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ON A NEW CLASS OF SUMMATION FORMULAS INVOLVING
GENERALIZED HYPERGEOMETRIC FUNCTIONS

DONGKYU LIM, VIDHA KULKARNI, YASHOVERDHAN VYAS AND ARJUN K. RATHIE

ABSTRACT. In the theory of generalized hypergeometric series, classical summation
theorems such as those of Gauss, Gauss’s second, Kummer and Bailey for the series
2 F1; Watson, Dixon, and Whipple for the series 3 F> and others play an important role.
In 2015, Eslahchi and Masjed-Jamei applied the above-mentioned classical summa-
tion theorems in a very general hypergeometric identity available in the literature and
obtained several interesting summation formulas involving generalized hypergeometric
functions. In 2010, Kim et al. established the extensions of the above-mentioned classi-
cal summation theorems together with a few more extended summation theorems. This
paper aims to establish several new and interesting summation formulas involving gen-
eralized hypergeometric functions. This is achieved by applying the above-mentioned
extended summation theorems in a very general hypergeometric identity available in
the literature. The result obtained earlier by Eslahchi and Masjed-Jamei follows special
cases of our main findings. The results established in the paper are simple, interesting,
easily established, and may be potentially useful.

1. INTRODUCTION AND PRELIMINARIES

The well-known generalized hypergeometric function with » numerator and s denom-
inator parameters is defined [4,17,21] by:

=3 e
— vs)n n!

Also, no denominator parameter v; (j = 1, cey s) is supposed to be zero or a negative
integer . If any parameter w; (i = 1,...,7) is zero or a negative integer, the series termi-

nates. The power series (1.1) could be examined using the elementary ratio test, which
confirms that:

Uty -, U

(1.1) F, L}l’

(i) If r < s, the series is convergent for all finite w.
(ii) If r = s + 1, the series is convergent for |w| < 1 and diverges for |w| > 1.

(iii) If » > s+ 1, the series diverges for w # 0.
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(iv) If r = s + 1, the series is absolutely convergent on the circle |w| =1 if

Re(Zv] Z ,») >0

i=1

Moreover (u), in series (1.1) is widely known as the shifted factorial for any complex
number and is defined by:

_T(u+n) 1 i(n=0,ueC\{0})
(12) e =—pay" —{ (w+1).(utn—1) i(neN,ueC)

Also, when a generalized hypergeometric function 411Fy is transformed into a gamma
function, the results are highly relevant and beneficial from applications perspective. We
will mention here the following classical summation theorems, so the work should stand
on its own [2,4,21]:

e Gauss’s summation theorem :

a,b 1 T()T(c—a—1b)
o A (") - o

provided Re(c —a —b) > 0.
e Kummer’s summation theorem:

a, b }F(l%—a—b)l‘(l—#%a)
-b’ CT(1—-b+1ia)T(1+a)

(1.4) o F L N

provided Re(b) < 1.

e Gauss’s second summation theorem:

a, b
o Val(i(a+b+1))
(15) b 2| TTG@r )TRG D)
e Bailey’s summation theorem:
al-a 17 TEHIGG+1D)
(1.6) 2b1 [ b ’5} CT(i(a +2b))l“?%(b—a+1))

e Watson’s summation theorem:
a, b, c

3y |1 ;1
R a+b+1), 2

(1.7) 2(
_ Val(e+HTE(a+b+1)T(ec—3(a+b-1))
P(5(a+1))T(5(0+1))T(c—3(a—1)T(c—5(b—1)
provided Re(2¢c —a —b) > —
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e Dixon’s summation theorem:
a, b, c
l4a—-b14+a—c ;
A+ 3a)TA+a—b)T(1+a—c)T(1—b—c+ ja)
Tl +a)TQ-b+ia)I(1—c+la)T(1+a-b—c)
provided Re(a — 2b — 2¢) > —2.

3F
(1.8)

e Whipple’s summation theorem:
a, b7 c . 1:| FF(G) F(f)
e f 2217 (Ja+ Le)T(3a+ 1 f)T(Ab+ de)T(3b+ 1 f)

provided Re(c) > 0 and Re(e+f—a—b—c) > Owitha+b=1and e+ f = 2c+1.

