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ON THE PARTITION FUNCTION

J. D. BULNES, T. KIM, J. LOPEZ-BONILLA, AND S. VIDAL-BELTRAN

ABSTRACT. In this paper, we exhibit short deductions of the Jha and
Malenfant expressions for the partition function, and we show several
connections between the Euler, divisor and partition functions via the
partial Bell polynomials and Hessenberg determinants. Besides, we show
that the Gandhi’s recurrence relation for colour partitions implies the
Osler-Hassen-Chandrupatla’s expression for the divisor function.
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1. INTRODUCTION

We know the following result [11, 7, 19, 5, 12] for the partition function

p(n)
o0
1 1 1
1 p(n)t" = = = , p(0) =ag =1,
. ,;) ) Sotoart™  E(q) (49 ©
where:
0, if j#S(BN+1),
(2) aj = N = 0, £1, +2,...,

(-DN, if j=Z(BN+1),

and E(q) is the Euler function; therefore [4, 2, 21, 15]:

1 &
(3) p(n) = H E (_l)k k! Bn,k(l' ai, 2! Qg -eey (TL —k+ 1)' ankarl!)a
" k=0

expression recently deduced by Jha [15], involving the partial Bell polyno-
mials [4, 15, 6, 16], with the recurrence relation [19, 2, 18]:

@ S akpin—k) =0,
k=0

discovered by MacMahon [7, 19, 18].
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On the other hand, from [23, 10] we have that relations type (1) are
equivalent to the following Hessenberg determinant:

ai ap 0 0o .. .. 0
az ai ao 0 0
as @ a ag ... ... 0
(5) p(n) = (=1)"] . ’ . i . 1 . ’ T
ag
Ap Ap—-1 AAp—2 ... T A

obtained by Malenfant [18].

Remark.- The definition (2) gives the values:

1, j = 0,5,7,22,26,51,57,92,100,145,155,...
(6) a; = { 0 otherwise.

—1, j=1,2,12,15,35,40,70,77,117,126,176,...

> p(n)
(7) E(g)=)_ E0) ", EM™0)=n!a,.

n!
n=0

2. APPLICATIONS OF (1), (3), (4) AND (5)

As examples of similar expressions to (1), (3), (4) and (5), we know the
results [12]:

" n (k) 1 > /n+k
® @an=> 0 (1) a3 ()
! ;] k/q (@5 @)1 kz:;) k- J,
then it is immediate the relation:

1, 1 o
®) kZ:O Gor )k (5) @00 =1,
e 0 @Dr ak

(o)

therefore [4, 2, 21]:

n

(10)
" < 1! q(;) 21 q(g) 3! q(;) 4! q(g) (—1)"71’“”1(11 —k+ 1)' q(n§+1)>

(G (@02 (©9)s (Ga)a (4 Dn—k+1
involving the partial Bell polynomials, with the recurrence property:
q(3)

(1D Z(qqk(q @n— k_O

n>1.
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We can apply to (10) the Birmajer-Gil-Weiner’s inversion process [3] to
obtain:

(-1)F gl _
(GD)n

n

:iZ(fl)k HE, ., ( 1 2l 314l m.(n—k—l—l)!)'

P (G (692 (G9)3" (G012 (G Dn—ks1

Besides, from [23, 10] we have that relations type (9) are equivalent to the
following Hessenberg determinant:

l_ 1 0 0 .. .. 0
(@)1
1 1 1 0 .. .. 0
(@9)2 (91

(@) 1 1 1 1 . 0

(13) q\2 | @9z (@92 (@:9)1

(@ 9)n ' ' ' ’
. . . 1
1 1 1 1
(@GDn  (@GDn-1  (GDn—2 (91

Similarly, Jha [13] deduced the following connection between the sum of
divisors function and the numbers (6):

(14)

(n—=1Dlo(n) = Z( 1 — 1! By (llal, 2lag,...,(n —k+1)! an—k+l)

therefore, its inverse is given by:

