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SOME RESULT ON r-TRUNCATED LAH NUMBERS AND r-TRUNCATED
LAH-BELL POLYNOMIALS

SI-HYEON LEE AND LEE CHAE JANG

ABSTRACT. In this paper, we define r-truncated Lah numbers and Lah-Bell polynomials,
and derived some properties of such numbers and polynomials. Furthermore, We investi-
gate some identities related to a Poisson random variable and r-truncated Lah-Bell polyno-
mials.

1. INTRODUCTION

It is well known that the Stirling number of the first kind S (r, k),which counts the num-
ber of permutations of n elements consisting of k disjoint cycle is given by

(1) (= ¥ $1(n k0%, (seell ~ 7).
k=0
and
) X (log (141)) 251 (n,k) k (see[l1 —7)).
Where

x)o=1x)y=x)(x=1)---(x—n+1),(n>1).
The Stirling number of the second kind S»(n,k), (n > k > 0),which is the number of ways
to partition a set with n elements into k non-empty subsets, is given by

3) X'= an‘BSz(n,k)(x)k, (see[1 =7]).

and :

“) 1 (¢ —1)* ZSznk (see[l —7]).

A random variable X, taking on one of the values 0, 1, 2,.. ., is said to be the Poisson random

variable with parameter o(> 0), if the probability mass function of X is given by

(5) p(i) =P{X =i} :e—“‘;‘—;(izo, 1,2,...), (see[l,6,9)).

Recall that Poisson random variable indicates how many events occurred within a given
period of time. Let f be a real valued function, and let X be a Poisson random variable.
Then we have

®) E[f(X)] = i,)f(i)p(i), (see[1,6,9]),

where p is the probability mass function of X.
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For n,k > 0,the unsigned Lah numbers L(n,k) is given by

% L(n,k) = <Z: i) %: (see[l,2,3,5,8]).

The generating function of Lah numbers L(n, k) is given by

®) 1 <L> =Y L) (k> 0),  (see1.2,3.5.8]).
k' \1—1t = n!

The Lah-Bell polynomials is given by

9) A1) — ’;Bﬁ(x);—n!, (see[1,2,3,5)).

When x = 1,B% = BL(1) are called Lah-Bell numbers.

The aim of this paper is to study r-truncated Lah numbers and r-truncated Lah-Bell
polynomials. The outline of this paper is as follows. In Section 1, we introduce the Stirling
numbers of the first kind, the Stirling numbers of second kind, Poisson random variable and
the Lah numbers. In Section 2 , we define r-truncated Lah numbers and r-truncated Lah-Bell
polynomials and we obtain some identities of them. Furthermore,we obtain some related
identities to Poisson random variable and r-truncated Lah-Bell polynomials. In section 3,
we specifically explain the meaning and value of the results we have obtained.

2. r-TRUNCATED LAH NUMBERS AND LAH-BELL POLYNOMIALS

In this section we define r-truncated Lah numbers. For r,k € Z, with r > 0, r-truncated
Lah numbers which are defined by

(10) i kfiL(r)( k)ﬂ
\1-¢) = &7 "

When r = 1, we note that L)) (n,k) = L(n, k).
From (10), we note that

1/ \* & /m+k—1
11 — - "
(b k!(l—t> ZO( n )t
& (ntk-1,
_k!):< k—1 )t

n=0

e ntk—1
:72( k—1 )tn
* n=0
_tr_k > (n—kr+k—1 pnkr
Tk k—1

* n=kr

_in_! ntk(l—r)—1\ "
o k! k—1 n!’

n=kr

Thus, For r € N and k > 0,n > kr,we have

(12) LO(n,k) = Z—f(”J“k(kl__lr)_l).
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From (10), we have

r k k(r—1) k
(13) l t _ t t
k' \1—t¢ k! 1—1t

_ A1) Y r
#D Y Lk
oo tl’l“rk(}"*l)
= ZL(n,k) '
=k n!
> n! t"
=Y Lin—k(r—1),k L.
n;,; =k = D0 G =y

Thus, by comparing the coefficients of (10) and (13), we have the following theorem.

Theorem 1. For r € N and k > 0, we have

n! .
LY (n,k) = {L(n—k(r— 1)»k)m ifn>kr,

0, if0<n<kr
By (10),we have

1 r k rk 1 k

(14) () =S (—

k! \1—t k! \1—1

trk 3
trk 0 "
= F < >n;
& !

