials, the Euler numbers and polynomials,
and some special numbers. Using the generating function methods, we also give some
formulas for these numbers and polynomials.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 05A15, 11B68, 11B73, 11580, 26C05.

KEYWORDS AND PHRASES. Bernoulli numbers and polynomials, Euler numbers and
polynomials, Daehee numbers, Unified and modified presentation of Fubini numbers
and polynomials, p-adic integrals, Riemann integral, Generating functions.

1. INTRODUCTION

It is well known that the Riemann integral, the p-adic integrals with their integral
equations, and generating function methods have many applications in mathematics,
mathematical physics, engineering science with real world problems, and many areas.
Moreover, some special numbers and polynomials and their generating functions are used
to solve combinatorial problems. One of them, the Fubini numbers, is also known as the
ordered Bell numbers. These numbers count the number of weak orderings on a set of n
elements and have many applications in number theory and enumerative combinatorics.
Further, many researchers have both investigated these types of numbers and given many
results (cf. [1-14,21-23]). Therefore, the goal of this paper is to study the unified and
modified presentation of Fubini numbers and polynomials with the aid of the p-adic
integral and generating function methods. Before the results of this paper, we briefly
introduce some special numbers and polynomials and their generating functions with
their properties. We also introduce some definitions and properties of p-adic integrals.
Afterwards, using generating functions, the p-adic integrals with their integral equations,
and the Riemann integral methods, we obtain some formulas and identities for the unified
and modified presentation of Fubini numbers and polynomials and some special numbers
and polynomials.

This paper is dedicated to Professor Taekyun Kim on the occasion of his 60th anniver-
sary.
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1.1. Generating functions for some special numbers and polynomials. Here,
we introduce some generating functions for the special numbers and polynomials. We
also give some properties of these numbers and polynomials.

Firstly, we give some notations that are used during the paper:

N=1{1,2,3,...} and Ny=1{0,1,2,...}.

Let Z,R, and Q denote sets of integer numbers, real numbers, and complex numbers,
respectively (cf. [1-32]).
The Bernoulli numbers and polynomials are defined, respectively, by

t =
(1) e ) DR
n=0
and
tewt o tn
) 1~ 2 B
n=

where [t| < 27 (cf. [1,28,31,32]; and references cited therein).
Setting w = 0 in (2), one has

B, (0) = By,.
The Euler numbers and polynomials are defined, respectively, by
2 SN
(3) = 2 B
n=0
and
2ewt 0 tn
(4) 1= 2 )

where [t| < 7 (cf. [1,28,31,32]; and references cited therein).
For w =0in (4), we get

E, (0) = E,.
The numbers yg , (A; ¢) and the polynomials yg ,, (w, A; ¢) are defined by
2 ad tn
(5) T3 = > von(ie)
n=0
and
20 & tr
(6) & A = nzzoy&n (w, A ) nl

(cf. 29, p. 53, Egs. (5.1)-(5.2))).
When w =0 in (6), we see that

Yon (0,X;¢) = yon (X;0).
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The Fubini type numbers and polynomials of order r are defined, respectively, by

o0

tm
7 (T)
(7) 2_@ =34
and
2rewt & tn
2= _ () bl
® = W)

(cf [9, pp. 1611-1612, Egs. (18)-(19)]; see also [5-14]).
The unified and modified presentation of Fubini numbers and polynomials of order r
are defined, respectively, by
27’
(ubt —9)*r

o

t"
= Z )(/’("ﬂb)_'

n=0

9) N (t,r;p,9,b) =

2rctw

(bt — 9)%

o0 n

, t
= Za%)(wau;ﬁab7c)ﬁa

n=0

where b,c € RT with b,c > 1, d,u,t € C and p # 9, |t| < ‘Q—Wb‘ when p = ¥;
’tlnb—i— In (%)| < 2w when p #9; 1" :=1 (¢f. [14, p. 6, Egs. (2.1)-(2.2)]).

Setting w = 0 in (10), we get

0l (0,159, b,¢) = al) (u:9,b).
When pp=1,9=2and b=c=-ein (9) and (10), one has
a™ (w,1;2,¢) = al")

and

agf) (w,1;2,¢e,e) = ag) (w).