(15)

nla, =S (1) By, (010(1), 110(2), 26(3), ..., (n — k) 0lo(n — k + 1)).
k=1

The r-coloured partition function p,(n) is defined in terms of the Euler
function [8, 14]:

[e.e]
(16) @] =Y pmy",
n=0
for example, if r = 0,1 then (7) and (16) imply the values:
1, n=0
(17) po(ﬂ) = { ) pl(n) = Qn.
0, n>1

From (1) and (16):

o0 0 1
" 2P = T T
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thus [10]:
rp(1) 1 0
2rp(2)  (r+ 1p(1) 2
3rp(3)  (2r+1)p(2) (r+2)p(1)
. (3r+ 1)p(3) (2r +2)p(2)
) (3r +2)p(3)

nrp(n) ((n—1)r+ Dpn—1) ((n—2)r + 2)p(n —2)

(19) =(-1)"nlp(n), n>1,
with its inverse [15, 13]:
= n+1
(20) (n) = 3 (-1 S(), >0,
P ; (r + 1)

For example, if n = 1,2, 3,4 then (19) implies the relations:

pr(1) = =1, pr(2) = 5(r=3). pr(3) = —(r = 1(r = 8),

(21) pr(4) = ,(7“ —1(r=3)(r —14).

4!

o o

(r+n—1)p(1)

Johnson [12] exhibits the following connection between the Euler and divi-

sors functions:

d

n_d . ___ 49 a M _
ga(nm = qdqlog ()00 = Bq) dg E(q) 'L Vo0 )(a1Q+2a2q +3a,q°+.. )

- {Zp(k) qk} {Z m qm} oy Zq [Z
k=0 m=0
where we can apply (4) to obtain the formula:
(22) o(n) =3k an_i plk) = — Sk ax pln — k)
k=1 k=1

) (n—J) an— ]}

deduced by Osler-Hassen-Chandrupatla [19]; with (4) and (22) it is imme-

diate the known expression:

(23) Zp o(n—j), n>1,

finally, we indicate the interesting recurrence relation [19]:
n—1

(24) o(n) =-nay, — Zan_k o(k), n>2,
k=1

and the identity [13]:

k
TL! k—r k
(25) Bk (1' a, 2 az, ..., (n—k+1)! ankarl) = %! g:l(_l) <r>pr(n)'
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It is simple to show that (14) and (25) imply the relationship [13]:

(26) oy =n 3 (“) p(n), n>1,

r
k=1
Remark.- From (19) for r = 9,n = 4:

9 1 0 0
113 10 2 0

po(4) = a8 38 113 |= —90 = 0 mod 5,
180 84 40 12
in agreement with the congruence pg(5m + 4) = 0 mod 5 indicated by
Forbes [14]; besides, from (19) with r = —1,n = 5:
1 1 0 00
114 0 2 00
p-1(5) = =] 9 -2 1 3 0]|=7=pb),
120 -6 0 2 4
35 =15 -3 2 3

which it is correct because p_1(n) = p(n). We note that pas(n — 1) is the
Ramanujan’s T—function.

3. RELATIONSHIPS BETWEEN THE SUM OF DIVISORS AND PARTITION
FUNCTIONS VIA DETERMINANTS

Gould [10] exhibits the following result:

(27) If  en=Y 0"y, n>0, b)Y #£0,
=0
then:
en 0B B b
en1 byt VR pl Y
n—2 n—2 n—2
(28) Cn = 1 €n—2 0 bé ) bg ) b,57172 ) ,
b7 | ens 0 0 B Y
o 0 0 b

with interesting applications.

a). Jha [15, 13] obtained the relation (20) with the structure (27):

p(n) _ N~pPa-j(n) (=1 __p(n)
(n+1)!

