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1. INTRODUCTION

There are many applications of the fixed point theory in solution of dif-
ferent mathematical problems like integral equations, differential equations,
VIP, convex minimization problem, image recovery, etc. Also several fixed
point results in different spaces for nonlinear mappings are available in the
literature (refer to [27, 28, 29, 30, 31, 32, 33, 34, 35, 36]) etc.

The concept of asymptotically nonexpansive mappings and the asymp-
totically nonexpansive type mappings were introduced by Goebel and Kirk
[2] as a generalization of the class of nonexpansive mappings. Recall that a
mapping T : K — K, where K is non-empty subset of a uniformly convex
Banach space X, is said to be asymptotically nonexpansive if there exists a
sequence {k,} with k, > 1 and lim,_,+ k, = 1 such that

| T"z = T"y|| < knllz —yl],

for all z,y € K and n € N.

Goebel and Kirk [2] proved that ”Every asymptotically nonexpansive self-
mapping of a non-empty closed bounded and convex subset of a uniformly
convex Banach space has a fixed point”. After this, several authors have
being concerned with the iterative construction of a fixed point of asymp-
totically nonexpansive mappings.

In 2003, Chidume et al. [37] introduced the concept of asymptotically
nonexpansive nonself-mappings as a generalization of asymptotically non-
expansive self-mappings. Non-self asymptotically nonexpansive mappings
have been studied by many authors (see [38, 39, 40]). In 2016, Alber et al.
[41] introduced the concept of total asymptotically nonexpansive mappings
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that generalizes the family of mapping that is the extension of asymptot-
ically nonexpansive mappings. There are many papers dealing with the
approximation of fixed points of asymptotically nonexpansive mappings in
uniformly convex Banach spaces. (refer to [18, 24, 25, 26]).

Several authors have studied approximate fixed points of asymptotically
nonexpansive mappings and asymptotically quasi-nonexpansive mappings in
uniformly convex Banach spaces by using different iteration schemes (refer
to [14, 16, 17, 18]) etc. In 1953, Mann [20] introduced new iteration scheme,
which is powerful method for solving nonlinear operator equations. This
scheme is:

Let K be a non-empty closed convex and bounded subset of a Banach space
X and T : K — K be any nonlinear mapping. For fix z; € K the sequence
{zk41} is defined by

Tyl = osz(xk) + (1 - ak)xk7 keN,
where {ay} is a sequence in (0, 1).

Using demiclosedness property that was introduced by J. Gornicki [12],
Schu [18] introduced modified Mann iteration process and proved that the
modified Mann iteration process converges weakly for asymptotically non-
expansive mapping in Hilbert space under certain conditions.

In 1974, Ishikawa [22] introduced the following iterative scheme:
For fix x; € K the sequence {1} is defined by

yr = (1 = Br)wr + BTy,
Tpp1 = (I — ag)wp + o Tyg, k €N,

where {a} and {8} are sequences in (0,1). If 8 = 0, then it reduces to
Mann iteration.

In 2000, Noor [21] introduced three-step iteration scheme as follows:

r1 € X,

Ye = mrk + (1 — ve) Ty,

zp = Bk + (1 — Be) Ty,
Th4+1 = QpTE + (1 — Ozk)TZk.,

for all k > 1 and {ax}, {Br}, {7} are sequences in (0,1). This iterative
scheme is a generalized form of the Mann iteration scheme and Ishikawa
iteration scheme. Mann iteration, Ishikawa iteration, Noor iteration are fur-
ther generalized and other several iterative schemes have been developed by
my authors to study fixed point of nonexpansive type mappings.

The following iteration scheme is called M iteration scheme, introduced
by Ullah et al. [23] as follows:
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2n = (1 — an)xn + anT"xp,
Yn =T" 2y,
Tnt1 =T Yn.
Ullah et al. [23] obtained weak and strong convergence results of M it-

eration schene for nonexpansive type mappings in the framework of Banach
space.

The class of hyperbolic spaces contains normed spaces, CAT(0) spaces,
and many more. There are so many examples in the literature that shows
hyperbolic spaces are more general than Banach spaces (for detail, refer to
[1, 13)).

Following is the version of M iteration scheme in hyperbolic spaces for
asymptotically nonexpansive mappings:
Let (X, d, W) be a hyperbolic space and K C X is non-empty closed convex.
Let T': K — K be an asymptotically nonexpansive mapping and {z,} is a
sequence in K defined by

Zn = W(xm T"xy, an)
Tn4+1 = T"yn,

where {ay} is a sequences in (0, 1).

