
www.jangjeon.or.kr
http://dx.doi.org/10.17777/ascm2022.32.4.479

Advanced Studies in Contemporary Mathematics
32 (2022), No. 4, pp. 479 - 486

SOME PROPERTIES OF GENERALIZED DEGENERATE BERNOULLI
POLYNOMIALS AND NUMBERS

WONJOO KIM, LEE-CHAE JANG, AND JONGKYUM KWON

ABSTRACT. Many researchers studied degenerate Bernoulli polynomials and their applications. In
this paper, we consider the generalized degenerate Bernoulli polynomials and investigate some iden-
tities of those polynomials.

1. INTRODUCTION

Carlitz studied the degenerate Bernoulli polynomials as degenerate versions of the ordinary
Bernoulli polynomials. Recently, many researchers have been investigated degenerate versions of
some special numbers and polynomials which has received increased attention by mathematicians
with their interests not only in combinatorial and arithmetic properties.

Assume that λ (�= 0) ∈ C. The degenerate exponential function is defined as

(1) ex
λ (t) = (1+λ t)

x
λ , (see [1−12]).

Note that lim
λ→0

ex
λ (t) = ext and e1

λ (t) = eλ (t).

The degenerate Bernoulli polynomials are defined by

(2)
t

eλ (t)−1
ex

λ (t) =
∞

∑
n=0

βn,λ (x)
tn

n!
, (see [1−5]).

When x = 0, βn,λ = βn,λ (0) are called the degenerate Bernoulli numbers.
From (2), we easily get

(3) βn,λ (x) =
n

∑
l=0

(
n
l

)
(x)n−l,λ βl,λ ,

where (x)0,λ = 1, (x)n,λ = x(x−λ )(x−2λ ) · · ·(x− (n−1)λ ), (n ≥ 1).
The Stirling numbers of the first kind is defined as

(4) (x)n =
n

∑
l=0

S1(n, l)xl, (n ≥ 0).

The Stirling numbers of the second kind is defined as

(5) xn =
n

∑
l=0

S2(n, l)(x)l, (n ≥ 0).

Let logλ (t) be the compositional inverse function of eλ (t).

(6) logλ (1+ t) =
∞

∑
n=1

λ n−1(1)n,1/λ

n!
tn, (see [3]).
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Note that lim
λ→0

logλ (1+ t) = log(1+ t). Kim-Kim considered the degenerate Stirling numbers of

the second kind S2,λ (n,k), (n,k ≥ 0), which are given by

(7) (x)n,λ =
n

∑
k=0

S2,λ (n,k)(x)k, (n ≥ 0),(see [3]).

As the inversion formula of (7), they also considered the degenerate Stirling numbers of the first
kind given by

(8) (x)n =
n

∑
k=0

S1,λ (n,k)(x)k,λ (n ≥ 0),(see [3]).

From (5) and (7), we can derive the following equations:

(9)
1
k!
(eλ (t)−1)k =

∞

∑
n=k

S2,λ (n,k)
tn

n!
, (see [3,9]).

In this paper, we define the generalized degenerate Bernoulli polynomials and numbers and in-
vestigate some properties and identities of those polynomials. Recently, Kim introduced the gener-
alized degenerate Euler-Genocchi polynomials which are given by

(10)
2tr

eλ (t)+1
ex

λ (t) =
∞

∑
n=0

A(r)
n,λ (x), (see [11]).

The technical method of Kim-Kim (see[11]) became the core research motivation for writing our
paper.

2. THE GENERALIZED DEGENERATE BERNOULLI POLYNOMIALS AND NUMBERS

For r ∈N, we consider the generalized degenerate Bernoulli polynomials which are given by the
generating function to be

(11)
tr

eλ (t)−1
ex

λ (t) =
∞

∑
n=0

B
[r]
n,λ (x)

tn

n!
.

Note that if r = 1, then B
[1]
n,λ (x) = βn,λ (x) and B

[r]
0,λ (x) = B

[r]
1,λ (x) = · · · = B

[r]
r−2,λ (x) = 0, for

r ∈ N. When x = 0, B[r]
n,λ =B

[r]
n,λ (0) are called the generalized degenerate Bernoulli numbers.

By (11), we get
∞

∑
n=0

B
[r]
n,λ (x)

tn

n!
=

tr

eλ (t)−1
ex

λ (t)

=

( ∞

∑
l=0

B
[r]
l,λ (x)

tl

l!