(1.9) 3By {

e The other two hypergeometric identities which we shall consider in this paper

are:
1
“ltget F(+a-bIa+))
(110) 3F2 1 ;—1 :Fl Pl b 1
5@,1+a7b (1+a)l(za—b+3)
1
a,1+§a7b,c
aFs | i1
(1.11) §a,1+a—b,1+a—c
_T(l4+a-bT(1+a—c)l(za+3)T(3a—b—c+3)
CI(1+a)T(1+a-b-c)T(3a—b+HT(Ea—c+1)

provided Re(a — 2b — 2¢) > —1.
Remark: For other intersting papers in this direction , we refer research papers [3,5,6,
8-16,18-20]

2. SUMMATION FORMULAS INVOLVING GENERALIZED HYPERGEOMETRIC FUNCTIONS
ESTABLISHED BY ESLAHCHI AND MASJED-JAMEI

By employing classical summation theorems (1.3) to (1.11) given in sectionl in fol-
lowing very general hypergeometric identity viz.

ai, . el )k;Z
vty by, ... :Z ) &l
’ =0
% P Xlka---ajp,kvl
1 1
e ﬁl,kv <. §q k7?1k

provied that the conditions given in (1.1) are satisfied. Also here

(2.1)

mP—a—m m
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ai+k a;+1+k a;+m—1+k .
Zj,k:<]m7] s, L ), Forj=1,2,...,p

m m
bj+k bj+1+k bj+m—1+k .
gj)k:<1m,fm yeey T ), For j=1,2,...,¢q
_ [ 1+E 24k m+k
and T = (L 2 ik

In 2015 Eslahchi and Masjed-Jamei [7] established following summation formula involv-
ing generalized hypergeometric functions:

( ).The general case of Gauss’s summation theorem (1.3) for any natural number m:

2.2)

_— a+k a+m—1+k b+k b+m71+k1
a m P m ) m )yttt m ) )

— (c) kk;' " 2ot P ctk ctm—1+k 1+k mk T

= —, . —~ P

I'(c)T(c—a—b)

" T(c—a)T(c—b)
provided Re(c—a —0b) > 0.

(b).The general case of Kummer’s summation theorem (1.4) for any natural number

m:
(2.3)
_— a+k a+m—-1+k b+ k b+m71+kz1
m m T T m T om
;‘] 1+a—b '2’”“F2m l+a—b+k a—b+m+k 1+k m+k’( 1)
— — S RTPRE e

T(l+a-b)T(1+ 1a)
" T(1+a)T(1+3a—10)
provided Re(b) < 1.

(c).The general case of Gauss’s second summation theorem (1.5) for any natural num-
ber m:

(2.4)

m—1

(a)(b)r(2)F
= (5(1+a+Db))k!

a+k a+m—1+k b+k b+m71+k1
><2m+1F2m m ) ) m ) m ) ) m b ;7m
k+(a+b+1)/2 m+k+(@+b-1)/2 1+k m+k
m Ty m T m T m

VAT(3(1+a+b))
(“*1)( Y)
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(d).The general case of Bailey’s summation theorem (1.6) for any natural number m

’”Zl l—a k(2)7F
]
k=0 )ikt
a+k a+m—1+k 1—-a+k —a+m+k1
2.5 m m Com T me T gem
(25) X omi1Fom c+k c+m—1+4k 1+k m+l<:’2
m PRI m b m PR ) m

(a)k(0)k(c)k
= (%(a +b+1))(2c)kk!

a+k a+m-—1+k b+k b+m—1+k c+k c+m—1+k 1
>< . F m m ’ m Ty m ’ m m ’ . 1
3mALE3m | gy (0 b+ 1)/2 m—1l+k+(a+b+1)/2 2c+k 2e+m—1+k 14k m+k
m m ’ m T m ’ m e m
1 1 a+b—1
- a+1 b+1 a—1 b—1
D) P (e = 57)0(e = %57)

provided Re(2¢ —a —b) > —1.

(f). The general case of Dixon’s summation theorem (1.8) for any natural number m

(2.7)
m—1

(a)k(0)k(c)k
(14+a—-0)r(l+a—c)Lk!