1.2. p-adic integrals. Here we give some definitions and properties of p-adic integrals.
Let p be an odd prime number. Let Z, denote set of p-adic integers. Let Q, denote
set equipped with the norm |:£|p is a topological completion of Q, and |x|p is defined by

|x‘ B p—ordp(x)’ ifz#£0
- 0, ifr=0"

P
where ord, (m) denote the greatest integer v (v € Ng) such that p” divides m in Z. Let
C, is the field of p-adic completion of algebraic closure of Q,. Let K be field with a
complete valuation and C* (Z, — K) be set of continuous derivative functions:

{f 1 Zp = K; f(y) is differentiable and diyf (y) is Continuous}
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(cf. [27]).
The Volkenborn integral (or the bosonic p-adic integral) is defined by

pN—1

[ = im 3" ).
Zp y=

where p1 (y) denotes the Haar distribution

1
p(y) = m (y+p"2y) = N
(cf. [15,20,24,27,28,30]).
The fermionic p-adic integral is defined by
pN-1
/f (y)du—1 (y) = lim > (=1)" f(y),
Zp

where
po1(y) = pei (y +0V2y) = (-1)?
(¢f. [16-19,28,30]).

The p-adic integrals are related to many special numbers and polynomials and their
generating functions. One of these are the Bernoulli numbers and polynomials, and the
other are the Euler numbers and polynomials. With the help of the Volkenborn integral,
the Bernoulli numbers and polynomials are also given by

(11) /y"dul (y) = Bn
ZI)
and
(12) / (y + w)" djs1 (y) = B (w)
Zp

where n € Ng. We note that the Eq. (11) is also known as the Witt’s formula for the
Bernoulli numbers (cf. [27]; see also [26,28,30]).

By using the fermionic p-adic integral, the Euler numbers and polynomials are also
given by

(13) / y'du—1(y) = B,
Zyp
and
(14) [+ 0 s ) = B w),
ZP

where n € Ny (c¢f. [16-19, 26, 28, 30]).
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The integral equation for the Volkenborn integral is given by

n—1
(15) JE U @ldin o / ) di () = 3 5 (5 )}
k=0

Zp
where

E"[f(y)] = f(y+n)

di‘y @)} gt = £/ ()

and

(cf. [15,17,27,28,30]).
By using the same method in work of Simsek [30], when f (y) = ¢¥* and n = 1 in (15),
we have

tlogc
t —
(16) /Cy di (y) = 77
Zyp
where
cE(C;':{yECp: \1—y|p<1}
and ¢ # 1. Here we also note that Simsek gave some results on the above set; see for
detail [30].
The integral equation for the fermionic p-adic integral is given by

—

n—

(17) /En d“ 1 n+1/f d/l 1 :22 n 1- k k)
=0

(cf. [19]; see also [28,30]).
When f (y) = ¢ and n = 1 in (17), after some calculations, one has

(18) [ etdnr )=

ct+1
Zp
(¢f. [28,30)).

2. FORMULAS FOR THE UNIFIED AND MODIFIED PRESENTATION OF FUBINI NUMBERS
AND POLYNOMIALS

In this section, by using functional equations of the generating functions for the unified
and modified presentation of Fubini numbers and polynomials of order r, we obtain
some formulas for these numbers and polynomials. Moreover, with the aid of the p-adic
integral and the Riemann integral methods, we give some results including the Daehee
numbers, the Bernoulli numbers and polynomials, the Euler numbers and polynomials,
the Fubini type numbers and polynomials, and the numbers yg ,, (A; ¢).

Theorem 2.1. Let n € Ny. Then we have

n

(19 o @ty i)=Y (”) ") (2, 159,0,0) 0 (g, 139, ,0).
; J
7=0
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Proof. Using (10), we can write
N (t,k+ Lz +y;pu,9,b,¢) = N (¢, ks 25 8,9, b, ¢) N (£, 15 y; 1,9, b, ¢) .