)( ∞

∑
m=0

(x)m,λ
tm

m!

)

=
∞

∑
n=0

( n

∑
l=0

(
n
l

)
B

[r]
l,λ (x)n−l,λ

)
tn

n!

.(12)

By comparing the coefficients on both sides of (12), we obtain the following theorem.

Theorem 1. For r ∈ Z with r ≥ 0 and n ∈ N∪{0}, we have

(13) B
[r]
n,λ (x) =

n

∑
l=0

(
n
l

)
B

[r]
l,λ (x)n−l,λ .
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From (2) and (11), we observe

∞

∑
n=0

βn,λ (x)
tn

n!
=

t
eλ (t)−1

ex
λ (t)

=
1

tr−1

∞

∑
n=0

B
[r]
n,λ (x)

tn

n!

=
∞

∑
n=0

B
[r]
n+r−1,λ (x)

tn

(n+ r−1)!

=
∞

∑
n=0

B
[r]
n+r−1,λ (x)

n!
(n+ r−1)!

(r−1)!
(r−1)!

tn

n!

=
∞

∑
n=0

B
[r]
n+r−1,λ (x)(n+r−1

r−1

)
(r−1)!

tn

n!
.

(14)

Therefore, by comparing the coefficients on both sides of (14), we obtain the following theorem.

Theorem 2. For r ∈ N and n ∈ N∪{0}, we have

βn,λ (x) =
B

[r]
n+r−1,λ (x)(n+r−1

r−1

)
(r−1)!

.

For r ∈ N, Carlitz introduced the higher-order degenerate Bernoulli polynomials given by

(15)
(

t
eλ (t)−1

)r

ex
λ (t) =

∞

∑
n=0

β (r)
n,λ (x)

tn

n!
, (see [6]).

When x = 0, β (r)
n,λ = β (r)

n,λ (0) are called the higher-order degenerate Bernoulli numbers. Note that

for r = 1, βn,λ (x) = β (1)
n,λ (x) =B

[1]
n,λ (x) are the degenerate Bernoulli polynomials.

From (15), we easily get limλ→0 β (r)
n,λ (x)

tn

n! = B(r)
n (x), where B(r)

n (x) are the ordinary higher-order
Bernoulli polynomials given by

(16)
(

t
et −1

)r

ext =
∞

∑
n=0

B(r)
n (x)

tn

n!
.
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From (15), we observe
∞

∑
n=0

β (r)
n,λ (x)

tn

n!
=

(
t

eλ (t)−1

)r

ex
λ (t)

=
1

(eλ (t)−1)r−1
tr

eλ (t)−1
ex

λ (t)

= (eλ (t)−1)1−r tr

eλ (t)−1
ex

λ (t)

=

( ∞

∑
i=0

(
1− r

i

)
(−1)1−r−iei

λ (t)
)( ∞

∑
l=0

B
[r]
l,λ (x)

tl

l!

)

=

( ∞

∑
i=0

(
1− r

i

)
(−1)1−r−i

∞

∑
j=0

(i) j,λ
t j

j!

)( ∞

∑
l=0

B
[r]
l,λ (x)

tl

l!

)

=

( ∞

∑
j=0

∞

∑
i=0

(
1− r− i

i

)
(−1)1−r−i(i) j,λ

t j

j!

)( ∞

∑
l=0

B
[r]
l,λ (x)

tl

l!

)

=
∞

∑
n=0

( n

∑
l=0

∞

∑
i=0

(
n
l

)(
1− r

i

)
(−1)1−r−i(i)n−l,λB

[r]
l,λ (x)

)
tn

n!
.

(17)

Therefore, by comparing the coefficients on both sides of (17), we obtain the following theorem.

Theorem 3. For n,m ∈∈ N∪{0}, we have

β (r)
n,λ (x) =

n

∑
l=0

∞

∑
i=0

(
n
l

)(
1− r

i

)
(−1)1−r−i(i)n−l,λB

[r]
l,λ (x).

We also observe that
∞

∑
n=0

B
[r]
n,λ (x)

tn

n!
=

(
tr

eλ (t)−1

)
ex

λ (t)

= (eλ (t)−1)r−1
(

t
eλ (t)−1

)r

ex
λ (t)

=

( ∞

∑
i=0

(
r−1

i

)
(−1)r−1−iei

λ (t)
)( ∞

∑
l=0

β (r)
l,λ (x)

tl

l!