OM

a+k a+m—1+k b+ k b+m71+k c+k c+m—1+k 1
><3m+1F37n 1+a—-b+k a7b+m+k l+a—c+k

.....

a—c+m+k 1+Ek m+k"1
pon - e REET e,

_F(1+%)F(1+a—b)r(l+a )F(1+__b—c) m m ™
7F(1+G)F(1+%7b)r(1+% )F(l‘i’a*bfc)

provided Re(a — 2b — 2¢) > —2.
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(g). The general case of Whipple’s summation theorem (1.9) for any natural number
m:
(2:8)

T (@0 a0

=0 (C)k(Zb —c+ l)kk'

a+k a+m—14+k 1—a+k m—a+k b+k b+m-—-1+k 1

><3m+1F3m m " m 7 m o m Com m ’ ;1
c+k c+m—1+k 20—c+1+k 2b—c+m+k 1+k m+k’
m LR m b m E R m b m LA m

_ a2l=2 ()2 —c—1)
_F(%(a+c))1"(b+ %(G*C+ 1))1"(%(1 +a—c)l(b+1- %(a+c))

provided Re(b) > 0.

(h). The general case of hypergeometric identity (1.10) for any natural number m:

a+k a+m—-1+k 14+ 5 +k S+m+k b+k b+m—1+k 1
m Ty m ’ m T m ’ m Ty m ’ . m
X3m+1F3m L4k Sym—14+k l+a—b+k a—b+m+k 14k rn+k’( )
s — , - = P

provided Re(b) > 0.

(i). The general case of hypergeometric identity (1.11) for any natural number m:

(2.10)

-1

X (@)e (1 + 3)k(®)r(c)k

e (%)k(l—Fa—b)k(l‘Fa—C)kk‘!

a—+k a+m—1+k 1+ 3 +k s+m+k b+k b+m—14+k c+k c+m—1+k
" 7 e REEE: po— s pon s pon T T T T T o
4m+154m S +k s+m—1+k 1+a—-b+k a—b+m+k l+a—c+k+m a—c+m+k 1+k m+k
m m ’ m m ’ m T m TTm T Tm

:r(1+a—b)r(1+a—c)r(”7+1)r(”7+1—b—c)

Fl+a)l(1+a—b—c)T(%L —b)T(L -0

provided Re(a — 2b —2¢) > —1.

It is worth noting that for m = 1 equations (2.2) to (2.10), reduce to classical sum-
mation theorems (1.3) to (1.11) respectively.

Remark: The results (2.9) to (2.10) are obtained by us by the same technique given
by Eslahchi and Masjed-Jamei [7].
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3. RESULTS REQUIRED

In this section, we shall mention the extension of the classical summation theorems
due to Kim et al. [11] that will be required in our present investigations. These are valid
for d ¢ Zy .

(a). Extension of Gauss’s summation theorem:

(3.1) 3F2[a7b7d+1 ]7 e+ 1)T(c—a—b) ab

c+1,d’ | " Tl—at+T(c—b+1) [(C_“_b”ﬁ]

provided Re(c —a —b) > 0.
For d = ¢ (3.1) reduces to Gauss’s summation theorem (1.3).

(b). Extension of Kummer’s summation theorem:
(3.2)
a, b, d+1 CT(/2T24a-b)[ (1+a—1b)/d)—1 1 —(a/d)

331

< 1] =
209 Lo, d 2(1-0)  |NET(ha+3) b

For d =1+ a — b, we get Kummer’s summation theorem (1.4).

(c). Extension of Gauss’s second summation theorem:

Ghdtl gl At b+ 303 a—b-1)

%(a+b+3),d;2 - T(1(a—b13))

(1+a+0b)/2— (ab/d) ((a+b+1)/d)—2
I(3(a+ 1)) (3(b+1) T($)r(5)

3Fy
(3.3)

For d = £(a+ b+ 1), we get Gauss’s second summation theorem (1.5).

(d). Extension of Bailey’s summation theorem:

(3.4) ;
a,l—a,d+1 1
3l [ c+1,d ’5}
_ I'(1/2)T(c+1) [ (2/d) n 1—(c/d)
2¢ F(%(c—i— a))l"(%(c —a+1)) F(%(C —a)+ 1)1“(%(0 +a+1))

For d = ¢, we get Bailey’s summation theorem (1.6).