1 & "
= Hn§k<k>n7rk(n)rkm~

Comparing the coefficients of both sides (10) and (14),we have the following theorem.

Theorem 2. Forr € N, n,k > 0,we have

L") (n,k) = %<k>n7rk(n)rk ifn > kr,
7 0, if0<n<kr

From Theorem 2 and (1),we note that
1 rk ;
(15) L7 (n,k) = a l;)sl (rk, [)n! (k) p—rk.

Replacing ¢t by 1 — e~ in (10), we get

o0 1 _e—t)k 1 (1 _e—z)rl
1 L0 =— .
as) Lk =
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From the left hand side of (16),we note

e n

(17) Z Lo Z L") Z(—l)”&(mk)%
n=k ‘
= Z Z( 1)L (k, )8, (n, k)
n=rlk=

From the other hand side of (16), we observe

s (1—e ") Lt —e !

1 =
(18) 1! TR Y
y tm " (— 1)+, krl)—
rH—kS k rl)iﬁ
n=rlk=rl ( k)'l’l'
Z Z H—k( > "
= )" Sa(k,rl)—.
n=rlk= n!

By comparing the both sides (17) and (18), we have the following theorem.

Theorem 3. For n,k,l > 0,we have

(=)™ LD (k, 1)y (n,k) = (—1)71+* (Z) Sy (k, rl).

Now, the r-truncated Lah-Bell polynomials are defined by
(19) ) = ¥ BL(x)

From (10) and (19),we observe

PR AT
(20) ex<lt):ZF<l—[>

By (19) and (20), we have the following theorem.

Theorem 4. For n,k > 0,we have

B (x) = Z LY (n, k).



Some result on r-truncated Lah numbers and r-truncated Lah-Bell polynomials

Let X be the Poisson random variable with parameter ot(> 0),and we note that

@1) El(ltrt))(] :;

From the left hand side of (21), we observe that

22) £ Kﬁrﬂ - [trx <1L—tﬂ

oo tn+VX
_ ,,ier [(X)x] (n_niix)v;
~ § £l

By comparing the coefficients on both sides of (21) and (22),we have the following theorem.

Theorem 5. Let X be the Poisson random variable with parameter a(> 0). For r € N, and
n > 0,we have

B, (a) = €"E [(X),_x] (n)x.

From Theorem 4 and Theorem 5 ,we note that

[4]
(23) Y AL (n,k) = e“E [(k),_ ] ().
k=0
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Let X be a poisson random variable with parameter @ > 0, and we calculate the variance
k
Var((1 t) ) as follows.

t" k oo t" 2i _a(xi oo t" i a OCi 2
o wer(((5)) 5 () E - (BG5) )

© PN ; = n
P 1
k=0 n=kr
= (2k)! 1 A\ =
= ¢ = ( > af— Y BE(2a)
(kzg) k! (2k)! \1—1 ;; "
_ e v @O v 0 k"% pLr "
=e (kfz) ' n:zzer (n72k)am—n;r3n (Za)a
o [5] (Zk)' t i "
_ o =)y () kb L.r v
—e <Z ) L (n,2k) ot p n:zkan (Za)n!>

2

Thus we obtain the following theorem.

Theorem 6. Let X be a poisson random variable with parameter @ > 0, For k > 0,we have

r L [Zn n
Var <’T>k ey Z 2") L) (n,2k) X — BL" (201) t—'
1 Py ! n!

3. CONCLUSION

First, we defined r-truncated Lah numbers and r-Lah-Bell polynomials and obtained. In
Theorem 1,2, we obtained some identities r-truncated Lah numbers.we also investigated
Theorem 3 related to r-truncated Lah number and the Stirling numbers of the second kind.
Second, we defined r-truncated Lah-Bell polynomials and obtained Theorem 4 related to
Lah-Bell polynomials and r-truncated Lah numbers. Third, we obtained Theorem 5 related
to r-truncated Lah-Bell polynomials and the expectation of the Poisson random variable.
Finally, we investigated Theorem 6 related to the variance of Poisson random variable and,
r-truncated Lah numbers and r-truncated Lah-Bell polynomials.
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