)

=

( ∞

∑
i=0

(
r−1

i

)
(−1)r−1−i

∞

∑
m=0

(i)m,λ
tm

m!

)( ∞

∑
l=0

β (r)
l,λ (x)

tl

l!

)

=

( ∞

∑
m=0

(
∞

∑
i=0

(
r−1

i

)
(−1)r−1−i(i)m,λ

tm

m!
)

)( ∞

∑
l=0

β (r)
l,λ (x)

tl

l!

)

=
∞

∑
n=0

( n

∑
l=0

∞

∑
i=0

(
n
l

)(
r−1

i

)
(−1)r−1−i(i)n−l,λ β (r)

l,λ (x)
)

tn

n!
.

(18)

Therefore, by comparing the coefficients on both sides of (18), we obtain the following theorem.

Theorem 4. For r ∈ N and n ∈ N∪{0}, we have

B
[r]
n,λ (x) =

n

∑
l=0

∞

∑
i=0

(
n
l

)(
r−1

i

)
(−1)r−1−i(i)n−l,λ β (r)

l,λ (x).
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From (11), we observe
∞

∑
n=0

B
[r]
n,λ (x)

tn

n!
=

(
tr

eλ (t)−1

)
ex

λ (t)

= (eλ (t)−1)r−1
(

t
eλ (t)−1

)r

ex
λ (t)

=
(r−1)!
(r−1)!

(
(eλ (t)−1)r−1

)( ∞

∑
l=0

β (r)
l,λ (x)

tl

l!

)

=

(
(r−1)!

∞

∑
l=r−1

S2,λ (l,r−1)
tl

l!

)( ∞

∑
m=0

β (r)
m,λ (x)

tm

m!

)

=
∞

∑
n=r−1

(
(r−1)!

n

∑
l=0

(
n
l

)
S2,λ (l,r−1)β (r)

n−l,λ (x)
)

tn

n!
.

(19)

Therefore, by comparing the coefficients on both sides of (19), we obtain the following theorem.

Theorem 5. For r ∈ N and n ∈ N∪{0}, we have

B
[r]
n,λ (x) =

{
∑n

l=0(r−1)!
(n

l

)
S2,λ (l,r−1)β (r)

n−l,λ (x), if n ≥ r−1,
0, if n < r−1.

Now, we observe
∞

∑
n=0

B
[r]
n,λ (x+1)

tn

n!
=

(
tr

eλ (t)−1
ex

λ (t)
)(

eλ (t)−1+1
)

=

(
trex

λ (t)
)
+

(
tr

eλ (t)−1
ex

λ (t)
)

= tr
∞

∑
l=0

(x)l,λ
tl

l!
+

∞

∑
n=0

B
[r]
n,λ (x)

tn

n!
.

(20)

Since (20),

∞

∑
n=0

(
B

[r]
n,λ (x+1)−B

[r]
n,λ (x)

)
tn

n!
=

∞

∑
l=0

(x)l,λ
tl+r

l!

=
∞

∑
l=r

(x)l−r,λ
tl

(l − r)!

=
∞

∑
n=r

(x)n−r,λ

(
n
r

)
r!

tn

(n)!
.

(21)

Therefore, by comparing the coefficients on both sides of (21), we obtain the following theorem.

Theorem 6. For r ∈ N and n ∈ N∪{0}, we have

B
[r]
n,λ (x+1)−B

[r]
n,λ (x) = (x)n−r,λ

(
n
r

)
r!.
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For u ∈C, with u �= 1, we consider the degenerate Frobenius-Euler polynomials which are given
by the generating function to be

(22)
1−u

eλ (t)−u
ex

λ (t)
∞

∑
n=0

hn,λ (x | u)
tn

n!
, (see [12]).

When x = 0, hn,λ (u) = hn,λ (0 | u) are called the degenerate Frobenius-Euler numbers.
From (22), we observe

ex
λ (t) =

eλ (t)−u
1−u

1−u
eλ (t)−u

ex
λ (t)

=
1

1−u
(eλ (t)−u)

(
1−u

eλ (t)−u
ex

λ (t)
)

=
1

1−u

(
1−u

eλ (t)−u
ex+1

λ (t)
)
− u

1−u

(
1−u

eλ (t)−u
ex

λ (t)
)

=
1

1−u

( ∞

∑
n=0

hn,λ (x+1 | u)
tn

n!

