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Abstract

The Gourava index adjacency polynomial of a graph G is the charac-
teristic polynomial of the Gourava index adjacency matrix GIA(G) whose
(i, j)-th entry is d(vi) + d(vj) + d(vi)d(vj), whenever the vertex vi is adja-
cent to vj , otherwise it is zero, where di is the degree of the vertex vi. In
this article, we obtain the Gourava index adjacency polynomial of graphs
obtained from regular graphs.
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1 Introduction

The concept of energy in graph theory arose from chemistry. Detailed informa-
tion on graph energy can be found in [1] [2] and survey [3].

Throughout this article, letG = (V,E) be a simple, finite and connected graph
with the vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) = {e1, e2, . . . , em}.
For undefined terminologies, we refer [7].

The adjacency matrix of a graph G is a square matrix and is defined as
A(G) = [aij] of order n, where

aij =

{
1 if vi is adjacent to vj
0 otherwise
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1



Pushpalatha Mahalank, A. R. Desai, H. S. Ramane and Ismail Naci Cangul10

The characteristic polynomial of G is called as the adjacency polynomial and is
defined by

ϕ(G : λ) = det(λI − A(G)),

where I is the identity matrix.

The incidency matrix of G is an n×m matrix B(G) = [bij] where

bij =

{
1 if the vertex vi is incident to the edge ej
0 otherwise.

If x1, x2, . . . , xn are the eigenvalues of A(G), then the energy of a graph G
is denoted by E(G) and is defined as the sum of the absolute values of the
eigenvalues of A(G), [1]. That is

E(G) =
n∑

i=1

|xi|.

A topological graph index is a mathematical formula that can be applied
to any graph which models some molecular structure and it is also known as a
molecular descriptor. From such an index, it is possible to analyse the obtained
mathematical values and further investigate some physicochemical properties of
a molecule.

In chemical graph theory, topological indices have several applications in
QSAR/QSPR investigations, pharmaceutical drug design, isomer discrimination
and many more. There are a few important classes of topological indices that are
extensively studied by a number of researchers. Out of these topological indices,
Zagreb indices have many applications in QSPR and QSAR studies.

The first and second Zagreb indices of a graph G were introduced by Gutman
and Trinajestić in 1972, [4]. These two indices are denoted by M1(G) and M2(G),
respectively, and defined as

M1(G) =
∑

uv∈E(G)

[dG(u) + dG(v)]

and
M2(G) =

∑
uv∈E(G)

dG(u)dG(v).

After the great success obtained by these two indices having many appli-
cations, many mathematicians and chemists have defined and studied several
versions of these indices. As an example, motivated by the definitions of Zagreb
indices and their applications, in 2017 V. R. Kulli introduced the first and second
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Gourava indices of a molecular graph G [5]. These two indices of a graph G are
defined by

GO1(G) =
∑

uv∈E(G)

[dG(u) + dG(v) + dG(u)dG(v)]

and
GO2(G) =

∑
uv∈E(G)

[(dG(u) + dG(v))(dG(u)dG(v))].

Gourava index adjacency (GIA) matrix of a graph G is GIA(G) = [gij] where

gij =

{
d(vi) + d(vj) + d(vi)d(vj) if vi is incident to vj
0 otherwise.

The characteristic polynomial of GIA(G) is called Gourava index polynomial and
is defined as

ϕ(G : λ) = det(λI −GIA(G)).

Characteristic polynomial of the adjacency matrix is the most studied graph
polynomial. For this reason, we obtain the Gourava index adjacency polynomial
of graphs obtained from regular graphs in this article. We are going to make use
of below lemmas:

Lemma 1.1. [6] If G is a regular graph of degree r and L(G) is the line graph
then
(i) B(G)B(G)T = A(G) + rI and
(ii) B(G)TB(G) = 2I + A(L(G)).

Lemma 1.2. [6] If M and/or Q is a non-singular matrix, then
∣∣∣∣
M N
P Q

∣∣∣∣ = |M ||Q− PM−1N | = |Q||M −NQ−1P |.