From the above functional equation, we obtain

[eS) m 00 m
S @ i) = 3l (e )
n=0 ’ n=0

n

> t
X Z ag) (:%M;ﬁvba C) E
n=0

Hence
o tn
> alf D (@ 4y, u,ﬁbc ZZ( ) W (w,39,0,¢) ) (y, 30, b, 0) — —
n=0 ! n=0 j=0

Thus, when the coefficients of t on both sides of the above equation are compared, we
get the desired result. O

Remark 1. When x =y =0, the Eq. (19) is reduced to the following known result:
n
n k l
alF ) (us0,0) = (j) ol (0, b) al)) ; (su:9.b)
j=0

(cf. [14, p. 11, Eq. (2.11)]).

2.1. The Volkenborn integral representation for the numbers aEZ") (u;9,b) and
the polynomials aEI) (w, p; 9, b, ¢). Here by applying the Volkenborn integral to the
generating function of the unified and modified presentation of Fubini polynomials, we
obtain some formulas for these numbers and polynomials, the Bernoulli numbers and

polynomials, and some special numbers.

Theorem 2.2. Let n € N. Then we have

n—1
nlogc n—1\ (
/a%’”)(y,u;ﬂ,bm)dul(y): - Z( ; ) ol (11:0,0) yo.n—jo1 (~1;0).

J=0

P

Proof. By applying the Volkenborn integral to the both sides of the Eq. (10), we have

. ﬁ — 2" ty
Z/ (¥, 1:0,b,¢)dun (y) 5 = b — O /C dpa () -

nOZ »

Using (16), we get

)
" 2" tlogc

E (r) . v
an (y>/jw 797 b7 C) d:u’l (y) n - (th - 19)2r ct—1°

n:OZP
Combining the above equation with (5) and (9), we obtain

Z/a(r) (0., ) dpn (y )t_':tlogcz (11:9,b) .Zygn

nOZp n=0

n



Integral representations and formulas for the unified and modified presentation of Fubini numbers 91

Hence

tn
Z/ (v, 1130, b, €) dpn (y) —

nOZ

n

_ logcz Z( > (3 9,0) Yo.n—j—1 (— 1;0)%.

Thus, when the coefficients of t on both sides of the above equation are compared, we
arrive at the desired result. (]

Theorem 2.3. Let n € Ng. Then we have

n

@) [ v () =3 () e o, (s0.0) B (w).

Zyp J=0

Proof. Replacing x with y + w in Eq. (2.12) in [14, p. 12, Theorem 2.18.], we have
n
n . .
(21) a™ (y +w, p; 9, b, ¢) = Z (j) (Inc)? agzj (;9,0) (y +w)’ .
§j=0
By applying the Volkenborn integral to the both sides of the above equation, we obtain

n

[0 w0 by ) = 3 () (e o, s 0.0) [ 40 i ),

—
Zp J Zp

Using the above equation and (12), we have

/ all) (y+w, i 0, b,e) dpn (y) = 3 ( ) (ne) a, (u:9,b) B; (w).
Zp J=0
Thus, the proof of the theorem is complete. [l

When w = 0 in (20), we arrive at the following result:

Corollary 2.4. Let n € Nyg. Then we have
" /n
/aﬁf) (4 39,0, ¢) dpn (y) = (]) (ne) o) (u;9,0) B
j=0

2.2. The fermionic p-adic integral representation for the numbers a( ") (159, b)

and the polynomials agl) (w, p; 9, b, ¢). Here by applying the fermionic p-adic integral

to the generating function of the unified and modified presentation of Fubini polynomials,
we obtain some formulas for these numbers and polynomials, the Euler numbers and
polynomials, and some special numbers.

Theorem 2.5. Let n € Ng. Then we have

/a(”)(yu,ﬁbcdul Z() (139, b) yon—j (15¢) .

