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GENRALIZED OF THE FUBINI-EULER-GENOCCHI POLYNOMIALS

SI-HYEON LEE AND JONGKYUM KWON

ABSTRACT. Recently, Kim-Kim-Kim introduced generalized degenerate Euler-Genocchi polyno-
mials and investigated some properties and identities of those polynomials. The purpose of this pa-
per is to introduce the generalized Fubini-Euler-Genocchi polynomials and derived some properties
and identities. In addition, we define their higher-order version that is the generalized Fubini-Euler-
Genocchi polynomials of order o and obtain some basic relationship between Euler, Genocchi, and
Fubini polynomials and Fubini-Euler-Genocchi polynomials.

1. INTRODUCTION

In 2019, Belbachir and Hadj-Brahim introduced the Euler-Genocchi polynomials and inves-
tigated some properties and identities of those polynomials and Goubi studied the generalized
Euler-Genocchi polynomials and higher-order the generalized Euler-Genocchi polynomials in [6].
Recently, Kim-Kim-Kim introduced the generalized degenerate Euler-Genocchi polynomials and
investigated some properties and identities of those polynomials. From the idea of the general-
ized degenerate Euler-Genocchi polynomials, we introduce the generalized Fubini-Euler-Genocchi
polynomials and the generalized Fubini-Euler-Genocchi polynomials of order .

The outline of this paper is as follows. In Section 1, we recall the Stirling numbers of the second
kind, the Euler polynomials, the Genocchi polynomials, the Fubini polynomials and higher-order
version of those polynomials. Also we remind the two varialbe Fubini polynomials of order & and
the gamma function. In Section 2, we obtain the main results of this paper. We introduce the gen-
eralized Fubini-Euler-Genocchi polynomials C,(lr> (x,y) and the generalized Fubini-Euler-Genocchi
polynomials of order ¢ C,(lr’a> (x,y) and obtain the relationshop with the special polynomials intro-
duced in Section 1. In the last section, we recall the results that are needed throughout this paper.

The Stirling numbers of the second kind are given by

o= fsz(n,k)(x)k, (see[8)).

k=0
and

1 > t"
(1) E(e’ — k= ;Sz(n,k)a, (see[8]).
Where

(o =1(x)n = () (x=1)-- (x=n+1),(n > 1).
It is well known that the Euler polynomials are defined by
2 4 v "
mex = nngn(X)E’ (see[4,6,7,11]).
When x =0, E,, = E,,(0) are called the Euler numbers.
The Genocchi polynomials are given by

2t "
=) Gu(x)—, 4,6,10}).
77" = L Oua) g (seel4,6,10)
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When x=0, G, = G,(0) are called the Genocchi numbers.
The Fubini polynomialws are defined by

=

® #H - ’;)F,,(x)’%, (see[3,9]).

From (1) and (2) we note that
n
Fy(x) = Y k1Sy(n, k)x".
k=0
For any nonzero o € Z, the Euler polynomials of order ¢ are defined by

n

(ﬁ) "”ZiOE»i“)(x)%, (see[11]).

When x =0, E,§“> = E,(,a) (0) are called the Euler numbers of order a.
The Genocchi polynomials of order o are defined by

20\ 0 @
vr1) €= Y G, ()c);7 (see[10, 11]).
n=0 .

When x =0, G,(f‘> = G,(la) (0) are called the Genocchi numbers of order a.
The Fubini polynomials of order o are defined by

B T S
l-ye-1)) =" Yar e
The two variable Fubini polynomials of order o are defined by

! * Xt __ - (@), "
<m) ¢ —,;)Fn (63) s (see[2]).

et

In particular, when a=1, then F,(x;y) = F,,(l> (x;y) are called two variable Fubini polynomials. For
x=0, faid) (y)= Jorg) (0;y) and %= Fn(a(l) = F,fa(O; 1) are called the Fubini polynomials of order
o and the Fubini numbers of order .

The gamma function is defined by

T(x) = / Fledr, (see[12]).
0
Where x € C, Re(x) > 0 Thus , we note that
[(x+1)=x(x)
and
I'(k+1)=k!, (ke N).
2. GENERALIZED FUBINI-EULER-GENOCCHI NUMBERS AND POLYNOMIALS

For r € Z, we consider the generalized Fubini-Euler-Genocchi polynomials given by

1 r_ - (r) ﬂ
)e*t 7,;'06[ (x,y)n!.

®) 1—y(el—1

When x = 0,C}” )= ¢ (0;) are called the generalized Fubini-Euler-Genocchi numbers.
Note that
ey = y) =+ =7, (xy) =0
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Remark 1. We get the some special type of Fubini-Euler-Genocchi polynomials, which is obtained
by putting particular value in (3 ) as follows:

1. Whenx =0 and r =0, then G\ (O y) = ( )-

2. Whenx=0andy=—1/2, thenr =1, G ( —1)=G,(0).
3. Whenx=0and r =0,y = —1/2, then G\ (0;—1) = E,(0).
By (2) and (3), we have
(0) " 1 vk [ q1\k
) yc O3 = gy = L= 1)
n=0 ! - (e_ ) k=0
—Zykk‘—e—l Zykk’ZSznk
k=0
—ZZykk'Sznk
n=0k=0

Therefore, by comparing the coefficients on both sides of (4), we obtain the following theorem.

