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NARAYANA MATRIX SEQUENCE

ROJI BALA, AND VINOD MISHRA

Abstract. In the present paper, we define Narayana matrix sequence
associated with Narayana sequence. We obtain Binet’s formula, sum of
first n terms, sum of n terms having subscripts of the form 3k, 3k+1, and
3k + 2, Catalan identity, D’Ocagne’s identity, sum of cubes of n terms,
and other properties. Further, Binet’s formula for Narayana sequence is
derived with the help of Binet’s formula for Narayana matrix sequence.
Next, we define Narayana matrix sequence for negative subscripts and
obtain some properties and find interesting relations between the general
terms of Narayana matrix sequence for positive subscripts and negative
subscripts.
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1. Introduction

Indian mathematician Narayana Pandit introduced Narayana sequence
or numbers in the 14th century. The Narayana numbers are the solution
to the problem of cows and calves. The problem is moduled as [1]: “A cow
produces one calf every year. Beginning in its fourth year, each calf produces
one calf. How many calves are there together after 30 years?”.
Narayana sequence is defined by the third order recurrence relation as

Nn = Nn−1 +Nn−3 for all n ≥ 3

with initial conditions N0 = 0, N1 = 1, N2 = 1.
In [6] Ramirez and Sirvent generalised the Narayana sequence into one pa-
rameter, which is known as k-Narayana sequence. k-Narayana sequence is
defined as bk,n = kbk,n−1 + bk,n−3 for all n ≥ 3
with the initial conditions bk,0 = 0, bk,1 = 1, bk,2 = k.
The authors [6] gave the properties and relations of this sequence by a using
matrix approach. They related these numbers to Hessenberg matrices.
In [7] Soykan gave another generalisation of Narayana sequence. In [4] Goy
gave connections between Fibonacci numbers and Narayana numbers and
also between Tribonacci numbers and Narayana numbers. He gave some
Toeplitz-Hessenberg matrices, the entries of which are Fibonacci-Narayana
numbers. In the literature various sequences are defined for negative sub-
scripts [2, 3, 8].
Narayana sequence has applications in many areas including coding theory,
cryptography, MIMO communication system, and graph theory [5].
There have been very few works in the field of Narayana sequence.
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In the present paper, Narayana matrix sequence is defined and its properties
are developed.

2. Narayana matrix sequence

Here we develop Narayana matrix sequence(NMS).

Definition 2.1. Narayana matrix sequence is defined as

(2.1) Nn = Nn−1 +Nn−3, for all n ≥ 3

with the initial conditions

(2.2) N0 =

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠ , N1 =

⎛
⎝
1 0 1
1 0 0
0 1 0

⎞
⎠ , N2 =

⎛
⎝
1 1 1
1 0 1
1 0 0

⎞
⎠

{Ni}∞i=0 =

⎧⎨
⎩

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠ ,

⎛
⎝
1 0 1
1 0 0
0 1 0

⎞
⎠ ,

⎛
⎝
1 1 1
1 0 1
1 0 0

⎞
⎠ ,

⎛
⎝
2 1 1
1 1 1
1 0 1

⎞
⎠ , ...

⎫⎬
⎭

Infact

(2.3) Nn =

⎛
⎝
Nn+1 Nn−1 Nn

Nn Nn−2 Nn−1

Nn−1 Nn−3 Nn−2

⎞
⎠ .

Theorem 2.1. Generating function of NMS is:
�∞

i=0Ni =
z

1− z − z3
.

Proof. By using recurrence relation (2.1)
Nn = Nn−1 +Nn−3�∞

n=3Nnz
n −�∞

n=3Nn−1z
n −�∞

n=3Nn−3z
n = 0

By using equation (2.2), we get�∞
n=0Nnz

n =
z

1− z − z3
. �

Theorem 2.2. Binet’s formula of NMS is: Aαn +Bβn + Cγn

where α, β, γ are the roots of the equation x3 − x2 − 1 = 0 and A, B, C
are the matrices given by

A =
1

(α− β)(α− γ)

⎛
⎝
(1− β)(1− γ) 1 1− β − γ

1− β − γ βγ 1
1 −(β + γ) βγ

⎞
⎠

B =
1

(β − γ)(β − α)

⎛
⎝
(1− α)(1− γ) 1 1− α− γ

1− α− γ αγ 1
1 −(α+ γ) αγ

⎞
⎠

C =
1

(γ − α)(γ − β)

⎛
⎝
(1− α)(1− β) 1 1− α− β

1− α− β αβ 1
1 −(α+ β) αβ

⎞
⎠
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or

A =
(α− 1)N1 +N2 + βγN0

(α− β)(α− γ)
,

B =
(β − 1)N1 +N2 + αγN0

(β − α)(β − γ)
,

C =
(γ − 1)N1 +N2 + αβN0

(γ − α)(γ − α)
.

