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EIGENVALUES AND ENERGY OF ARITHMETIC
FUNCTION GRAPH OF A FINITE GROUP

R. RAJENDRA, P. SIVA KOTA REDDY, AND R. KEMPARAJU

ABSTRACT. Given an arithmetical function h, the arithmetic function
graph G (®) of a finite group & with respect to h is defined as a graph
with vertex set V(G(®)) = & and any two distinct vertices a and b
are adjacent in G (®) if and only if h(|a||b]) = h(|a|])h(|b]). The energy
of a graph is the sum of the absolute values of the eigenvalues of the
adjacency matrix of the graph. In this paper, we discuss some results
on eigenvalues and energy of arithmetic function graphs of finite groups.
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1. INTRODUCTION

For standard terminology and notion in group theory and graph theory,
we refer the reader to the text-books of Harary [9] and Herstein [10] respec-
tively. The non-standard will be given in this paper as and when required.

Throughout this paper, & denotes a finite group. The order of an ele-
ment in a group & is denoted by |a| and order of & is denoted by o(®). The
greatest common divisor (ged) of two numbers z and y is denoted by (z,y)
and n denotes a positive integer.

There are many concepts related to chemistry involving groups and graphs.
This motivated us to study eigen values and energy of arithmetic function
graphs. In this paper, we discuss some results on eigenvalues and energy of
Arithmetic function graphs of finite groups.

We recall the following basic definitions and results:

Let G be a graph with n vertices vy, vs, ..., v,. The adjacency matrix of G,
denoted by A = A(G), is a square matrix of order n whose (i, j)-entry is
defined as:

A — 1, if the vertices v; and v; are adjacent
Y71 0, otherwise.

The eigenvalues of A(G) are said to be the eigenvalues of the graph G.
The spectrum of G is the collection of eigen values of G. We denote largest
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and smallest eigenvalues of a graph G by Apq, and A, respectively. If H
is a subgraph of a graph G, we have

(1) Amaz(G) = Amaz (H).
For any graph G,

(2) )\m(ll' S dmax,

where dyq, 18 the maximum vertex degree of G (See [1]).

Let A1, Ag,..., A, be the eigenvalues of a graph G. The energy of G
(See [1,6-8]) is defined as:

3) E(G) =Y N

Energy of the complete graph K, is
(4) E(K,) =2n— 2.
Energy of the complete bipartite graph Ky ,_1 is

(5) E(Kl,nfl) = 2\/77, — 1.

For more results on eigenvalues and energy associated with graphs, we sug-
gest the reader to refer the papers [11-14, 16,24, 25].

The concept of order prime graph was introduced by M. Sattanathan and
R. Kala [23]. Further, Ma et al. [15] and Dorbidi [5] have studied the or-
der prime graphs (coprime graphs) of finite groups. The order prime graph
OP(®) of a finite group & is a graph with the vertex set V(OP(&)) = &
and two distinct vertices a and b are adjacent in OP(®) if and only if

(o(a), o(b)) = 1.

The concept of general order prime graph was introduced by R. Rajendra
and P. S. K. Reddy [17,18]. The general order prime graph GOP(®) of a
finite group of order n is a graph with the vertex set V(GOP(®)) = & and
two vertices a and b are adjacent in GOP(®) if and ouly if (o(a),o(b)) =1
or p, where p is a prime and p < n, and a # b. Clearly, G4(®) is a subgraph
of GOP(®).

We have introduced the concept of arithmetic function graph of a finite
group in [22] and investigated some results. The Arithmetic function graph
Gr(®) of B with respect to an arithmetical function h is defined as a graph
with vertex set V(Gp(®)) = & and two distinct vertices a and b are adjacent
in Gp(8) if and only if h(|a|lb]) = h(]a|)h(]b]). We have observed that the
order prime graph of a finite group OP(®) is nothing but the arithmetic
function graph Gg(®) with respect to the Euler’s ¢-function. Also, it is
proved that G4(®) is a subgroup of Gp,(®), for any multiplicative function
h.
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2. RESULTS

Theorem 2.1. If & is a group of order n and h is a multiplicative function,
then

6) maz {

In particular, if n >3, vVn —1 < Xpaa(Gg(8)) < Mgz (Gr(®)) <n — 1.

2n — 2

, v — 1} S )\maz(G(b(@)) S )\max(Gh(ﬁ)) S n—1

Proof. Suppose that & is a group of order n and A is a multiplicative func-
tion. Since h is multiplicative, G4(®) is a subgraph of G (®) and hence
from (1) it follows that

(7) Amaz(Gr(8)) 2 Amaz (Go(6)).
From (2), we have

(8) Amaz(Gr(®)) <n —1.
Also, by [19, Theorem 1], we have

9) max {2nn_ 2, vn — 1} < Anaz(Gy(®)) <n—1.