Theorem 1.3. If G is an r-regular graph, then

ψ(G : λ) = (2r + r2)n ϕ

(
G :

λ

2r + r2

)
.

Proof. We have GIA(G) = (2r + r2)A(G). Hence

ψ(G : λ) = det(λI −GIA(G))

= | λI − (2r + r2)A(G) |

= (2r + r2)n
∣∣∣∣

λ

2r + r2
I − A(G)

∣∣∣∣

= (2r + r2)nϕ

(
G :

λ

2r + r2

)
.
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Definition 1. The subdivision graph of G is obtained by inserting a new vertex
on each edge of G [7] and it is denoted by S(G). If u ∈ V (G) then degS(G)(u) =
degG(u) and if v is a vertex added by subdivision, then dS(G)(v) = 2.

Theorem 1.4. If G is an r-regular graph on n vertices and m edges. Then

ψ(S(G) : λ) = (2 + 3r)2nλm−nϕ

(
G :

λ2 − r(2 + 3r)2

(2 + 3r)2

)
.

Proof. We have

GIA(S(G)) =

[
O (2 + 3r)B(G)T

(2 + 3r)B(G) O

]
,

where O is the zero matrix. Therefore

ψ(S(G) : λ) =

∣∣∣∣
λIm −(2 + 3r)B(G)T

−(2 + 3r)B(G) λIn

∣∣∣∣ .

Using Lemma 1.2, we get

ψ(S(G) : λ) = λm

∣∣∣∣λ In − (2 + 3r)2
BImB

T

λ

∣∣∣∣
= λm−n | λ2 In − (2 + 3r)2 (A(G) + rI) |
= λm−n | (λ2 − (r(2 + 3r)2)I − (2 + 3r)2 A(G) |

= λm−n (2 + 3r)2n
∣∣∣∣
λ2 − r(2 + 3r)2

(2 + 3r)2
I − A(G)

∣∣∣∣

= (2 + 3r)2nλm−nϕ

(
G :

λ2 − r(2 + 3r)2

(2 + 3r)2

)
.

Definition 2. The semitotal point graph of G denoted by T1(G) is a graph with
vertex set V (G) ∪ E(G) so that two vertices in T1(G) are adjacent if they are
both adjacent vertices or one is a vertex and other is an incident edge to it. If
u ∈ V (G), then degT1(G)(u) = 2degG(u) and if e ∈ E(G), then degT1(G)(e) = 2.

Theorem 1.5. Let G be an r-regular graph. Then

ψ(T1(G) : λ) = λm−n[(4r+4r2)λ+ (2+ 6r)2]n ϕ

(
G :

λ2 − r(2 + 6r)2

(4r + 4r2)λ+ (2 + 6r)2

)
.

Proof. We have

GIA(T1(G)) =

[
O (2 + 6r)B(G)T

(2 + 6r)B(G) (4r + 4r2)A(G)

]
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where O is the zero matrix. Therefore

ψ(T1(G) : λ) =

∣∣∣∣
λIm −(2 + 6r)BT

−(2 + 6r)B λIn − (4r + 4r2)A

∣∣∣∣ .

Using Lemma 1.2

ψ(T1(G) : λ) = λm

∣∣∣∣λ In − (4r + 4r2)A(G)− (2 + 6r2)
B(G)B(G)T

λ

∣∣∣∣
= λm−n | λ2 In − (4r + 4r2)λ A(G)− (2 + 6r2) (A(G) + rI) |
= λm−n | λ2 − r(2 + 6r2)I − ((4r + 4r2)λ) + (2 + 6r2)A(G) |

= λm−n[(4r + 4r2)λ+ (2 + 6r)2]n
∣∣∣∣

λ2 − r(2 + 6r)2

(4r + 4r2)λ+ (2 + 6r)2
I − A(G)

∣∣∣∣

= λm−n[(4r + 4r2)λ+ (2 + 6r)2]n ϕ

(
G :

λ2 − r(2 + 6r)2

(4r + 4r2)λ+ (2 + 6r)2

)
.

