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A PROBABILISTIC PROOF OF A RECURRENCE RELATION FOR
SUMS OF VALUES OF DEGENERATE FALLING FACTORIALS

TAEKYUN KIM, DAE SAN KIM, AND DMITRY V. DOLGY

ABSTRACT. In this paper, we consider sums of values of degenerate falling fac-
torials and give a probabilistic proof of a recurrence relation for them. This may
be viewed as a degenerate version of the recent probabilistic proofs on sums of
powers of integers.

1. INTRODUCTION

Jacob Bernoulli considered sums of powers of the first n positive integers, 1¥ 4
2% ...+ 71k, which have been a topic of research for centuries. We note that
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P42 43+ 4n’=(142434--+n)", (see[6,7,9—11]).
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The Bernoulli polynomials are defined by
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When x =0, B, = B,(0) are called the Bernoulli numbers. By (1), we get

2 B, =Y ("B, (n>0). 10,12]).
@ W=3 (i)t 020, e fo.12)

From (1), we note that

= m_ L o (m+1 m1—1
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where m,n € N.
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Denoting the sum 1™ + 2" + .-+ n™ by S,,(n), by (3), we get
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(6)

nm+1 m—1 m (_1)mfr+1
= 75‘
m+1 +r;0 <r> m—r+1 ),
where m is a positive integer (see [6,7,10]).

For any A € R, the degenerate exponentials are defined by

0 n

™ G0 = Y (ua, (see[11-15)),

n=0
where the degenerate falling factorials are given by

(o =1, (2 =x(x=A)(x=24)-- (x— (n—=1)A), (n > 1).

In particular, for x = 1, we denote them by ¢; (1) = ¢) (7).
The degenerate Bernoulli polynomials are defined by

®) el(;ﬁei (1) = n;oﬁ"’l (x)%, (see [4,16,20]).

When x =0, B, 3 = B, (0) are called the degenerate Bernoulli numbers.
The degenerate Stirling numbers of the second kind are defined by Kim-Kim as

n

©) Woa = {1} @ 20, e s,

k=0
where the falling factorials are given by

(o=1, @)y =x(x—1)(x—2)-(x—n+1), (n>1).

In this paper, we study sums of values of degenerate falling factorials which are
given by

10 8000 = D+ @+ s = L (ke

In Section 1, we recall the necessary facts that are needed throughout this paper.
After recalling two expressions of Sy 3 (n), we derive two recurrence relations for
them in Section 2. Let X be a nonnegative integer-valued random variable, and let
k be a positive integer. Then, in Section 3, we show first that the k-th degenerate
moment of X is given by E [(X)kl} =Y 0 ((x+1)ga — ()x2)P{X > x}. Then
we apply this to the uniform random variable X supported on {0,1,2,...,n} to
derive a recurrence relation for S 5 (n).

2. SOME FORMULAS FOR SUMS OF VALUES OF DEGENERATE FALLING
FACTORIALS

From (8), we note that
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Thus, by (11), we get

n—1
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where m is nonnegative integer.
From (12), for m,n € N and x = 0, we have the next proposition. This is also
obtained in [14, Lemma 7].

Proposition 2.1. For m,n € N, we have

1 & (m+1
Smar=1) =03 (") W13
=0

As it is done in [14, Theorem 8], by using (9) and (10), we get the following
theorem.

Theorem 2.2. For k € N, we have

suo =2 {3} (1))

Now, we observe that

(13) 4903 =Y (1) raOhoosa @20
k=0
From (10), we note that, for k € N,
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By (14), we get

k
15 4 ea = ez = X (71 Do asao

r=0

- 2 ("+ 1) Dt So () (k- 1Sz ().

Thus, by (15), we obtain the following theorem.

Theorem 2.3. For k € N, we have the recurrence relation

(4 Diria—Wein 1 kil <k+ 1> (Der e Son (1)
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‘We note that
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From (13), we note that
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where the degenerate rising factorials are given by

(or =1, X =x(x+A)(x+24)--- (x+(k—1)A), (k>1).

Thus, by (16) and (17), we get

n
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From (18), we obtain the following theorem

Theorem 2.4. For k € N, we have

(M1 g | K l—
S — 5 _ +1—r .
e (1) 1 Trrl 2\, (=1) (Dies1-r2851(n)

3. A PROBABILISTIC PROOF OF A RECURRENCE RELATION FOR §; ;L(n)

Recently, probabilistic methods are used in deriving recurrence formulas for
sums of powers of integers, (see [6,7]). In this section, we give a probabilistic
proof of a recurrence relation for sums of values of degenerate falling factorials
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Let X be a nonnegative integer-valued random variable, and let k£ be any positive
integer. Then we note that

(19)

o
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oo
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Therefore, by (19), we obtain the following theorem.
Theorem 3.1. Let X be a nonnegative integer-valued random variable. For k € N,
the k-th degenerate moment of X is given by

E[00ka] = X (04 Dix = (e ) PIX > ).

Assume that X has support in {0, 1,2,...,n}. Then we have

n
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where k is a positive integer.
Now, let X be the uniform random variable supported on {0,1,2,...,n}, that is,

P{X =x} = +1 ,forx€{0,1,2,...,n}. Then we note that
Y PiX=y}=
y=x+1
From (20), we note that
n 1 n
eh L Wy = DX =)
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By (21), we get
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where k is a positive integer.
By (22), we obtain the following theorem.

7

Theorem 3.2. For k € N, we have
(n+1)k,1 k=1 k
Sia(n) = k+l Z(l kiori| g )Sran)

k+1
A KDk
i L "<r> (Di—raSpa(n).

4. CONCLUSION

In this paper, we derived three recurrence relations for the sums of values of de-
generate falling factorials Sy 3 (n) = (1)g 2 +(2)ka +---+ ()ga, (k€N). They
are Theorems 2.3, 2.4 and 3.2. If we let A — 0, then Theorem 2.3 and Theorem 2.4
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boil down to (5) and (6), respectively. In addition, we obtain another recurrence
relation for S (n) by letting A — 0. Namely, we get

Cn+DF 1 Kk
Selm) == k1 =\ Sr(n).
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