Then (6) follows from (7), (8) and (9).
Clearly, for n > 3,

max{znz, \/n—l} =vn-—1
n
and from (6), it follows that,

VI =1 < Amaz(Go(8)) < Amaz(Gh(®)) <n — 1. =
Corollary 2.2. Let & be a finite group of order n < 2 and h be a multi-
plicative function. Then

(10)

Amaz(G(8)) = Amaz(Gr(®)) = Anaa(GOP(®)) = { 0, forn=1,

1, forn=2.
Proof. By [21, Theorem 2.1], we have

(11) maz { 2n =2

From (6) and (11), equation (10) follows. O

, V- 1} < Aman(Go(®)) < Amaa(GOP(®)) <n — 1.

Note: If & is a finite group of order 2, then for any arithmetical func-
tion h with h(1) = 1, we have G4(®) = GOP(®) = Gi(®) = Ko, the
complete graph on two vertices and consequently, Apin(Gr(®)) = —1 and
Amaz (Gh(®)) = 1.
Theorem 2.3. Let & be a finite group of order p > 2, where p is a prime,
and h be a multiplicative function. Then

(i) h(p?) # h(p)? if and only if for each eigenvalue X of Gi(®), —\ is an

eigenvalue with the same multiplicity.
(ii) h(p®) # h(p)* if and only if
)\min(Gh(®)) = _)‘max(Gh(QS))'
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Proof. By [22, Theorem 4.13(i)], we have Gj(®) is a star if and only if
h(p?) # h(p)?. Hence by [2, Proposition 3.4.1, p.38], the proof of (i) and (ii)
follows. U

Since OP(®) = G4(®), we have the following result from [19]:

Theorem 2.4. [19, Theorem 3] Let & be a finite group of order n > 3,
then Gy(®) has at least three distinct eignvalues.

Theorem 2.5. Let h be a multiplicative function such that h(r?) # h(r)?
for any prime r. If & is a non-abelian group of order pq, where p and q are
distinct primes with p < q, then Gp(®) has at least three distinct eignvalues.

Proof. A connected graph with diameter d, has at least d + 1 distinct eigen-
values [2, Proposition 1.3.3, p.5]. By [22, Theorem 4.19(iii)], G,(®) is non-
planar of diameter 2. Hence it follows that G (&) has at least three distinct
eignvalues. 0

Definition 2.1. Let & be a group of finite order and h be an arithmetical
function. The h-energy of &, denoted by E,(®), is defined as the energy of
the arithmetic function graph Gp(®). That is, E,(B) = E(GL(B)).
Proposition 2.6. If & is a group of order n and h is a completely multi-
plicative function, then Ep (&) = 2n — 2.

Proof. For a completely multiplicative function h, G(®) = K,,. Therefore
from (4), we have &, (&) = 2n — 2.

Proposition 2.7. If &, and &2 are isomorphic finite groups, then E,(H1) =
En(G2) for any arithmetical function h.

Proof. If 1 = B4, then by [22, Proposition 4.3], for any arithmetical func-
tion h we have G (1) = G1,(62) and hence &, (B1) = E,(B2). O

Remark 2.8. The converse of the Proposition 2.7 is not true. For instance,
for a completely multiplicative function h, we have G1,(Va) = Gp(Z4) = Ky
and hence E,(Va) = Ep(Zy) = E(Ky) = 2-4—2 = 6 (from (4)); but the
groups Vy and Z,4 are not isomorphic.

Since OP(®) = G4(®), we have the following result from [19]:
Theorem 2.9. [19, Theorem 5] Let & be a finite group.

(i) If o(®) = 2, then Gy(®) = Ky and E4(B) = 2.
(i1) If o(®) = n, then

n(yn+1
(12 o) < "L,
(i11) If o(®) = n = p® where p is a prime and o € Z*, then
(13) £4(8) < M
V8
(w) If o(®) = n = p{'py? - - pi* where p;’s are primes and n; € Z*,Vi,
then

k k
(14) Ep(8) < n(n2n+2xi2xg>,
i=1 i=1
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where x; is the number of elements in & of order p{, 1 <35 < mny,
1<i<k.

Theorem 2.10. Let & be a finite group of order p > 2, where p is a prime,
and h be a multiplicative function. Then

2vn—1, if h(p?) # h(p)*;
200=1), i h(p?) = h(p)*.
Proof. By [22, Theorem 4.13], we have
(1) Gu(®) is a star if and only if h(p?) # h(p)?,
(ii) Gx(®) is a complete graph if and only if h(p?) = h(p)>.
Then from (4) and (5), the proof follows. O

En(®) =
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