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Abstract. In this paper, fixed points of Phillips type Bernstein operators, their prod-
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gence of the iterates of these operators has been established by employing the Banach
Contraction Principle. Further, it is also proved that these operators are Weakly Picard
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1 Introduction

The foundations of Approximation Theory were laid down by the famous theorem
by Karl Weierstrass[2]. A constructive proof of his theorem was produced by S.N.
Bernstein in the year 1912 [30]. He constructed a sequence of polynomials popularly
called as Bernstein polynomials utilising the probabilistic theory approach.Thereafter
different approximation operators have been constructed to improve various approxi-
mation parameters. E.g. one can refer [15, 8, 4, 9, 12, 18, 31, 23]. Inverse results in
approximation theory were studied in [26].

With the development of quantum calculus, rational type generalisations of Bernstein
Operators were constructed by Lupag in 1987 [3]. In 1997, Phillips [5] generalised
Bernstein polynomials using the notions of g-calculus though adopting a different
approach. For more details on g-calculus one can refer [6, 27] and for more details on
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generalised ¢ Bernstein polynomials one can refer [36, 37].

Approximation operators on various domains are needed in the numerical analysis for
solving differential equations with known boundary conditions. As a result, several
researchers constructed and generalised various operators for better approximation on
diverse domains. On the square domains too approximation by operators and their
bases have been used in the problems concerning CAGD (Computer Aided Geometric
Design) [10]. g-Bernstein Operators (Philips type) have been studied on square shaped
regions along with their approximation properties in [1].

In the paper by Rus[24] and through the Kelisky-Rivlin’s result in [25] it was stated
that V ¢t € C[0,1],« € [0,1] and v € N, lim,oBJ'(t)(a) = t(0) + [t(1) — t(0)]c
(where B]"'(t)(«) denotes the mth iterate of successive approximation for the classical
Bernstein operator B, (t)(«)). The authors of the above work have beautifully used the
Banach Fixed Point Theorem. Also, in [7, 11, 13, 28, 32, 34, 35] the limiting behaviour
of the iterates of certain classes of operators which are positive as well as linear is
studied. New characterisations e.g, Korovkin type results and the asymptotic nature
of the iterates for positive linear operators were studied and described in [11, 34, 35].
Motivated by the work done in [33] we consider the ¢-Bernstein Approximation
operators along with their product and Boolean sum on a domain bounded by a square
having two curved edges and study the convergence of their iterates. We prove the
existence and uniqueness of their fixed points by applying the contraction principle.
One can consult the following for the relevant work in the area [14, 16, 17, 19, 20, 21, 22].

2 Weakly Picard operators

Let us now look at the following definitions:[29].
Let (X,0) be a metric space. Let £ : X — X be an operator. Consider the following sets

1. Zp = {t€ X|£(t) =t}, i.e. the set containing fixed points of £.

2. J(&) :={F cC X| &F) C F,F # @} i.e. the set denoting the nonempty and
invariant subsets of X.

Also consider the following notations:

L0 =Ty, &= ¢ ... g = goL" neN.

Definition 2.1 £: X — X is said to be a Picard Operator if 3 n* € X such that
(i) Lo = (0");
(1) the sequence (£"(10))nen converges and it converges to n* ¥ ny € X.
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Definition 2.2 £: X — X is said to be a Weakly Picard operator < 3 a partition of
X i.e. X =UyepX,, such that

(1) X, € J(L), for all v € A.

(2) L|x, : X, — X, is a Picard operator V v € A.

Definition 2.3 Let £ is a Weakly Picard operator. We define the operator £, in
the following way

£ X = X, such that
L£2(n) := lim £%(n), neN

3 Philips ¢-Bernstein Operators on Dy,

Let D, be a square region bounded by the sides/edges viz.I}, Iy, I3, and Iy out
which which the edges I3 and Iy are the curved sides taken to be I3 = ¢() and
I'y = d(«). Through the point (o, ) € Dy, let us consider a line parallel to the edge
I intersecting the edge Iy at (0,/3) and Iy at (g(8), ) and another line parallel to
the edge I intersecting the edge I at («,0) and the edge I's at (o, d(«)). Let us now
consider the following two uniform partitions of the intervals [0, g(5)] and [0, d(«)],-
0, = {14 g(B),i = 0,m} and Of = {fd(a), j = 0,n}..