Definition 3. The semitotal line graph of G is T2(G) with vertex set V (G)∪E(G)
and two vertices in T2(G) are adjacent if they are adjacent edges in G or one is
a vertex and other is an edge incident to it in G.

If e = uv ∈ E(G), then

degT2(G)(e) = degG(u) + degG(v)

and if u ∈ V (G), then
degT2(G)(u) = degG(u).

Theorem 1.6. Let G be an r-regular graph of order n and size m, then

ψ(T2(G) : λ) = λn−m [(4r+4r2)λ+(3r+2r2)2]m ϕ

(
L(G) :

λ2 − 2(3r + 2r2)2

(4r + 4r2)λ+ (3r + 2r2)2

)
,

where L(G) is the line graph of G.

Proof. We have

GIA(T2(G)) =

[
(4r + 4r2)A(L(G)) (3r + 2r2)B(G)T

(3r + 2r2)B(G) O

]
,

where A(L(G)) is the adjacency matrix of the line graph of G and O is the zero
matrix. Therefore

ψ(T2(G) : λ) =

∣∣∣∣
λIm − (4r + 4r2)A(L(G)) −(3r + 2r2)B(G)T

−(3r + 2r2)B(G) λIn

∣∣∣∣ .
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Using Lemma 1.2, we have

ψ(T2(G) : λ) = λn

∣∣∣∣λIm − (4r + 4r2)A(L(G))− (3r + 2r2)2
B(G)T B(G)

λ

∣∣∣∣
= λn−m

∣∣λ2 Im − (4r + 4r2)λ A(L(G))− (3r + 2r2)2 (2I +A(L(G)))
∣∣

= λn−m | [(λ2 − 2(3r + 2r2)2] Im − ((4r + 4r2) λ+ (3r + 2r2)2)A(L(G)) |

= λn−m [(4r + 4r2) λ+ (3r + 2r2)2]m
∣∣∣∣

λ2 − 2(3r + 2r2)2

(4r + 4r2) λ+ (3r + 2r2)2
I −A(L(G))

∣∣∣∣

= λn−m [(4r + 4r2)λ+ (3r + 2r2)2]m ϕ

(
L(G) :

λ2 − 2(3r + 2r2)2

(4r + 4r2)λ+ (3r + 2r2)2

)
.

Definition 4. The total graph of G is T (G) with vertex set V (G) ∪ E(G) and
two vertices in T (G) are adjacent if the corresponding elements are adjacent or
incident in G. Here the vertices and edges of a graph are referred as its elements,
[7].

If u ∈ V (G), then degT (G)(u) = 2 degG(u) and if e = uv ∈ E(G), then
degT (G)(e) = degG(u) + degG(v).

Theorem 1.7. If G is a regular graph of order r on n vertices and m edges, then

ψ(T (G) : λ) = (4r+4r2)m+n(x+2)m−n

n∏
i=1

[
x2 − (2λi + r − 2)x+ λ2

i + (r − 3)λi − r
]
,

where λ1, λ2, . . . , λn are the eigenvalues of A(G) and x =
λ

(4r + 4r2)
.

Proof. We have

GIA(T (G)) =

[
(4r + 4r2)A(G) (4r + 4r2)B(G)
(4r + 4r2)B(G)T (4r + 4r2)A(L(G))

]
.

Therefore

ψ(T (G) : λ) =

∣∣∣∣
λIn − (4r + 4r2)A(G) −(4r + 4r2)B(G)
−(4r + 4r2)B(G)T λIm − (4r + 4r2)A(L(G))

∣∣∣∣

=
(
(4r + 4r2

)m+n

∣∣∣∣
λ

(4r+4r2)
In − A(G) −B(G)

−B(G)T λ
4r+4r2

Im − A(L(G))

∣∣∣∣
= (4r + 4r2)m+n(x+ 2)m−n ·

n∏
i=1

[
x2 − (2λi + r − 2)x+ λ2

i + (r − 3)λi − r
]
.

6



15Gourava index adjacency polynomial of some graphs

Conclusion

In this article, we obtain the Gourava index adjacency polynomial of some graphs
obtained from regular graphs. The similar work can be done for other topological
indices.
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