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PROPERTIES AND FURTHER GENERALIZATION ON THE

EXTENSION OF τ-GAUSS HYPERGEOMETRIC FUNCTION

BHARTI CHAUHAN , PRAKRITI RAI, AND APARNA CHATURV EDI

Abstract. Recently, an extension of τ Gauss hypergeometric function was obtained
in terms of the extended version of the pochhammer symbol[11]. We have established
some properties on further generalization of the extended τ Gauss hypergeometric
function containing extra parameters. We have also established some other properties
and relationships involving the integral representations, derivative formulas and Mellin
transforms.
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1. Introduction,Definitions and Preliminaries

Definition 1.1 ([11])Let a function Θ({kl}l∈N0 ; z) be analytic within the disk |z| <
R(0 < R < 1) and let its Taylor-Maclaurin coefficients be explicitly denoted by the
sequence {kl}l∈N0. Suppose also that the function Θ({kl}l∈N0 ; z) can be continued ana-
lytically in the right half-plane �(z) > 0 with the asymptotic property given as follows:

(1) Θ({kl}l∈N0 ; z) =

{∑∞
l=0{kl} zl

l! ; (|z| < R; 0 < R < ∞; k0 = 1);

M0z
w exp(z)[1 +O(1z )]; (�(z) → ∞;M0 > 0;w ∈ C)

for some suitable constants M0 and w depending essentially on the sequence {kl}l∈N0.They

also defined extended Gamma function Γ
{kl}
p (z) and the extended Beta function.

(2) Γ{kl}
p (z) =

∫ ∞

0
tz−1Θ({kl};−t− p

t
)dt, (�(p) � 0,�(z) > 0)

and

(3) B{kl}
p (α, β; p) =

∫ 1

0
tα−1(1− t)β−1Θ

(
{kl}; −p

t(1− t)

)
dt,

(�(p) � 0,min(�(α),�(β)) > 0).

By introducing one additional parameter q with �(q) � 0

(4) B{kl}
p,q (α, β) =

∫ 1

0
tα−1(1− t)β−1Θ

(
{kl};−p

t
− q

(1− t)

)
dt,

min(�(p),�(q)) > 0;min(�(α),�(β)) > 0.
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During the past few decades, various extensions and generalizations of well-known special
functions have been studied by various researchers [3,5,7-9]. Chaudhry et.al. also defined
a 2-parameter extension of Gamma function Γ(ξ) with the parameter (p and v) in [5] as
follows :

(5) Γv(ξ; p) =

{√
2p
π

∫∞
0 tξ−

3
2 e−tkv+ 1

2
(pt )dt, (min(�(p),�(v)) > 0; ξ ∈ C),

Γp(ξ) (v = o;�(ξ) > 0),

where kv(z)is the modified Bessel function of order v and Γp(ξ) was studied in [3,5].
Indeed if v=0 in (4) and make use of the following relationship

(6) k 1
2
(z) =

√
π

2z
e−z,

then the above-extended gamma function can be given as

(7) Γp(ξ) =

∫ ∞

0
tξ−1e−t− p

t dt, (�(p) � 0,�(ξ) > 0).

In the year 2012, Srivastava et.al. [10] defined the following extensions and generalization
of the pochhammer symbols as follows :

(8) (ξ; p)μ =

{
Γp(ξ+μ)

Γ(ξ) (�(p) > 0; ξ, μ ∈ C);

(ξ)μ (p = 0; ξ, μ ∈ C \ {0});

(9) (ξ; p, v)μ =

{
Γv(ξ+μ;p)

Γ(ξ) (min(�(p),�(v)) > 0; ξ, μ ∈ C);

(ξ; p)μ (v = 0; ξ, μ ∈ C \ {0});
from (4) and (8), they get

(10) (ξ; p, v)μ =
1

Γ(ξ)

√
2p

π

∫ ∞

0
tξ+μ− 3

2 e−tkv+ 1
2

(p
t

)
dt,

(11) (ξ; p)μ =
1

Γ(ξ)

∫ ∞

0
tξ+μ−1e−t− p

t dt.

By using (8), an extension of generalized hypergeometric function pFq was defined[11]
as :

(12) pFq

[{
(ρ1; p, v) , ρ2, ρ3......, ρp

σ1, σ2, ....., σq;
; z

]
=

∞∑
n=0

(ρ1; p, v)n(ρ2)n........(ρp)n
(σ1)n(σ2)n.......(σq)n

zn

n!
,

where ρj ∈ C(j = 1, 2, ...p) σj ∈ C \ Z−
0 (j = 1, 2, ...q).