Let F is a real valued function on Dy, h € R,. Now on the domain D, we can define
the Phillips type g-Bernstein operators in the following manner:

(Ba) = Y sl OF ((22009).5), (3.1)
i=0 q
and . ’
(B0 =3 e ﬂ)F(a, %d@), (3.2
where,
[ " ] o' Ty (9(8) = a)
pm,i(aaﬁ) = (g(ﬁ))m ) (avﬁ) € Dha (33>
and
] I - o
an,j(a; ﬁ) = 4 (aa /8) € ]D)ha (34)

(d(a))" ’
The interpolation properties for By, | and Bﬁq can be stated by means of the following
theorems..
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Theorem 3.1 [1] For a real-valued function F on Dy,

())BS, F = F on the two edges Ty and Ty;

m,q
(i) (By, yei5) (a,B) = a'f’, i=0,1;j €N,

a(g(B) — )

[mly

(iii) By, jei2 = (oz2 + ) B, ieN

Theorem 3.2 For a real-valued function F on Dy,

(i)BL ,F = F on I'1 UT';
(ii)(BY jeij) (0, 8) =a'B?, j=0,1;i €N,

(iid) By ein = <52 | Adle) = F) m)of, ieN

We now come to the main results of this section wherein F is a real valued function
on Dy, h € Ry.

Theorem 3.3 It holds that By, , and B2 are weakly Picard operators and

n,q

(B F)le B) = HHE5550a + F (0, B)

00 _ F(ayd(a))—F(a,0)
(B F)(a, B) = =225 5B + F(a,0)

Proof: Keeping in view the interpolation results of By, = and Bﬁ,q (from Theorem 3.1
and Theorem 3.2), let us consider the sets-

Y3 p, = AF € C(DW)IF(0,8) = 7|1, F(g(8), ) = 7l }, for 5 € [0,d(a)],
Y i = A{F € C(DW)|F(a,0) = x|y, Fla,d(a)) = XIn}, for a € [0,g(8)],
and denote

FOY (o, 8) = 7l — 7l

T|[‘2,T|['4 g(ﬁ) a+T‘F2
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FP  (a,8) = Xl = XIn

In
Xlryxlry d(a) o+ X|F1
with 7, xeC(Dy,).
Let us now observe the following;:

(i)Y(l) and Y(2) are closed subsets of the set C(Dy,);

T|ry,Tlra 1|y
(1) . . - 8 .
(11)YT|F ln, and Yxlr x|, Are invariant subsets of By, , and B, , respectively where 7, x

€ C(Dy) ;n,me N;
(iii)C(Dh):UTEC(Dh)Y(I)

. are partitions of C(Dp);
(iv)F

and C(Dy)=Uyec(p,) Y.

Xlryxlry
(1) (2) .
TIrysTlry € Y:’—|F2>T|F4 nFB%zq and FX‘F1;X|F3 = Y |F17X|F3 mFBE,q’ WhereFBgmq and FBE,q

are the fixed points sets of the operators By, , and Bn,q

Statements (i) and (iii) are easy to prove by applying the definition of closed subset
and varying 7, x€C(Dp,).

(ii) Since the operator By, , is a linear operator and by virtue of Theorem 3.1, it

follows that V F{) ey andv F? — cy®
Tlry,7lry Tlry,7lry X|rysxlr, X|F17X|F3

we have "

(03 Py— 1
qu T\FQ,T|F4 7FT|F27‘F|F4’

8 (2 (1)
B n,q X|F17X|F5 _FX|F17X|F5
Therefore, ler iy and Yxlr xr, AT€ invariant subsets of By, = and B’ 4 respectively for

27 ) )