Theorem 1. Forn >0, we have
0 n
2 (0:y) = Y k1S (n, k).
k=0

From (3), we obtain

e BN %
) Y=o Y a1y -1)
n=0 : n=0
SO o 1"
= ' 1— ——1
E(,)Cz (63) 7 (1=7) m;o’"‘
—ZCz+rxy) l+ (yZ 1+y>
N t’” nl
—yZC (l+ )yl! Z (I+y) E)Cnﬂ v)’)ma
- nEry_ om0 vt 0
B ynz%”z;‘)<[+r) n+r)!Cl+r(xy) +(1+y)r;)(n+r)|cn+r(x’y)n‘

—ZO< () ar ),C§Q,<x;y>+<1+y>(nfr)!c,$2r<x;y>>;—"!.

Therefore, by comparing the coefficients on both sides of (5), we obtain the following theorem.

Theorem 2. Forn > 0,we have

— _ n+r n! (r) n! "
yZ <l+r> n+r)'cl+r('x y)+(1+y)(n+r)‘cn+r(x7y)
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By (3), we obtain

- (r) (.. r " Xt
(6) Ca (x,)’)_zie
n;r n! 1=yl —1)
> & ()"
=1") F() 5
E{) I!EO m!
o l+n—r) "t
— n ZF ( -
Y Y ) In—r)! nl

3
I
=3
=
Il
- o

3
|

I
 agki

l+n—r n! 1"
n—r—l

F(y)——
* < n—r ) l(y)(n—r)!n!

x""<n>r<””‘r)m<y>’".

3
Il
4
I
=

>
|
<

I
s

n—r

3
Il
2
-
i
=)

Thus, by comparing the coefficients on the both sides of (6),we obtain the following theorem.

Theorem 3. For n > 0, we have

l+n—r
n—r

e (x) =j§x"-’-’<n>r< )Fm

For nonzero o € Z and r € 7Z with r > 0, we consider the generalized Fubini-Euler-Genocchi
polynomials of order & which are given by

tn

r 1 * Xt .- (ro) .
7 t(l_y(el_1)> e _n;)cn (x,y)a.

when x = 0, C,(,r’a)(y) = C,(Lr‘a>(0; y) are called the generalized Fubini-Euler-Genocchi numbers of
order «.

Remark 2. We get the some special type of Fubini-Euler-Genocchi polynomials, which is obtained
by putting particular value in (7) as follows:

1. Whenx =0 and r =0, then C;"® (0;y) = FY )-
2. Whenr=0andy=—1, then it (;—1)= E\ (x).
3. Whenr=o andy = —%, then C,(la’a) (x; —%) = Gs,a)(x).

4. Whenr =0 and o = 1, then C,(ZO’U(x,y) = F,,(l)(x;y).
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By (7), we have

o (o) ! 1 *
no R S Xt
o Lo = (i)

oo k oo xm m
‘Y Y ( k )my)wm(w’z’

]
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n

By comparing the coefficients on both sides of (8), we have the following theorem.

Theorem 4. for n,r > 0, withn > r, we have

A=Y Y x"’”(n»(”;r)( k )El(y)--ﬂa(y)~

1=0 k) +-+kg=I Iy sla

By (7), when x = 0,we have
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= & (ko) kta—1)-(a+1) . o
= T(a+1)y*Sy(n,k)—
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By comparing the coefficients on both sides of (9),we have the following theorem.
Theorem 5. For n > 0,we have

n

(0,a+1)
Cﬂ 07 = T~ 1N
0= e+ P

(o +k+ 1)y 85 (n, k).

et ! — k "
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By (7),we get
w(’-a).ﬁ_t 1 ocxt_rw (o) ﬂ
R ) nt 1"y ()"
*’;Fn—r(y) (n—r)!n' 7,;( )r n—rn!'

By comparing the coefficients on both sides of (10), we have the following theorem.
Theorem 6. For n,r > 0 with n > r ,we have
) = ()% ).
3. CONCLUSION

Recently, various generalized versions of special polynomials and numbers have been studied by
using generating function and are obtained some properties and identities involving those polynomi-
als and numbers. In this paper, we considered the generalized Fubini-Euler-Genocchi polynomials
and Fubini-Euler-Genocchi polynomials of order a. Furthermore, we studied their some identities
and properties on those numbers by using generating functions, with several special numbers and
polynomials. We focused on the special cases of Fubini, Euler and Genocchi polynomials respec-
tively.
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