Virchenko et al.[12] studied the following τ -Gauss hypergeometric function 2R
τ
1z defined

as:

(13) 2R
τ
1z =2 R1 {δ1, δ2; δ3; τ, z} =

Γ(δ3)

Γ(δ2)

∞∑
n=0

(δ1)nΓ(δ2 + nτ)

Γ(δ3 + nτ)

zn

n!
.

(τ > 0; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1)
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They also derive the following integral representation :

(14) 2R1(δ1, δ2; δ3; τ, z) =
1

B(δ2, δ3 − δ2)

∫ ∞

0
tδ2−1(1− t)δ3−δ2−1(1− ztτ )−δ1dt,

(τ > 0; |arg(1− z)| < π;�(δ3) > �(δ2) > 0)

,
in terms of classical Beta function B(α, β) defined as

(15) B(α, β) =

{∫ 1
0 tα−1(1− t)β=αdt (min(�(α),�(β)) > 0),
Γ(α)Γ(β)
Γ(α+β) (α, β ∈ C/Z−

0 ).

2. Properties on extension of τ-Gauss Hypergeometric Function

In this section, we first established the new extension of τ Gauss Hypergeometric
Function using (1) for δ1, δ2 ∈ C and δ3 ∈ C\Z−

0 containing two parameters (μ1 and μ2)

(16) 2R
{kl}
1 (δ1, δ2; δ3; τ ; z;μ1, μ2) = (δ1)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
,

(τ > 0; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1,min(�(μ1),�(μ2)) > 0).

If Θ(kl; z) = expz, one can write

2R1(δ1, δ2; δ3; τ ; z;μ1, μ2) = (δ1)n

∞∑
n=0

Bμ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
.

The following integral representation form holds true for (16) :

2R
{kl}
1 (δ1, δ2; δ3; τ ; z;μ1, μ2) =

(17)
1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1(1− ztτ )−δ1Θ({kl};−μ1

t
− μ2

1− t
)dt.

(τ > 0; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1,min(�(μ1),�(μ2)) > 0).

If μ1=μ2=0, one can write
(18)

2R
{kl}
1 (δ1, δ2; δ3; τ, z) =

1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1

1F 0
{kl} [δ1;−; ztτ ] dt,

(τ > 0; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1).

Corollary 2.1. When τ = 1,(16) and (17) would immediately yield the standard form
of Gauss Hypergeometric Function [7] and its integral representation

(19) 2R
{kl}
1 (δ1, δ2; δ3; z;μ1, μ2) = (δ1)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
,

(20) 2R
{kl}
1 (δ1, δ2; δ3; z;μ1, μ2)

=
1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1(1− zt)−δ1Θ({kl};−μ1

t
− μ2

1− t
)dt.
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(τ = 1; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1,min(�(μ1),�(μ2)) > 0).

3. Properties on the extension of τ-Gauss hypergeometric function in
terms of pochhammer symbol

Now we discuss the extension of τ Gauss hypergeometric function 2R
τ
1(z)in terms of

pochhammer symbol (ξ; p; v)μ defined in (8) for δ1, δ2 ∈ C and δ3 ∈ C \ Z−
0 as:

(21) 2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2] = (δ1; p, v)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
,

(v > 0; τ > 0; |z| < 1;�(δ3) > �(δ2) > 0 when |z| = 1 and p � 0,min(�(μ1),�(μ2)) > 0).

Remark The following are some of the special-cases of τ Gauss hypergeometric func-
tion :

(1) When v=0, equation (21) will reduce to the following extended τ Gauss hyper-
geometric function

(22) 2R
{kl}
1 [(δ1; p), δ2; δ3; τ, z;μ1, μ2] = (δ1; p)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
.

(2) When τ=1, equation (21) reduces the extended Gauss hypergeometric function

(23) 2R
{kl}
1 [(δ1; p, v), δ2; δ3; z;μ1, μ2] = (δ1; p, v)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
.

(3) When v=0 and τ=1 equation (21) reduces to extended Gauss hypergeometric
function

(24) 2R
{kl}
1 [(δ1; p), δ2; δ3; z;μ1, μ2] = (δ1; p)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + n, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
.

4. Integral Representations and derivative formula

Theorem 4.1. The following integral representation hold true for equation (21) is:

(25) 2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2]

=
1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1

1F
{kl}
0 [(δ1, p, v);−; ztτ ;μ1, μ2] dt,

(�(p) > 0, v > 0, τ > 0, |z| < 1,�(δ3) > �(δ2) > 0,min(�(μ1),�(μ2)) > 0)

where B(α, β) denotes the classical Beta function defined in (14).