Sharma [3] studied approximate common fixed points of nearly asymp-
totically nonexpansive mappings by using modified S P—iteration process in
the setting of C AT (k) spaces and established strong and A—convergence
theorems. Here, we extend the results of Sharma [3] to approximate fixed
points of nearly asymptotically nonexpansive mappings in complete hyper-
bolic spaces by using iteration scheme (1).

2. PRELIMINARIES

Definition 2.1. [3] Let K be a non-empty subset of a metric space (X,d).
Then a mapping T : K — K is said to be

e Nonexpansive if d(Tz, Ty) < d(z,y), for all x,y € K;

o Asymptotically nonexpansive if there exists a sequence {k,} C [0, 00)
with limy, o0 kn, = 0 such that d(T"x, T™y) < (1 + ky)d(z,y), for all
z,ye K, n>1;

o Asymptotically quasi-nonexpansive if F(T) # 0 and there exists a
sequence {kn} C [0,00) with limy, o0 kn = 0 such that d(T"x,p) <
(1+ kp)d(z,p), forallz €e K, pe F(T), n>1;

e Uniformly L— Lipschitzian if there exists a constant L > 0 such that
d(T™z, T"y) < Ld(z,y), for allz,y € K, n > 1;

o A sequence {x,} in K is called an approxzimating fixed point sequence
for T if imy, 500 d(xp, Tzy) = 0.

Sahu [4] introduced an important generalization of the class of Lips-
chitzian mappings namely class of nearly Lipschitzian mappings.
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Definition 2.2. [3] Let K be a non-empty subset of a metric space (X,d).
Fiz a sequence {sp} C [0,00) with lim;,_,o0 S, = 0. A mapping T : K — K
is said to be nearly Lipschitzian with respect to {s,} if for all n > 1, there
exists a constant k,, > 0 such that

d(T"z, T"y) < knld(z, y) + sn),

for all x,y € K. The infimum of constant k, for which above inequality

holds, is denoted by ((T™) and called nearly Lipschitz constant. Note that
d(T™z, T"y)

(z,y) +sn:z,y € K,x # y}

A nearly Lipschitzian mapping T with sequence {sp,((T™)} is said to be

(™) = supf 5

e Nearly nonexpansive if ((T™) =1 for alln > 1;

e Nearly asymptotically nonexpansive if ((T™) > 1 for alln > 1 and
limy, 00 C(T™) = 1;

e Nearly uniform k— Lipschitzian if ((T™) < k for alln > 1.

Remark. [3] Every asymptotically nonexpansive mapping is nearly asymp-
totically nonexpansive.

Definition 2.3. [3] Let (X,d) be a metric space and K a subset of X. A
mapping T : K — K with non-empty fived point set F(T) in K will be said
to satisfy Condition (I), if there is a non-decreasing function f : [0,00) —
[0,00) with f(0) = 0 and f(r) > 0 for r € (0,00) such that d(x,Tx) >
f(d(z, F(T))) for all x € K, where d(z, F(T)) = inf{||x — z|| : z € F(T)}.
Definition 2.4. [19] Let X be a Banach space. X satisfies Opial’s condition
if for each x € X and each sequence {x,} weakly convergent to x,

liminf ||2,, — y|| > liminf ||z, — z||,
holds for y # x.

Definition 2.5. [5] A hyperbolic space (X,d, W) is a metric space (X,d)
together with a convezity mapping W : X x X x [0,1] — X such that for all
z,y,2 € X and a, 8 € [0,1], we have
(i) du, W(z,y,a)) < (1 — a)d(u, x) + ad(u,y),
(H) d(W(]J, Y, Oé), W(.%, Y, 6)) = |O{ - 5|d($a y)7
(iii) W(z,y, o) = W(y,z,1 — ),
(iv) dW(z,z,a), W(y,w,a)) < (1 —a)d(z,y) + ad(z,w).

Example 2.1. [15] Let X =R be a Banach space. Let d: X x X — [0,00)
be a mapping defined by
d(z,y) = ||z —yl|.
It is clear that d is metric on X. Let K = [0,1] be a subset of X. Further
we define a mapping W : X x X x [0,1] by
W(:Ea Y, O[) =azr + (1 - Oé)y,
for all z,y € X and « € [0,1]. Then (X,d, W) is hyperbolic space.

Definition 2.6. [7] A non-empty subset K of a hyperbolic space X is said
to be convex if W(zx,y,a) € K for all z,y € K and o € [0,1].
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Leustean [6] introduced the concept of uniformly convex hyperbolic spaces.
Later [9] defined uniformly convex hyperbolic spaces in the following way:

Definition 2.7. [9] A hyperbolic space X is said to be uniformly convex
if for any r > 0 and € € (0,2], there exists a 6 € (0,1] such that for all
z,y,z € X,

d(W (z,y, %), z) < (1=9)r,

provided d(x,z) < r, d(y,z) <r and d(z,y) > er.