Zp J=
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Proof. By applying the fermionic p-adic integral to the both sides of the Eq. (10), we

have
E / y s v,b C) d/t 1 (y) . = 7r /Ctyd,u 1 (y)
Y Y - n! ( lt E’)Q? - :

nOZ »

From (18), we get

n 2 2
> [0 wmne du ) - e

n! bt — )" et + 1
nOZp (M )

Combining the above equation with (5) and (9), we obtain

(o] tn o0
Z/a%) (v, 10,0, €) dpn () = = o) (30, 0) Zygn Lic) —
n:OZP ’ n=0 !
Therefore
r "
Z/ (y, 19,0, ¢) dp—1 (y ZZ()()u,ﬁb)ygn;(lc)—,
n= OZ n=0 j=0

Thus, when the coefficients of t on both sides of the above equation are compared, we
arrive at the desired result. O

Theorem 2.6. Let n € Ng. Then we have

(22) ) (y 4+ w, 39,0, ¢) dp_1 (y) = -~ (" (ne) ) (1;9,0) Ej (w).
Z[a y+w, p p—1 (y ;(;) I

Proof. By applying the fermionic p-adic integral to the both sides of the Eq. (21), we
obtain

[ w00, s (o () (e o (:0.0) [ (u+ ) ducs ().

Zp Zp

QMS

Combining the above equation with (14), we get

n n .
a0 st dis ) =3 (j) (Inc) o) (s 0,5) E; ().
=0

P

Thus, the proof of the theorem is complete. O
When w = 0 in (22), we obtain the following corollary:
Corollary 2.7. Let n € Ng. Then we have

/a(”)(y 39, b, ¢) dp_y ( Z( > me) al); (1:9.) B

Zp =0

<.
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2.3. The Riemann integral representation for the numbers a( ") (1;9,b) and the

polynomials a( " (w, u; 9, b, ¢). Here by applying Riemann integral to the generating
function of the unified and modified presentation of Fubini polynomials, we provide some
relations for these numbers and polynomials, the Fubini type numbers and polynomials,
and the Daehee numbers.

Theorem 2.8. Let n € Ng. Then we have

1 .
(r) w. [ = n " nc (T) (w + 1)]+1 — wj+1
(23) O/an (y+w, 1 0,b, ) dy Z(j) (e o) (9, b)( . .

= Jj+1

Proof. By applying the Riemann integral to the both sides of the Eq. (21), we can write

1 n

1
/aflr)(y+w7u;19,b,6)dy=z(?) ey o, (150, [ (g+ w)
0

0 3=0
Hence,
1 n . ‘
1 J+1 i+l
[ wap by =3 (1) ney o, sy (L=
—\J j+1

0 7=0

Thus, the proof of the theorem is complete. ([l

When w = 0 in (23), we have the following result:
Corollary 2.9. Let n € Nyg. Then we have

1
- Inc)
(r) .
(24) /an (y, u;9,b,¢)d Z( > (9, b)J+1.
0

Jj=0

.

A

Substituting w = —1 in (23), we get

1 .
. n o -1y
/a%) (y—1,m0,b,c)dy = ( ) (Inc)’ aﬁllj (1£;9,0) (. +)1 :
) =\ j

Combining the above equation with the following the Daehee numbers
g
T+l

(¢f. [20]), we obtain the following result:

Corollary 2.10. Let n € Ng. Then we have
1

/ag) (y—Lu;ﬁ,bJ)dy:Z(]) w i (39, b)M.

!
0 J=0 I
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Remark 2. When p =1, 9 =2 and b = ¢ = e in (24), we have the following known
result:

(cf- [6,9])-

3. CONCLUSIONS

In this paper, by applying the Volkenborn integral, the fermionic p-adic integral, and
the Riemann integral to the generating functions of the unified and modified presenta-
tion of Fubini numbers and polynomials, many interesting integral representations and
formulas were given. These results also included the Daehee numbers, the Bernoulli
numbers and polynomials, the Euler numbers and polynomials, and some special num-
bers. Moreover, using generating function methods, some identities and relations related
to these numbers and polynomials were derived. The aforementioned results have the
potential to attract the interest of many researchers, leading to future investigations into
these special numbers and polynomials. Therefore, the results presented in this paper
can be applicable and useful in mathematics, engineering and also applied science.
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