Special cases: When μ1=μ2=0
(26)

2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z] =

1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1−t)δ3−δ2−1

1F
{kl}
0 [(δ1, p, v);−; ztτ ] dt.
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Corollary 4.2. The following are some of the special-cases of integral representation of
τ -gauss hypergeometric function:

(1) When v=0, equation(26) reduces to the following τ -Gauss hypergeometric func-
tion

(27)

2R
{kl}
1 ((δ1; p), δ2; δ3; τ, z) =

1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1

1F
{kl}
0 [(δ1, p);−; ztτ ]dt.

(2) When τ = 1 equation (26) will yield the following extended Gauss hypergeometric
function

(28)

2F
{kl}
1 [(δ1; p, v), δ2; δ3; z] =

1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1

1F
{kl}
0 [(δ1, p, v);−; zt]dt.

(3) When v=0 and τ = 1 equation (26) reduces to the extended gauss hypergeometric
function

(29)

2F
{kl}
1 [(δ1; p), δ2; δ3; z] =

1

B(δ2, δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1

1F
{kl}
0 [(δ1, p);−; zt]dt.

Theorem 4.3. The following Laplace type representation holds true for (21) :
(30)

2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2] =

√
2p
π

Γ(δ1)

∫ ∞

0
tδ1−

3
2 e−tkv+ 1

2
(
p

t
)1Φ

{kl}
1 [δ2, δ3; τ ; zt, μ1, μ2]dt,

(�(p) > 0; v > 0; τ > 0;�(z) < 1;�(δ1) > 0,min(�(μ1),�(μ2)) > 0)

where 1Φ
{kl}
1 [δ2, δ3; τ ; zt, μ1, μ2] is extended τ -kummer hypergeometric function defined

as :

1Φ
{kl}
1 [δ2, δ3; τ ; zt, μ1, μ2] =

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!
,

(τ > 0; δ2 ∈ C; δ3 ∈ C \ Z−
0 ,min(�(μ1),�(μ2)) > 0).

Proof : By first utilizing (9) in (21) and then applying 1Φ
{kl}
1 [δ2, δ3; τ ; zt, μ1, μ2]; We

obtain the assertion (30) of theorem 4.3.

Corollary 4.4. Let μ1=μ2=0 in assertion (30), we get

(31) 2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z] =

√
2p
π

Γ(δ1)

∫ ∞

0
tδ1−

3
2 e−tkv+ 1

2
(
p

t
)1Φ

{kl}
1 [δ2, δ3; τ ; zt]dt.

Special cases

(1) When τ=1, (31) will yield the following special-cases :

2F
{kl}
1 [(δ1; p, v), δ2; δ3; z] =

√
2p
π

Γ(δ1)

∫ ∞

0
tδ1−

3
2 e−tkv+ 1

2
(
p

t
)1F

{kl}
1 [δ2, δ3; zt]dt.
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(2) When v=0, (31) will yield the following extended τ -Gauss hypergeometric func-
tion

2R
{kl}
1 [(δ1; p), δ2; δ3; τ, z] =

1

Γ(δ1)

∫ ∞

0
tδ1−1e−t− p

t 1Φ1
{kl}[δ2, δ3; τ ; zt]dt.

(3) When τ=1 and v=0, (31) will reduce to the following extended Gauss hyperge-
ometric function

2F
{kl}
1 [(δ1; p), δ2; δ3; z] =

1

Γ(δ1)

∫ ∞

0
tδ1−1e−t− p

t 1F1
{kl}[δ2, δ3; zt]dt.

Theorem 4.5. The following Derivative formulas hold true for the extended τ Gauss
hypergeometric function defined in (18)

(32)
∂n

∂zn
2R

{kl}
1 [(δ1; p, v), δ2; δ3; τ, z]

=
(δ1)nΓ(δ2 + nτ)Γ(δ3)

Γ(δ3 + nτ)Γ(δ2)
2R

{kl}
1 [(δ1 + n; p, v), δ2 + nτ ; δ3 + nτ ; τ, z].

Proof :

2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z] = (δ1; p, v)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!

∂

∂z
2R

{kl}
1 [(δ1; p, v), δ2; δ3; τ, z] = (δ1; p, v)n

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn−1

(n− 1)!