Proof. Take Nn = Aαn +Bβn + Cγn and n = 0, n = 1, n = 2.
We get three equations from which the values ofA,B, and C can be obtained.

�

Theorem 2.3. Binet’s formula for Narayana sequence from Binet’s formula
of Narayana matrix sequence is

Nn =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
where α, β, and

γ are the roots of the equation x3 − x2 − 1 = 0.

Proof. Nn = Aαn +Bβn + Cγn

⎛
⎝
Nn+1 Nn−1 Nn

Nn Nn−2 Nn−1

Nn−1 Nn−3 Nn−2

⎞
⎠ =

(α− 1)N1 +N2 + βγN0

(α− β)(α− γ)
αn

+
(β − 1)N1 +N2 + αγN0

(β − α)(β − γ)
βn

+
(γ − 1)N1 +N2 + αβN0

(γ − α)(γ − α)
γn

⎛
⎝
Nn+1 Nn−1 Nn

Nn Nn−2 Nn−1

Nn−1 Nn−3 Nn−2

⎞
⎠

=
1

(α− β)(α− γ)

⎛
⎝
(1− β)(1− γ) 1 1− β − γ

1− β − γ βγ 1
1 −(β + γ) βγ

⎞
⎠αn

+
1

(β − γ)(β − α)

⎛
⎝
(1− α)(1− γ) 1 1− α− γ

1− α− γ αγ 1
1 −(α+ γ) αγ

⎞
⎠βn

+
1

(γ − α)(γ − β)

⎛
⎝
(1− α)(1− β) 1 1− α− β

1− α− β αβ 1
1 −(α+ β) αβ

⎞
⎠ γn

Comparing (1,3)th element

Nn =
1− β − γ

(α− β)(α− γ)
αn +

1− α− γ

(β − γ)(β − α)
βn +

1− α− β

(γ − α)(γ − β)
γn

Nn =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
. �

Theorem 2.4. Sum of first n terms of NMS
N1 +N2 +N3 + ...+Nn = Nn+3 −N3.
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Proof. From Binet’s formula, we get

N1 +N2 + ...+Nn = A(α1 + α2 + ...+ αn) +B(β1 + β2 + ...+ βn)

+ C(γ1 + γ2 + ...+ γn)

= A

�
α(αn − 1)

α− 1

�
+B

�
β(βn − 1)

β − 1

�
+ C

�
γ(γn − 1)

γ − 1

�

= A(α3(αn − 1)) +B(β3(βn − 1)) + C(γ3(γn − 1))

= Aαn+3 +Bβn+3 + Cγn+3 − (Aα3 +Bβ3 + Cγ3)

= Nn+3 −N3.

�

Theorem 2.5. N3 +N6 +N9 + ...+N3n = N3n+1 −N1.

Proof.

N3 +N6 + ...+N3n = A(α3 + α6 + ...+ α3n) +B(β3 + β6 + ...+ β3n)

+ C(γ3 + γ6 + ...+ γ3n)

= A
α3(α3n − 1)

α3 − 1
+B

β3(β3n − 1)

β3 − 1
+ C

γ3(γ3n − 1)

γ3 − 1

= Aα(α3n − 1) +Bβ(β3n − 1) + Cγ(γ3n − 1)

= Aα3n+1 +Bβ3n+1 + Cγ3n+1 − (Aα+Bβ + Cγ)

= N3n+1 −N1.

�

Theorem 2.6. N4 +N7 +N10 + ...+N3n+1 = N3n+2 −N2.

Proof. Proof is similar to Theorem 2.5. �

Theorem 2.7. N5 +N8 +N11 + ...+N3n+2 = N3n+3 −N3.

Proof. Proof is similar to Theorem 2.5. �

Theorem 2.8. NnNm = Nn+m.