(e). Extension of Watson’s summation theorem:

F(Ga+1)T(E—b+1)
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e First extension:

a, b, c,d+1
Fs |1 i1
e §(a+b+1), 2c+1,d

35) 2T+ )T ((a+b+ 1))l (e~ 5(a+b—1))
T(3)0(a)T(b)
X[ I'(a/2)L'(b/2) +((2C— d)/d)T(5(a +1)(5(b + 1))
T(c+i(1—a)l(c+1(1-1b) F(1+i(c—a)l(c—t+1)

provided Re(2¢ —a —b) > —1.

e Second extension:

a,b,c,d+1
15 |:;(a+b+3), 2c+1,d ;1]
(3.6) 292 (e P0(3(a+ b+ 3))0(c— 3(a+b+1))
N (@a—b—1)(a—b+1)I'(1/2)I'(a)l'(b)
[a ['(a/2)L'(b/2) F(%(a + 1))F(%(b
D(e+3(1—a)l(c+5(1-1b) [(e =) (e~
provided Re(2¢ —a —b) > 1.

Here o and 3 are given by:
a=a(2c—a)+b2c—b)—2c+1—2L(dc—a—b—1), B=8[H(a+b+1)—1].

For d = 2cand d = 4(a+b+1) in (3.5) and (3.6) respectively, we get Watson’s
summation theorem (1.7).

(f). Extension of Dixon’s theorem:

a, b, c,d+1
3 24+a—b,14+a—c, d 1
a Tl+a-T2+a-bI(3(a+3)—b—c)(1/2)
b—12T(4)T(3(a+1) —c))L(2+a—b—c)(3(a+3)—b)
B 27 T(1/2)M(1+a—c)T(1+a—bI(1+ % —b—c)
b—1T(3(a+ 1) I(1+2-bI1+4%—cl(l+a—b—rc)

provided Re(a — 2b — 2¢) > —2.

(3.7) =

+

Here e and § is given by:

a:l—%(l—ka—bLﬁ:lﬂﬁ;ﬁc[ (I+a—b—2c)—2(3a—b—c+1)].

Ford=1+a—bin (3.7), we get Dixon’s summation theorem (1.8).
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(g). Extensions of Whipple’s summation theorem:
(3.8)

a,l—a,c,d+1
4F3{ }

e+1,2c—e+1,d’
B 272 (e 4 1)I'(e — c)T(2c — e + 1)
T T(e—a+1)T(e—c+1)'(2c—e—a+1)
2—e F(;(efa)+1)F(cff(e+a71)) e F(d(e—a+1)T(c+1—3(e+a))
X[(l ) TQeta)let L1 ta—e) (G- I +a+e)l(ct Ha—e)

d

provided Re(c) > 0.
For d = e in (3.8), we get Whipple’s summation theorem (1.7).

(h). Extension of hypergeometric identity (1.10):
(3.9
B a b l+d 1 _ ( _ﬁ)r(1+a7b)r(1+g) (i)F(lJrafb)F(%(aJrl))
+a—b,d’ 2/T(1+a)l(1+5-b) \2d/T(1+a)T(3(a+1)—b)

(i). Extension of hypergeometric identity (1.11)

a, b,c,1+d
4F3[1+a—b,1+a—c,d;1]
:( _i)l“(l—i-a—b)l"(l—l-%)F(l—l—a—c)l"(l—l—%—b—c)
2d/T1+a)l(1+a-b—c)l(1+% -0 (1+%—c)
(i) FAla+1))I(1+a—-bl(1+a—c)(3(a+1)—b—rc)
2d/T(14+a)l(1+a—b—c)I(3(a+1) = bI(3(a+1) —c)

(3.10)

provided Re(a — 2b — 2¢) > —1.
For d = £ in (3.9) and for d = 1+ %a in (3.10), we get (1.10) and (1.11) respectively.

The main purpose of this paper is to establish new class of several summation formulas
by employing the results (3.1) to (3.10) in a very general identity recorded (2.1). Results
(2.2) to (2.7) obtained earlier by Eslahchi and Masjed-Jamei [7] follows special cases of
our main findings.