Definition 2.8. [8] Let K be a non-empty subset of a metric space X and
{z} be any bounded sequence in K. For x € X, there is a continuous
functional v(.,{zx}) : X — [0,00) defined by
r(x,{zr}) = limsup d(zg, ).
k—o0

The asymptotic radius r(K,{xg}) of {xr} with respect to K is given by
r(K,{zr}) = inf{r(z,{z}) : x € K}.

A point x € K is said to be an asymptotic center of the sequence {xy} with
respect to K, if

r(z,{zr}) = inf{r(y, {ax}) : y € K}.
The set of all asymptotic centres of {xy} with respect to K is denoted by
A(K, {zr}).

Remark. In uniformly convex Banach spaces and C AT(0) spaces, bounded
sequences have unique asymptotic center with respect to closed convex subset.

Definition 2.9. [8] A sequence {x} in X is said to be A— converge to
x € X if x is the unique asymptotic center of {xk,} of {zr}. In this case
A —limy o0 2 = .

Lemma 2.10. [10, 11] Let {an}, {bn} and {6,} be a sequences of non-
negative real numbers satisfying the inequality

ant1 < (L+6n)an + by, n> 1.

If 5" 6, < 00, Y. by < 00, then limy, o0 ay, exists. In particular, if {a,} has
a subsequence converging to 0, then limy, o a, = 0.

Lemma 2.11. [12] Let X be a Banach space satisfying Opial’s condition
and let K be a non-empty closed convexr subset of X. Let T : K — K be an
asymptotically nonexpansive mapping. Then (I —T) is demiclosed at zero.

3. MAIN RESULTS

Theorem 3.1. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convexz.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {sn,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K
defined by (1) with the assumption that

e lim, o inf ap (1 — ay) > 0;

e > s, < oo

e > (¢C(T") —1) < 0.
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Then limy, o0 d(xy, p) exists.

Proof. Since F(T) # 0, let p € F(T). Also T is nearly asymptotically
nonexpansive mapping, we have

d(zn,p) = dW (2, T" Tp, ), )
< (1= ap)d(zn,p) + and(T"zn, p)
< (1—ap)d(xn,p) + and(T"x,, T"p)
< (1= an)d(zn,p) + an[C(T")(d(2n, p) + s5)]
< ((T™)[d(zn, p) + sn);
d(Yn,p) = d(T"zn, T"p)
< ¢(T™)[d(zn, p) + ]
< (T[T (d(@n, p) + Sn) + S
=¢(T ) d(n, p) + C(Tn)an +¢(T")sn,
d(zn+41,p) = d(T"yn, T"p)
< ¢(T™)[d(yn: p) + sn)
< UTMC(T™2d(@n, p) + [C(T™)s0) + [C(T™) 50 + 50]
= {(T™)?d(wn, p) + C(T™) 50 + C(T") 50 + ((T™) s
= {(T™)?d(xn, p) + [C(T™)? + C(T™)? + (T
= ((T")*d(n, p) + Bn
L+ 6p)d(wn, p) + Bn,

—~

where 3, = [¢(T™)3 + C(T™)? + ¢(T"]sp,
and

(1+6,) = (T
50 = C(T") —1
— (((T™) = (T + (T +1).

Since > (C(T") — 1) < 00, > $p < 00, hence > a, < 00, Y. B, < 0o. Hence
from Lemma 2.10, we have lim,,_, d(x,,p) exists. O

Lemma 3.2. Let (X,d, W) be a complete uniformly convex hyperbolic space
with uniformly convexity n and K C X is non-empty closed convezx. Let T :
K — K be a nearly asymptotically nonexpansive mapping with a sequence
{8n,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K defined by (1)
with the assumption that

o lim, o inf o, (1 — ) > 0;
e > s, < oo;

e > (¢(T") - 1) < 0.
Then limy,— o0 d(T"Tp, Tr) = 0
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Proof. Since {z,} is bounded sequence, there exists R > 0 such that {z,},
{yn}, {zn} are subsets of Br(p) for all n > 1. Using (1), we have

dQ(Zn,p) = dQ(W(l'naTnxnvan)ap)
= dz((l — )Ty + anT"wy, p)
R
< (1 = an)d*(@n, p) + and* (T, p) — 5(1 — o) o d* (T, )
=(1- an)dQ(xmp) + an[C(Tn)dz(xmp) + 5n]