Proof. We will prove the theorem by induction on m.
For m = 1
By using equation (2.3) and initial conditions of the sequence

NnN1 =

⎛
⎝
Nn+1 Nn−1 Nn

Nn Nn−2 Nn−1

Nn−1 Nn−3 Nn−2

⎞
⎠

⎛
⎝
1 0 1
1 0 0
0 1 0

⎞
⎠

=

⎛
⎝
Nn+2 Nn Nn+1

Nn+1 Nn−1 Nn

Nn Nn−2 Nn−1

⎞
⎠ = Nn+1
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Now suppose result is true for m = k i.e. Nn+k = NnNk

We will prove result for m = k + 1.

NnNk+1 = Nn+kN1 =

⎛
⎝
Nn+k+1 Nn+k−1 Nn+k

Nn+k Nn+k−2 Nn+k−1

Nn+k−1 Nn+k−3 Nn+k−2

⎞
⎠

⎛
⎝
1 0 1
1 0 0
0 1 0

⎞
⎠

=

⎛
⎝
Nn+k+2 Nn+k Nn+k+1

Nn+k+1 Nn+k−1 Nn+k

Nn+k Nn+k−2 Nn+k−1

⎞
⎠ = Nn+k+1

So theorem holds for all m. �
Corollary 2.9. NnNm = NmNn.

Proof. From Theorem 2.8, we get
NnNm = Nn+m = Nm+n = NmNn. �
Corollary 2.10. (Catalan’s identity:) Nn−rNn+r = N 2

n .

Proof. From Theorem 2.8, we get
Nn−rNn+r = Nn−r+n+r = N2n = NnNn = N 2

n . �
Corollary 2.11. (D’Ocagne’s identity:) NmNn+1 −Nm+1Nn = 0.

Proof. From Theorem 2.8, we get
NmNn+1 −Nm+1Nn = Nm+n+1 −Mm+1+n = 0. �
Corollary 2.12. (Cassini’s identity:) NnNn+1 −Nn+1Nn = 0.

Proof. NnNn+1 −Nn+1Nn = N2n+1 −N2n+1 = 0. �
Corollary 2.13. Nm

n = Nmn.

Proof. Nm
n = NnNnNn...Nn

= Nn+n+n+n+...+n = Nmn. �
Corollary 2.14. N 3

1 +N 3
2 +N 3

3 + ...+N 3
n = N3n+1 −N1.

Proof.

N 3
1 +N 3

2 +N 3
3 + ...+N 3

n = N3 +N6 +N9 + ...+N3n

= N3n+1 −N1.

�

3. Narayana matrix sequence with negative indices

We define Narayana matrix sequence with negative indices as

(3.4) N−n = −N−n+2 +N−n+3 for all n ≥ 3

with the initial conditions

N0 =

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠ , N−1 =

⎛
⎝
0 1 0
0 0 1
1 −1 0

⎞
⎠ , N−2 =

⎛
⎝
0 0 1
1 −1 0
0 1 −1

⎞
⎠

{N−i}∞i=0

=

⎧⎨
⎩

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠ ,

⎛
⎝
0 1 0
0 0 1
1 −1 0

⎞
⎠ ,

⎛
⎝
0 0 1
1 −1 0
0 1 −1

⎞
⎠ ,

⎛
⎝

1 −1 0
0 1 −1
−1 1 1

⎞
⎠ , ...

⎫⎬
⎭ .
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Theorem 3.1. N−n =

⎛
⎝
N−n+1 N−n−1 N−n

N−n N−n−2 N−n−1

N−n−1 N−n−3 N−n−2

⎞
⎠ , for all n ≥ 1.

Proof. The theorem is proved by induction on n.
For n = 1

N−1 =

⎛
⎝
0 1 0
0 0 1
1 −1 0

⎞
⎠ =

⎛
⎝

N0 N−2 N−1

N−1 N−3 N−2

N−2 N−4 N−3

⎞
⎠

Assume result is true for n = k, so that

N−k =

⎛
⎝
N−k+1 N−k−1 N−k

N−k N−k−2 N−k−1

N−k−1 N−k−3 N−k−2

⎞
⎠

Now we will prove the result for n = k + 1.

N−(k+1) = N−(k−2) −N−(k−1)

=

⎛
⎝
N−k+3 N−k+1 N−k+2

N−k+2 N−k N−k+1

N−k+1 N−k−1 N−k

⎞
⎠−

⎛
⎝
N−k+2 N−k N−k+1

N−k+1 N−k−1 N−k

N−k N−k−2 N−k−1

⎞
⎠

=

⎛
⎝

N−k N−k−2 N−k−1

N−k−1 N−k−3 N−k−2

N−k−2 N−k−4 N−k−3

⎞
⎠

This completes the proof. �

Theorem 3.2. Binet’s formula for negative subscripted Narayana matrix
sequence is N−n = Aα−n +Bβ−n + Cγ−n

where α, β, γ are the roots of recurrence relation given by equation (3.4),
and

A =
α2N0 + αN−2 + α2(α− 1)N−1

(α− β)(α− γ)

B =
β2N0 + βN−2 + β2(β − 1)N−1

(β − γ)(β − α)
,

C =
γ2N0 + γN−2 + γ2(γ − 1)N−1

(γ − α)(γ − β)
.