4. GENERALIZATION OF EXTENDED SUMMATION THEOREMS

In this section, we shall generalize the summation theorems (3.1) to (3.10). These are:
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(a). Generalization of extended Gauss’s summation theorem:
(4.1)
N (@r(B)r(d + 1)
(c+ 1)i(d)rk!

k=0
a+k a+m—1+k b+k b+m—-1+k d+1+Ek d+m+k 1
X3m+1F3m b b m 9 m b b m b m b ) m ) ;1
c+k c+m—1+k d+k d+m—-1+k 14k m+k
m PECICICIE) m Pl m g e ey m 3 m 7...77

T+ 1)I'(c—a—1b) e ab
_F(c—a—l—l)F(c—b-l-l){( b+ d}

provided Re(c —a —b) > 0.

(b). Generalization of extended Kummer’s summation theorem:
(4.2)
m—1

(B)p(d + 1)p(=1)F
Zo 2—1—2— b)(d) k!

a+k a+m—1+k b+k b+m—1+k d+1+E dtm+k
><3m+1F3m m ’ m ’ m ’ ’ m ’ m ’ ’ m ’ 7( 1)m
24a—-b+k a—b+1l+m+k d+k d+m—-1+k 14k m+k
-~ — e RRIEEE — S
P(1/2)T2+a—0b)[ (1+a—0b)/d)—1 N (1—(a/d))
2a(1 — b) Le)r(E(a+3)—b) T(E@@+1)I(E-b+1)

provided Re(b) < 1.

(c). Generalization of extended Gauss’s second summation theorem:
(4.3)
mzl (b)i(d +1)w(2)~"
(3(a+b+3)),(d)k!

k=0 2
a+k a+m—1+k b+k: b+m—1+k d+1+k d+m-+k 1
X3mt+1F3m | s " " " ;Zm‘|
+ (a+b+3)/2 m71+k+(a+b+3)/2 d+k: d+m—1+k 14+k m+ k
po- o, pon T T T o

VAT (a+b+3)0(3(a—b—1)[ (1+a+b)/2— (ab/d) (a+b+1)/d—
I(3(a—b+3)) I(3(a+1))(5(b+1)) INEIINEY
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(d). Generaliztion of extended Bailye’s summation theorem:

(4.4)
T (@1 = a)p(d + D)
2 er Deld)ek!
a+k a+m—-14+k 1—a+k —a+m+k d+1+k d+m+k 1
><3m+1F3m P ] m b m ? m b m 7ttt m b .2_m
c+1+k c+m+k d+k d+m-—1+k 1+k m+k’
T - TR - T T
T/ (c+1) { (2/d) N 1—(c/d) ]
2¢ F(%(C—&-a))l“(%(c—a—l—l)) I‘(%(c—a)—&-l)F(%(c—l—a—&-l))

(e). Generalization of extension Watson’s summation theorem:
e Generalization of first extension Watson’s summation theorem:

m—1
(a)k(D)k(c)k(d+ 1) A B, C,D,1 .
2. (3(a+b+1)k(2c+ 1)x(d)k! imitFim | popaom ’1]

k=0
(4.5) 27 (e 4 )T (5(a+b+ 1) (e~ 5(a+b—1))
L (3)T(a)T(b)
{ ['(a/2)'(b/2) +((26— d)/d)T(3(a+ 1)) (5(b+ 1))]
T(c+3(1—a)D(c+i(1-0)) F(1+i(c—a)l(c—5+1)

provided Re(2c —a —b) > —1.

Also, whereA:%,...,w B= Tk o w C:c;;kw.’w,
D= d+1+k d+m+k and E = k+(a+b+1)/2 m+k+(a+b 1)/2 _ 2ctltk 2ctm4k
T ey e
d+k d+m—1+k _ 14k m+k:
G ceey T’ H _— m PR m

e Generalization of second extension Watson’s summation theorem:

’”Z‘l @eOW(pd+ s o [4 B C.D.1 .1]
m—+ m ’
= (3(a+0+3)(20)u(d) E, F, G, H
a6 2Tt )TGla+b+3)T(e— 5(a+b+1)
B (a—b—1)(a—b+1)I(1/2)(a)T'(b)
{a ['(a/2)(b/2) +ﬁr(%(a+ L3+ 1))}
T(c+ (1 —a))l(c+ (1 -1b)) T(c—9(c—Y)
provided Re(2¢ —a —b) > 1.
Also, where A = ¢tk jatm=ltk p_ btk bimeltk o etk o ckmeltk
D= d+1+k L dEmdk o F = k+(a+b43)/2 m+k+(a+b+1)/2 JF = 2ctk  2ctm—ltk
G = dtk dtm Tk gy _ 1tk Ttk mem

m 0t m 5 m 0 om "
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Here a and B are given by:
a=a(2c—a)+b(2c—1D) —20+1—%b(4c—a—b—1), Ié]

=8[g(a+b+1)—1].