- g(l - an)andZ(Tnxn»mn)C(Tn)de(xThp)
- 7§(1 — an)andQ(T”xn, Zn) + Asp,

where A = ((T™)?[s,, + 2d(zp, p)].
d?(yn,p) = d*(T" 2, T"p)
< ((T)?[d (20, p)]

= ((T™)?[C(T™)?d*(wn, p) — g(l — ) and(T" 2y, ) + Asy)

= T ) + (T sy — (T (1~ i )and (T, )
= (T (0,p) + B — o (1~ ) (T2, ),
where B = ((T")?A, R’ = ¢(T")?R.
& (2n41,9) = ((T")°d (yn, p)
= TG ) + (T sy — (T (1~ a)
(T, 2)JC(T") (@, p) + ((T7) Asy

= —((T”)4§(1 — an)andQ(T"xn, Tn)

= C(T“)ﬁdQ(xn,p) +Cs,, — %(1 — an)andz(T"xn, Tn),

where C' = ((T")?B, R" = ¢(T")?R’.
d2($n+17p) = [1 + C(Tn)B - 1]d2(In,p) + Cs’ﬂ - %(1 - an)a”d2(TnIn7xn)

=[1+4+ T - 1)5]d2(mn,p) + Cs, — %(1 - an)and2(T"xn,xn),

where § = ((T™) + ¢(T™)* + ... + 1.

%”(1 - an)andQ(T”xn,xn) <[14 T - 1)(5]d2(mn,p) - dQ(an,p) + Csy,
< d*(wn,p) — d*(xns1,p) + (C(T™) — 1)0]d* (zn, p)
+ Csp,.

»

Since 3 s, < 00, 3(C(T™) — 1) < o0, d(zn,p) < R implies that £-(1 —
Q) d?(T"xy, 2,) < 0o. Hence limy, o0 d(T" 2y, 2,,) = 0. O

215
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Theorem 3.3. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convexz.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {$n,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K
defined by (1). Then limy, o d(zy,p) = 0.

Proof.
d<$nap) = d<x’ﬂvT p)
< d(x'm Tnxn) + kg [ (mnap) + Sn]
(1 = kn)d(zn,p) < knsn + d(zn, T"xy).
This implies that d(zy,p) — 0 as n — oo. O

Theorem 3.4. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convexz.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {$n,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K
defined by (1) with the assumption that

e lim, ;o inf a, (1 — ) > 0;
e > s, < oo;
e > (¢(T™) — 1) < o0.

Then limy, o0 d(TZp, xy) = 0.

Proof. Since

d2(zn,p) < C(Tn)QdQ(xnap) - g(l - an)andz(Tnxm Ty) + Asp

dQ(ynvp) S C(Tn)6d2(mn;p) + CSn - 1 - an)o‘ndQ(Tnajnv mn)

—
Taking lim,, 00, we have d?(z,,p) = 0, d*(yn,p) = 0. Now
d(Yn: 2n) < d(yn,p) + d(p, 2n)

This implies that lim, 00 d(Yn, 2n) = 0.
Similarly d(z,xn) = 0. Now

d(Tnt1,Yn) < d(@ni1,p) + d(p, yn)
Hence, lim, 00 d(p41, Yn) = 0.
d(xy, Txp) < d(@p, Tpi1) + d(@pg1, TV ap 1) + d(T a1, TV )
+d(T" a,,, Tay,)
< d(@n, Tpi1) + d(@n1, T ) + (T (@, 2p41)
+ sp41 + (T ay, Tay)
=1+ TN d(zp, Tri1) + d(Tnir, T" P2y ) + d(T"Hy, Tay)
+ Spn1-

This implies that limy,— oo d(TZp, z,) = 0. O
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Theorem 3.5. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convez.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {sn,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K
defined by (1). Then {x,} A—converges to a fized point of T.

Proof. Since {x,} is bounded and from Lemma 3.2, lim,, o d(zy, T"x,) =
0. Since X is uniformly convex, we can find a subsequence {x,,} of {x,}
that converges weakly to z* € K. Now, we show that {x;} has a unique
weak subsequential limit in F'(T"). Let x* and u are two weak limits of the
subsequence {zy, } and {zy,,} of {z,}. Now suppose that z* # u.

lim sup d(zp, z*) = limsup d(xy, , z¥)
< limsup d(zy,,, u)
= lim sup d(zy, u)
< limsup d(zp,, , u)
= limsup d(zy,, , z*)
= lim sup d(ack.,x ),
which is a contradiction. Hence z* = u. O
Theorem 3.6. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convez.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {sn,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K

defined by (1). Then {x,} converges strongly to p € F(T) if and only if
limg 00 d(xy, F(T)) = 0, where d(zp, F(T)) = inf{d(zn,p) : p € F(T)}.