i ) T

=0

. —_1)rJ
p = Pomi®) U

A T

(29) :
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then (28) and (29) imply the connection:

o1
(n+1)! I, pr(r)
(30)
p(n) Pn—1(n) Prn—2(n) Prn—3(n) po(n)
(n+1)! 1 Pl 3l SRR ST
p(n—1) pn-1(n=1) pn_2(n—1) prn_s(n—1) po(n—1)
nl ol 1 21 S (n—1)!
p(n=2) pn—2(n—=2) pn—3(n—2) po(n—2)
(n—1)! i 1 S (n—2)!
p(n—3) 0 0 Pn—3(n—=3) po(n—3)
=) e e P =)
L?) 0 0 0 o % Pll(!i) p02(|i)
p2_[!]) 0 0 0 Plo(! ) POl(!O)
L') 0 0 0 Poo(! )
For example, from (30) for n = 4:
p4) p34) p24) p14) po4)
T 1] 2l 31 4]
174_«?) p3 0('3) p21(!3) P1 2('3) Do 3('3)
i' = —i IL?) 0 ‘ P20(;2) Pll(?) POQ(?)
5 25 @ 0 0 ) Pl(l) PO('l)
2! 0! il
p(0) 0 0 0 po(0)
% 0 % 0 0
1 g 5 573 0 0 1
25| ¢ -
% 00 O
1 00 O 1

b). Jha [13] deduced the expression (26), which can be written in the form
(27):

o) _Nmpast) (1 ol
n!n_; jl n—)N(n—75" " naln’
() _ pn,j(n) o (_1)n—j
oy R e i)

therefore:

(1

nln I, pr(r)
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(32)
o(n) Pr—1(n) Pn—2(n) pn-—3(n)
(n)In 1! 2! 3!
o(n—1) pn1(n—1)  pn_2(n—1) pn_3(n—1)
mn—D)I(n-1) o 11 21
o(n—2) 0 Pn—2(n—2) pn_3(n—2)
(n—2)!(7§—2) ot 1(1 3)
m=m=g O 0 ]
o(2 pa(2 2
T%i 0 0 0 1120(! ) P11E!1§
”_! 0 0 0 p10!
0 0 0 0
From (32) for n = 4:
7 1
9 03 0 0
IR U
N4 95| 4 -~ = og
414 25 1 00 -1 0 96
0 00 0 1

¢). Osler-Hassen-Chandrupatla [19] showed the property (22):

n n
(33) o(n) =3k any p(k) =3 a; (n = j) p(n = j),
k=0 §=0
then (27), (28) and (33) imply the determinant:
o(n) ap ay az ... ... .. Gy
on—=1) 1 a1 az ... .. .. Gp-1
on—=2) 0 1 a1 az ... ... Gp2
<34) np(n): 1 a ... ... Qp—3
o(1) 0 0 0 a
(0) 0 0 0 0 1
From (34) for n = 4:
7T -1 -1 0 0
4 1 -1 -1 O
dpd) =3 0 1 -1 —1[=20 — pd)=5,
1 0 0 1 -1
0o 0o 0 0 1

and for n = 5:

1 -1 -1 0
0 1 -1 —-1|=35 = p(6)="T.
0 0 1 -1

0 0 0 1

5p(5) =

=Wk o
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4. ON THE GANDHI'S RECURRENCE RELATION FOR COLOUR PARTITIONS

Gandhi [9, 17] showed the following recurrence relation for the colour
partitions:

r n
r = - T -k k ) > 1
(35) pr(n) "z;op (n—k)o(k), n
For r = —1 the relation (35) implies the known property (23) [19, 22, 1]:
(36) np(n) = _p(n—k) o(k) =Y _p(j) o(n - j);
k=0 §=0

if = 1, the Gandhi’s expression (35) gives the Osler-Hassen-Chandrupatla’s
recurrence (24) [19], where it was applied the result (17). Jha [13] obtained
the interesting identity (26) which can be considered as the inversion of (35).

Finally, with (24) and (35) it is possible to deduce the following property:

T 1 —
(37) —pren(n) = ;]k anr pp(k), 720, n>1,

similar the relation:
n
(38) pre1(n) = Z an—k pr(k).
k=0

Thus, we see that the Gandhi’s formula involving the colour partitions and
the divisor function implies interesting identities related with the partition
function.
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