—

). Generalization of extended Dixon’s summation theorem:

(
(

4.7)
m—1
(@)r(0)r () (d + 1)k
= (1+a—b)r(l+a—c)r(d)pk!
a+k a+m—1+k b+ k b+m—1+k c+k c+m—1+k d+1+k d+m+k 1
XamarFam | oy a_brmAk lda—ctk  a—cimik d+k " demo ik 14k M i1
a 27T(l+a—ol(2+a—-bI(5(a+3)—b—c)'(1/2)
S (-1) TG+ 1) —e)l2+a-b—c)T(i(a+3)-b)
N g 277 Ir1/2)r(l4+a—of(l+a—bI(1+%—b—c)
OG- IE(a+1)M(1+2-bI1+4%—c)l(1+a—b—rc)
provided Re(a — 2b — 2¢) > —2.
Here o and § are given by:
a= 1—%(1—|—a—b)7 8= 1i2f;fc[%(1+a—b—20)—2(%a—b—c+1)].
(g). Generalization of extended Whipple’s summation theorem:
(4.8)
m—1
(@)k(1 — a)k(c)r(d + 1)
P (e +1)k(2¢c — e + 1)i(d) k!
a—+k a+m—1+k 17a+k’”” m—a+k c+k c+m—1+k d+1+k d+m+k 1
Xam+1Fam 5+L1+k e+n:n+k 267";+1+k TchfeqL:zlJﬁk dtk " d+m—17ik 14k mm+k ;1}
272 (e + 1)I'(e — c)['(2c — e + 1)

Ne—a+1)I'e—c+1)I'(2c—e—a+1)
2c—e\T'(3(e—a)+ 1)T(c—L(e+a—1)) e
<|0-2F)% | (

I(3(e+a)l(c+3(1+a—e)) d

B 1) F(3e—a+1)I(c+1—3(e+ a))]
F(3(1+a+e)l(c+ i(a—e))
provided Re(c) > 0.

(h). Generalization of extended hypergeometric identity (3.9):

(@)r(b)i(d+ 1)p(=1)F
22 (It b)(d)k]

a+k a+m-—1+k b+k

,,,,,

Yoy

d+m+k 1
) m m : m ’ (_1)m
l14a—b+k a—b+m+k d+k d+m—-1+k 1+k m+k

,,,,,
m m

a\T(1+a—-0I(1+%) a
:< - Q_d) I i a)L(1+ gti) (271)

AAAAA

T—i— a—bI(3(a+1)
1+a)l(3(a+1)—b
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(i). Generalization of extended hypergeometric identity (3.10):

(4.10)
m—1
3 Ji(e)r(d + 1)
P (1+afb)k(1+afc)k(d)kk;!
a+k a+m-—1+k b+k b+m—14+k c+k c+m—14+k d+1+k d+m-+k 1
>< F m m ’ m m ’ m m ’ m T m ’ _1
4m+1L4m 1+a—b+k a—b4+m+k l4+a—c+k a—c+m+k d+k d4+m-—-1+k 14k m+k
m m ! m m ’ m m ! m e m

:( 7£)F(1+a—b) A+5T1l+a—-cT(1+5—-b—c¢)
2d)T(1+a)T(1+a—b—ol(1+5—bI(1+5—0c)
( )F(%(a—k1))F(1+a—b)F(1—|—a—c)F(1(a—|—1)—b—c)
2d/)T(1+a)l(1+a—b—c)I'(3(a+1) = b)I(3(a+1) —c)
provided Re(a — 2b — 2¢) > —1.