)
− u

1−u

( ∞

∑
n=0

h,λ (x | u)
tn

n!

)

=
∞

∑
n=0

(
1

1−u
hn,λ (x+1 | u)− u

1−u
h,λ (x | u)

)
tn

n!
.

(23)

and

(24) ex
λ (t) =

∞

∑
n=0

(x)n,λ
tn

n!
.

Therefore, by comparing the coefficients on both sides of (23) and (24), we obtain the following
theorem.

Theorem 7. For r ∈ N and n ∈ N∪{0}, we have

(x)n,λ =
1

1−u
hn,λ (x+1 | u)− u

1−u
h,λ (x | u).

Now, we observe

trex
λ (t) =

tr(eλ (t)−u)
1−u

1−u
eλ (t)−u

ex
λ (t)

=
tr

1−u
(eλ (t)−u)

( ∞

∑
m=0

hm,λ (x | u)
tm

m!

)

=
tr

1−u

( ∞

∑
j=0

(1) j,λ
t j

j!
−u

)( ∞

∑
m=0

hm,λ (x | u)
tm

m!

)

=
tr

1−u

( ∞

∑
j=0

(1) j,λ
t j

j!

∞

∑
m=0

hm,λ (x | u)
tm

m!

)
− u

1−u
tr
( ∞

∑
m=0

hm,λ (x | u)
tm

m!

)

=
1

1−u

( ∞

∑
n=0

n

∑
m=0

(
n
m

)
(1)n−m,λhm,λ (x | u)

tn+r

n!

)
− u

1−u

( ∞

∑
n=0

hn,λ (x | u)
tn+r

n!

)

=
∞

∑
n=r

(
1

1−u

n−r

∑
l=0

(
n− r

l

)
(1)n−r−m,λ (n)rhm,λ (x | u)− u

1−u
hn−r,λ (x | u)(n)r

)
tn

n!
.(25)
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On the other hand,

trex
λ (t) = (eλ (t)−1)

tr

eλ (t)−1
ex

λ (t)

= (eλ (t)−1)
( ∞

∑
m=0

B
[r]
m,λ (x)

tm

m!

)

=

( ∞

∑
l=0

(1)l,λ
tl

l!
−1

)( ∞

∑
m=0

B
[r]
m,λ (x)

tm

m!

)

=

( ∞

∑
n=0

n

∑
l=0

(
n
l

)
(1)l,λB

[r]
n−l,λ (x)

tn

n!

)
−
( ∞

∑
n=0

B
[r]
n,λ (x)

tn

n!

)

=
∞

∑
n=0

( n

∑
l=0

(
n
l

)
(1)l,λB

[r]
n−l,λ (x)−B

[r]
n,λ (x)

)
tn

n!
.

(26)

Therefore, by comparing the coefficients on both sides of (25) and (26), we obtain the following
theorem.

Theorem 8. For r ∈ N and n ∈ N∪{0}, we have
n

∑
l=0

(
n
l

)
(1)l,λB

[r]
n−l,λ (x)−B

[r]
n,λ (x)

=

{
1

1−u ∑n−r
l=0

(n−r
l

)
(1)n−r−m,λ (n)rhm,λ (x | u)− u

1−uhn−r,λ (x | u)(n)r, if n ≥ r,
0, if n < r.

3. CONCLUSION

In this paper, we introduced the generalized degenerate Bernoulli polynomials in (11) and ob-
tained their distribution result Theorem 1. We also obtained some relation identities between the
generalized degenerate Bernoulli polynomials and the degenerate Bernoulli polynomials in Theo-
rem 2, and between the generalized degenerate Bernoulli polynomials and the higher-order degen-
erate Bernoulli polynomials in Theorem 3 5. In particular, we obtained some identities between the
degenerate Frobenius-Euler numbers and the generalized Bernoulli polynomials in Theorem 8. In
the future, by using the idea for number r of (11), we can study by applying this idea to some special
polynomials, for example, the Frobenius-Euler polynomials, Appell-type Changhee polynomials,
and the Apostol-Bernoulli polynomials, etc.
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