7,X € C(Dy) and n,m € N.
We now prove that the maps, B%
(2 (2)

vy 5yl (a,8) and

moalriry 7y Yol o = Yol i

n»q|X‘F1’X|F3:YX|F17X|F3 iy (v, B) are contraction maps for 7,y € C(Dy) and
n,m € N.
Consider G, H € YTlF .
27 4

Then for a fixed 5, let

Uy = o<21% {Pmola, B) + Prmm(a, B)}

o [T (")

As we know that >~ pi(a, ) = 1, therefore 0 < u,, < 1.
Consequently,

1B5,.4(G) (v, B) = By, (H)(, B)|= |B7, 4 (G — H)(e, B)] < |1 — uml |G — H|w.
In other terms,

||Bf§‘%q(G —H)(,B)|| <1 —up| ||G—H|w forall G, H € Y

|F2 T‘F4
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Hence B¢, is a contraction for 7 € C(Dy,).

m q|Y(1)
TIry Ty

Similarly for a fixed «, let

Uy = 0<g%<zd7(la {tno(c, B) + Gun(a, B)}

o= os%@%»{ (HZ;é (ZEZ;"_ qzﬂ)) ! <d(ﬂa)>n}'

Since Z?:O n,j(a, B) =1 we have, 0 < v, < 1. Again we observe that,
1B (G) (e, B) = By ,(H)(ex, B)| = B (G = H)(a, B)] < |1 = vy |G = Hl|w

18] (G) (v, B) = By y(H)(et, B)||oo < [1 = 0a|[|G = Hllow, for all G, H €Y,

- X|ry x|y
Since 0 < v, < 1, Bnq|Y is a contraction for x € C(Dy,).
lel X\Fd
(Tlry—=7lry)
Moreover, (%)( )+T|FQEY(‘F lry
(%)()—HAQ)( (a ))GYX|F A, € the fixed points of maps B, , and BY | respec-

tively, that is,

_T’Q _T|F2

o 7—|F4 T :T|F4 T
Bm,q(—g(ﬁ) O +7ln m) A= () 4 ol

Xl — X|r Xlr, — xIn
Bg,q( | : ‘ - () +X|F1X|F3) = 54‘1() +X|F1X|F3

d(a) d(a)
Using Banach Contraction principle, we can state that FT(‘IF) iy (o, B)
(rlry=rlry) , . S
:(W)(a}—i—(rm) is the only fixed point of By, , in YT(‘F)TﬂF4 and qu|y(1) ol

is a Picard operator, with

(B F)(a, p) = HHEL5E0a + F(0, )

(xlrs=xlry)

and, smularly F(lr Xy (a, B) - (T)(ﬁ)—}—xm is the unique fixed point of

operator y and

|F X|F3

(BiF)(a, B) = He0=00 8 4 F(a,0).

Consequently, it follows that the operators By, . and Bﬁyq are weakly Picard operators.
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4 Product operators on Dy,

Let P =By, Bfiq and Q4 *Bﬁqb’?nq, i.e. the products of the two Philips type
Bernstein operators on the domain Dy,

Then these are defined by the following expressions-

(-5 St (440 (122 B (35

2 il Tl
(o) 08 = 33 st s, ({5 ), )

Theorem 4.1 Given that, o € [0,9(B)] and B € [0,d(a)], product operator Py,
follow the relations:
0),

(1) (Pung) (e, 0) = (By, )(a
d(a)) = ( )(0(4 sd(@)),

(i) (PongF)(0,8) = (B}, )(0, B)
(#47) (Pn,g ) (e,
(1) ( man)(g( ),B) = (BB F)( ), B)-

Theorem 4.2 P, , is a weakly Picard operator and

(anonq )(0‘»5) (8 ][d(a)][ (5)d(0)F(0 0) + @A) ][d(a)] [d(O)F(g(ﬁ),O) - d(O)F(O, 0)] +
e WA F(©0.d(0)) — g(B)F(0,0)] + pafamF0.0) + F(g(8),d(g(8) —
F(0,d(0)) — F(g(5),0)].