Proof. The derivations of our results (4.1) to (4.10) are quite straight forward therefore,
in order to establish result (4.1), we proceed as follows. In the general identity (2.1), if
weset p=3,¢=2,a; =a,a2 =ba3 =d+1,by =c+1,bp =dand z=1form=1,2,3,
then we, respectively obtain:

3 2{a,b,d+1.l} I(c+ 1)I'(c—a—b) {( —afb)+“b}7

c+1,d’ 7| T(c—a+1)(c—b+1) d
11 11 11 111 111 13
L I Sd+1 Satgigatlogbrs, shHl sd+ s
r 5% 30T g gt Ty gt | e+ L sty ptth 29’ Th 0Ty .
o 1 11 11 (c+1)a > 1 1 31, 13"
Set s, e+l =d, - Zetl, cedt o, cd o, 2
26T 2T %y 2 2T 2%y
e+ Dl(c—a—b b
_ (c+ 1) (c—a—10) (c—a—b)—i—a—,
INe—a+ 1) (c—b+1) d
and
1 1 11 21
Za, ca+ =, = fbfb L 20
|30 307330 T3ttt Ty gl .
[ 1+11+21+11d127
—c+-,zc+ -, =c -d, =, =
39733733 ’3 33
1 11 21 11 21 1 4
Ca4 -, cat+ 2 = L b b+ 1, =d+ =
abd+1) o 30T ity gt +33+33+’3+3.1
(c+1)d 1 21 1 41, 12 4°
_ 1 d _
¢ty gethgetygityg
L+ 1 tapd L2 L L a s
—a+ -, -a —a+ - =, =d+ =
ab(a+1)(b+1)(d+2)7F63 33 '3 733 733 '3 373 3
2d(c + 1)(c + 2) 1 1 41 51 245"
Ze+1, ¢+ =, ~c+—, ~d+=, =, =
3T LT3ttty

_ Tle+1)T(c—a—b) ae ab
7F(cfa+1)1“(cfb+1)[(c b+ ]
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Therefore, proceeding like this, we can represent the general case for any natural number
m is as follows:

m—1

(a)k(b)r(d + 1)
2 (c+ 1)r(d)k!

k=0
a+k a+m—1+k b+ k b+m—-1+k d+1+k d+m+k 1
X3 1F3 9 m b m 9t m b m AR ) m b .1
1S 3m c+k c+tm—1+k d+k d+m—1+k 1+k m+k’
—, . - s —~ P —

T Nl'(c—a—1b b
_ e+ DI(c—a—b) (c—a—b)+a—
IFlc—a+1)I(c—b+1) d
provided Re(c —a —b) > 0.
This completes the proof of our first result (4.1). In exactly same the manner, other
results can be proven similarly. We however, prefer to omit the details. O

5. COROLLARIES

In this section, we shall recover several results (3.1) to (3.10) due to Eslahchi and
Masjed-Jamei [7] as follows:
(1) In (4.1), if we take d = ¢, we recover the result (3.1).

(2) In (4.2), if we take d = 1+ a — b, we recover the result (3.2).
(3) In (4.3), if we take d = £(a + b+ 1), we recover the result (3.3).
(4) In (4.4), if we take d = ¢, we recover the result (3.4).
(5) In (4.5), if we take d = 2¢, we recover the result (3.5).
(6) In (4.6), if we take d = £(a + b+ 1), we recover the result (3.6).
(7) In (4.7), if we take d =1+ a — b, we recover the result (3.7).
(8) In (4.8), if we take d = e, we recover the result (3.8).
(9) In (4.9), if we take d = 3a, we recover the result (3.9).

(10) In (4.10), if we take d = 1 + %a, we recover the result (3.10).

6. CONCLUSIONS

In this paper, we have established several new and interesting summation formulas

involving generalized hypergeometric functions. These are achieved by employing the
extensions of the classical summation theorems due to Kim et al. [11].
On account of the general nature of the results (because of the presence of the factor
d ¢ 7Zy ), our results would serve as master formulas from which a large number of new
and interesting results as special cases can be obtained. Therefore our results may be
potentially useful and it is believed that our results would be a definite contribution in
theory of generalized hypergeometric function. Also, intersting applications of the results
obtained in this paper are under investigations and will form a part of the subsequent
paper in this direction.
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