Proof. Proof is similar to Theorem 2.2. �

Theorem 3.3. For n ≥ 1, we have N−n = N−1
n .

Proof. For n = 1

N−1 =

⎛
⎝
0 1 0
0 0 1
1 −1 0

⎞
⎠ = N−1

1
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Suppose theorem holds for n = k.
For n = k + 1

N−1
k+1 = (NkN1)

−1 = N−1
1 N−1

k = N−1N−k

=

⎛
⎝
0 1 0
0 0 1
1 −1 0

⎞
⎠

⎛
⎝
N−k+1 N−k−1 N−k

N−k N−k−2 N−k−1

N−k−1 N−k−3 N−k−2

⎞
⎠

=

⎛
⎝

N−k N−k−2 N−k−1

N−k−1 N−k−3 N−k−2

N−k−2 N−k−4 N−k−3

⎞
⎠

= N−(k+1).

�
Corollary 3.4. N−mN−n = N−m−n.

Proof.

N−mN−n = N−1
m N−1

n = (NnNm)−1

= (Nm+n)
−1 = N−m−n.

�
Corollary 3.5. Nm−n = N−mn.

Proof.

Nm
−n =(N−1

n )m = (Nm
n )−1

= (Nmn)
−1 = N−mn.

�
Corollary 3.6. (N−n−1)

m = (N−1)
mN−mn.

Proof.

(N−n−1)
m =Nm(−n−1) = N−1N−m+1N−mn

= (N−1)
2N−m+2N−mn

...

= (N−1)
mN−m+mN−mn

= (N−1)
mN−mn.

�
Corollary 3.7. N−n−rN−n+r = (N−n)

2 = (N−2)
n.

Proof.

N−n−rN−n+r = N−nN−rN−nNr

= N−n(Nr)
−1NrN−n

= (N−n)
2 = (N−2)

n.

�
Corollary 3.8. N−mN−n+1 −N−m+1N−n = 0.
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Proof. N−mN−n+1 −N−m+1N−n = N−m−n+1 −N−m+1−n = 0. �
Corollary 3.9. N−nN−n+1 −N−n+1N−n = 0.

Proof. N−nN−n+1 −N−n+1N−n = N−n−n+1 −N−n+1−n = 0. �

References

[1] J. P. Allouche and Johnson, Narayanas cows and delayed morphisms, In: Articles of
3rd Computer Music Conference JIM96, France, 1996.

[2] S. Abramovich, Extending Fibonacci numbers to negative subscripts through problem
solving, Int. J. Math. Educ. Sci. Technol. 41 (2010), 836–842.

[3] A. Dasdemir and Mersenne, Jacobsthal and Jacobsthal-Lucas numbers with negative
subscripts, Aacta Math. Univ. Comenianae. 1 (2019), 145–156.

[4] T. Goy, On identities with multinomial coefficients for Fibonacci-Narayana numbers,
Ann. Math. et Inform. 49 (2018), 75–84.

[5] B.J. Murali, K. Thirusangu and B.J. Balamurugan, Narayana prime cordial labeling
of graphs, Int. J. Pure. Appl. Math. 117 (2017), 1–8.

[6] J. L. Ramirez and V. F. Sirvent, A note on the k-Narayana sequence, Ann. Math. et
Inform. 45 (2015), 91–105.

[7] Y. Soykan, On generalized Narayana numbers, Int. J. Adv. Appl. Math. and Mech. 7
(2020), 43–56.

[8] N. Yilmaz and N. Taskara, On the negatively subscripted Padovan and Perrin matrix
sequences, Commun. Math. Stat. 5 (2014), 59 –72.

Department of Mathematics, Sant Longowal Institute of Engineering and
Technology, Longowal (Sangrur), Punjab, India

E-mail address: rojisingla78@gmail.com

Department of Mathematics, Sant Longowal Institute of Engineering and
Technology, Longowal (Sangrur), Punjab, India

E-mail address: vinodmishra.2011@rediffmail.com