Proof: Consider Y, ,¢c = {F € C(Dy)|F(0,0) = i, F(g(0),0) = v, F(g(h),d(h)) =
¢, F(0,d(0)) = ¢} and denote

ngc(ﬁ a) = [9(8)d(0)n — g(B)d(0)v] x ([g(8)][d(r)]) "+ LLEULCLI O
+et P+ ESaes

with p, v, &, ¢ € R.

Let us consider the following statements

(i) Yy uec is a closed subset of the set C(Dj,)

(i) Y, u¢,c is invariant subset for P, , for p,v,€,{ € R and n,m € N;

(ili) C(Dp)=UppecYuwec i-e. Yy e forms the partition of C(Dj,)

(V) Fuvec € Yupec N Fp,,, swhere Fp  denotes the sets of fixed points for Py,
It is easy to prove statements (i) and (iii).

(ii) Applying same idea i.e that of theorem 3.2, we use the linearity of operators and
Theorem 4.1, to note that Y),, ¢ is invariant subset of Py, , for pu,1,§,¢ € R and
n,méeN

(iv) Further we prove that
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’PmTL’LJ|YM,u,5,< : YHM&C - XM;V;&C
is contraction map for u v, 5 C eR HeY,, ’54 and Jimn = Up Uy, 1.€.

,méeN
m— 1 n— n
. — . 1ly=09\P)—q @) [) 11,—old\@)—q"P) 6) L
Jmn og@é%{ < ( > }0<?Z}<Z§€a < > + (d(a)> }’

we have |,Pmn7q(G) (05, ﬁ) - mn,q ﬁ | mnq

<1 = upvn| |G = Hl

S |]— - jnm' ||G - HHoo

Since 0 < u,,, < 1 and 0 < v, < 1, it follows that 0 < j,,, < 1. Thus it is proved that,
Prnglv, e 18 a contraction map for p, v, €, ¢ € R.

Consequently, [|Punq(G) (e, B) = Pang(H) (e, B)lloc < (1 = jmn) |G — H]|

Applying the contraction principle, it is proved that F},, ¢ is unique fixed point of
Prng 0 Y60 Moreover, P, qly, .. is a Picard operator.As a result, one can note
that Py, 4 is a weakly Picard operator.

Remark 4.3 We can prove the same result for the operator Q4 analogously.

5 Boolean sum operator on D,

Let us define the Boolean Sum Operators by the following expressions-

Upng = Bey g ® B = B2+ B — B, BY

m,q~n,q’
Vg = BY @B, = Bﬁ,q + B, B2 B,

We have the following result for the above operators.

Theorem 5.1 [1] For any real-valued function F defined on Dy,

Upn o F =F

Dy,

Dy,
and

=F
Dy,

Vnm,q F

oDy,
where 0Dy, denotes the boundary of the region Dy,

Theorem 5.2 The Boolean sum operator Upy 4 is weakly Picard and

_ Fla(B).8)-F(0.5) BF @) | Flad(e)-F(a0) 5 , d@)F(a)
(Sﬁfnq J(,p) = FUREEIOA o AT y FedGEHel s 4 doEe -

B[ (a)][ 9(8)d(0)F(0,0) — g(B)d(g(83))F(0,d(0))] — m[d(O)F(g(ﬂ),O) -
AOF0,0] — L [gBF0,d0) — gAFO,0)] — pt—[F(0,0) +
F(g(8),d(g(8)) — F(0,d(0)) = F(g(5), 0)],

9
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Proof: The proof can be done on the lines similar to that of the previous theorem.
We only need to use the inequality,

[Uning(G)(ct, B) = Unn,g(H) (e, B)[loc < [1 = (wmn + v = Jrnn) (|G — H|
in order to show that U, , is contraction map.

Remark 5.3 Analogously one can achieve similar result for operator Vi, 4.

6 Conclusion

The Phillips type ¢-Bernstein operators, their products and Boolean sums have fixed
points on a square domain with two curved sides. These operators happen to be Weakly
Picard Operators on this domain. Moreover, the iterates of these operators converge
on this doamin. The present study paves the way for any future analysis into different
types of domains and it will be interesting to examine the existence of the fixed points
of the analogously created operators on new domains and study the behaviour of their
iterates.
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