Replacing n→ n+1 in the above equation and after simplification, we get

∂

∂z
2R

{kl}
1 [(δ1; p, v), δ2; δ3; τ, z] = (δ1; p, v)n+1

∞∑
n=0

B
{kl}
μ1,μ2(δ2 + nτ + τ, δ3 − δ2)

B(δ2, δ3 − δ2)

zn

n!

=
Γ(δ3)Γ(δ2 + τ)(δ1)

Γ(δ2)Γ(δ3 + τ)

∞∑
n=0

(δ1 + 1; p, v)nΓ(δ2 + nτ + τ)(δ3 + τ)

Γ(δ3 + nτ + τ)(δ2 + τ)

zn

n!

=
Γ(δ3)Γ(δ2 + τ)(δ1)

Γ(δ2)Γ(δ3 + τ)
2R

{kl}
1 [(δ1 + 1; p, v), δ2 + τ ; δ3 + τ ; τ, z]

So iterating this differential equation n-times, we get

∂n

∂zn
2R

{kl}
1 [(δ1; p, v), δ2 : δ3 : τ, z]

=
(δ1)nΓ(δ2 + nτ)Γ(δ3)

Γ(δ3 + nτ)Γ(δ2)
2R

{kl}
1 [(δ1 + n; p, v); δ2 + nτ ; δ3 + nτ ; τ, z]

=
(δ1)nΓ(δ2 + nτ)Γ(δ3)

Γ(δ3 + nτ)Γ(δ2)
2R

{kl}
1 [(δ1 + n; p, v); δ2 + nτ ; δ3 + nτ ; τ, z].

Hence, the proof is completed.
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5. Application of the Mellin Transform

The well known Mellin transform of a given integrable function f(t) is

(33) M{f(t) : t → s} =

∫ ∞

0
ts−1f(t)dt

provided that the improper integral in (33) exists.

Theorem 5.1. The Mellin Transform of the extended τ -Gauss hypergeometric function

2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2]

is given as

M{2R{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2] : t → s}

(34)

=
2s−1

√
π
Γ(

s− v

2
)Γ(

s+ v + 1

2
)
Γ(δ3)

Γ(δ2)
(δ1)s

∞∑
n=0

(δ1 + s)nΓ(δ2 + nτ)

Γ(δ3 + nτ)
Θ({kl};−μ1

t
− μ2

1− t
);

(�(s− v) > 0;�(δ1 + s) > −1,min(�(μ1),�(μ2)) > 0).

Proof Using (33) of the Mellin transform on both the sides of (21), we get

M{2R{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2] : t → s}

=

∫ ∞

0
ts−1

2R
{kl}
1 [(δ1; p, v), δ2; δ3; τ, z;μ1, μ2]dt

=
Γ(δ3)

Γ(δ2)

∞∑
n=0

Γ(δ2 + nτ)

Γ(δ3 + nτ)

∫ ∞

0
ts−1(δ1; p, v)nΘ({kl},−μ1

t
− μ2

1− t
)dt

Using the result (9) in the above equation, we get

(δ1; p, v)n =
Γv(δ1 + n; p)

Γ(δ1)
;

=
Γ(δ3)

Γ(δ2)

∞∑
n=0

Γ(δ2 + nτ)

Γ(δ3 + nτ)

∫ ∞

0
ts−1Γv(δ1 + n; p)

Γ(δ1)
Θ({kl},−μ1

t
− μ2

1− t
)dt.

Now using the result given by Chaudhry et.al. ([5]), we get
∫ ∞

0
ts−1Γv(δ1 + n; p)dt =

2s−1

√
π
Γ(

s− v

2
)Γ(

s+ v + 1

2
)Γ(δ1 + n+ s)

=
1

Γ(δ1)

Γ(δ3)

Γ(δ2)

∞∑
n=0

Γ(δ2 + nτ)

Γ(δ3 + nτ)

2s−1

√
π
Γ(

s− v

2
)Γ(

s+ v + 1

2
)Γ(δ1 + n+ s)Θ({kl},−μ1

t
− μ2

1− t
);

=
2s−1

√
π
Γ(

s− v

2
)Γ(

s+ v + 1

2
)
Γ(δ3)

Γ(δ2)
(δ1)s

∞∑
n=0

(δ1 + s)nΓ(δ2 + nτ)

Γ(δ3 + nτ)
Θ({kl};−μ1

t
− μ2

1− t
).

which yields the Mellin transform formula (34).
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6. Conclusion

In this paper, We introduce a new generalization of the extended τ Gauss hyperge-
ometric function. In the light of techniques used by Gupta and Kim ([1] and [6]), this
study can be further extended in the field of q-Calculus and Degenerate hypergeometric
functions.
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