Proof. From Theorem 3.3, we have lim,,_, d(zn,p) = 0 for all p € F(T).
Therefore limy_,o d(zy, F(T)) = 0.

Conversely, suppose that limy_,s d(xy, F(T)) = 0. Next we will show that
{zn} is Cauchy sequence in K. Since

klggo d(z,, F(T)) =0
= d(zp, F(T)) <

d(mn,p) <

NN

, p€ F(T).
For all n,m > ny,

d(xn—&-ma $n) < d(xn+mvp) + d(p, xn)
< €.

This implies that {z,} is Cauchy sequence in K. Since K is closed subset
of complete hyperbolic space X, hence limg_,o 2, = g for some ¢ € K. As
limy 00 d(xp, F(T)) = 0 = d(q, F(T)) = 0. It concludes that ¢ € F(T). O

Theorem 3.7. Let (X,d, W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convez.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {sn,(T™)} such that F(T) # 0. Let {z,} be a sequence in K
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defined by (1). Suppose that T satisfies Condition(I). Then {x,} converges
strongly to a point of F(T).

Proof. Since limg_, o0 d(xy, F(T)) exists and limy_,o d(2p, Txy,) = 0, there-
fore by using condition([), we have

lim g(d(zy, F(T))) < lim d(zp,Tz,) =0.
k—o0 k—o0

Therefore limy_,o d(zpn, F(T)) = 0, and result follows from the Theorem
3.6. O

Theorem 3.8. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n and K C X is non-empty closed convez.
Let T : K — K be a nearly asymptotically nonexpansive mapping with a
sequence {sn,C(T™)} such that F(T) # 0. Let {x,} be a sequence in K
defined by (1). Suppose that T™ is compact for some m € N. Then {z,}
converges strongly to a fixed point of T'.

Proof. limy_y 0 d(xpn, Tzyn) =0, and T is uniformly continuous, we have
d(xy, T"xy,) < d(xp, Txp) + d(Tn, T?2,) + ... + d(T™ Lz, T™y,).

This implies that limy, o0 d(zy, T"2y,) = 0.
Since T™ is compact, there exists a subsequence {zp,} of {x,} such that
lim,, 00 Tn, = p, p € K. Again by uniform continuity of 7', we have

d(pa Tp) < d(Tp, Txnk) + d(Txnka xnk) + d(wnmp)'

This implies that lim, oo Tp, = p, 6., p € F(T). Since limy o0 d(2n, p)
exists, hence p is strong limit of the sequence {x,} itself. O

Theorem 3.9. Let (X,d,W) be a complete uniformly convex hyperbolic
space with uniformly convexity n that satisfies Opial’s condition and K C X
is non-empty closed convex. Let T : K — K be a nearly asymptotically
nonexpansive mapping with a sequence {sy, ((T™)} such that F(T) # (). Let
{zn} be a sequence in K defined by (1). Then {z,} converges weakly to
some fixed point of T'.

Proof. Since {x,} is bounded, there exists a subsequence {xn,} of {xy}
weakly converges to some g € K. Since limy_ o0 d(zp,,T2,,) = 0, and
(I —T) is demiclosed at 0, we have (I —T)g =0 = ¢ € F(T). We claim
that {x,} converges weakly to ¢. If possible suppose that {x,} does not
converges weakly to ¢, then there exists a subsequence {x,, } of {z,} such
that z,, — r # ¢, r € F(T'). Using Opial’s condition, we have

liminf d(zp,,q) < liminf d(z,,, )
liminf d(zp, 1)

= liminf d($nka Q)v

which is a contradiction. Hence {x,} converges weakly to g. O
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4. NUMERICAL EXAMPLES

Example 4.1. Let X =R, K =1[0,1] and T : K — K is defined by
5z €0, 5];
0,z € (%1].
Let d be a metric on X defined by d(z,y) = |v — y|. Here F(T) =
% and T 1is not continuous, hence T is non-Lipschitzian. However T is

nearly nonexpansive mapping and hence nearly asymptotically nonexpansive

mapping with a sequence {(sn,n(T™)} = {2=,1}. In-fact for a sequence {s,}

with s1 = % and limy,_,s S, = 0, we have

d(T‘T7Ty) < d(l'?y) + s1, V%y S K7

Tx =

and
d(T"x, T"y) < d(z,y) + sn, Vz,y € K, n > 2.
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