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UNIQUENESS OF P(f) AND [P(f)]®) CONCERNING
WEAKLY WEIGHTED SHARING

MOLLA BASIR AHAMED

ABSTRACT. In this paper, with the help of the idea of weakly weighted
sharing introduced by Lin and Lin [Kodai Math. J. 29(2006), 269-280],
we study the uniqueness of polynomial expression P(f) and its deriva-
tives [P(f)]* of meromorphic functions f sharing a small function. The
main results in the paper significantly improved the result of Liu and Gu
[Kodai Math. J. 27(3)(2004), 272-279]. This research work finds certain
condition under which the polynomial P(f) is reduced to a non-zero
monomial and consequently, the class of the function f is characterized.
Examples have been exhibited to show that some conditions in the main
results simply can not be removed and also some inequalities are sharp.
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1. INTRODUCTION AND RESULTS

Let C be the complex plane, and let f be a non-constant meromorphic
function defined on C. We assume that the reader is familiar with the
standard definitions and notations used in the Nevanlinna value distribution
theory, such as T'(r, f), m(r, f), N(r, f) etc (see [9, 18, 20]). By S(r, f) we
denote any quantity the condition S(r, f) — o (T'(r, f)) as r — oo possibly
outside of an exceptional set E of finite linear measure. A meromorphic
function a = a(z) is called a small function with respect to f if either a = 0o
or T'(r,a) = S(r, f). throughout the paper, we denote S(f), the set of all
small functions with respect to f. One can easily verify that CU{oco} C S(f)
and S(f) forms a field over the field of complex numbers.

For a € C U {oo}, the quantities §(a, f) and O(a, f) are defined by

: N(r,a; f)
6(a, = 1-—limsup ———+,
(e 4) P T )
. N(r,a; f)
O(a, = 1-limsup ———=
(a, f) mSUp e
are respectively called the deficiency and ramification index of a for the

function f.

For any two non-constant meromorphic functions f and g, and a € S(f), we
say that f and g share a IM (CM) provided that f —a and g — a have the
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same set of zeros ignoring (counting) multiplicities. If 1/f and 1/g share
0 IM (CM), we say that f and g share co IM (CM).

Definition 1.1. [11] Let Ng(r,a) be the counting function of all the com-
mon zeros of f —a and g — a with the same multiplicities, and Ny(r,a) be
the counting function of all common zeros with ignoring multiplicities. We
denote by Ng(r,a) and No(r,a) the reduced counting function of f and g

corresponding to the counting functions Ng(r,a) and Ny(r,a), respectively.
If

N (ri )+ 5 (n ot )~ 2Vi00) = S + (19,

then we say that f and g share a CM. On the other way, if

N (rr i)+ 5 (s )~ 29o0) = S + (19,

then we say that f and g share a I M.

Definition 1.2. [11] Let k& be a positive integer, and let f be a non-constant
meromorphic function and a € S(f).

(i) Ny (r,1/(f — a)) denotes the counting function of those a-points of
f whose multiplicities are not greater than k, where each a-point is
counted only once.

(i) N (r,1/(f —a)) denotes the counting function of those a-points
of f whose multiplicities are not less than k, where each a-point is
counted only once.

(iii) N (r,1/(f — a)) denotes the counting function of those a-points of
f, where an a-point of f with multiplicity m counted m times if
m < k and k times if m > k.

Definition 1.3. For ¢ € CU {oco} and p € N, and for a meromorphic
function f, we denote N, (r,1/(f —a)) by

1 — 1 — 1 — 1
N (i) =N () # e () + o W ()
It is easy to see that Ny (r,1/(f —a)) = N (r,1/(f — a)).

Definition 1.4. We denote the quantity 0 (a, f) by

ok(a, f)=1- 1irr;sup %7

where k is a positive integer. It is easy to see that dx(a, f) = d(a, f).

From the last few decades, the uniqueness theory of entire or meromorphic
functions has become a prominent branch of the value distribution theory
(see [20]). In 1977, Rubel and Yang [14] first established the result when an
entire function f and its derivative f’ share two complex values a and b CM,
then they are identical i.e., f = f’. An easy computation shows that the
general solution f of f = f'is f(z) = ce*, where ¢ is a non-zero constant.
In 1979, improving the result in [10], analogous result corresponding to IM
sharing was obtained by Mues and Steinmetz [13].
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In course of time, many researchers such as Briick [6], Ahamed [1], Banerjee
and Ahamed [2, 3, 4, 5], Gundersen [8], Yang [17] became more involved
to find out the relation between an entire or meromorphic function with its
higher order derivatives or with its (linear) differential polynomials, sharing
one value or sets of values. Regarding finding the class of the functions, Yang
and Zhang [19] (see also [22]) first considered the uniqueness of a power of
a meromorphic (entire) function F' = f" and its derivative F’ when they
share certain value.

In their paper, Yang and Zhang [19] explores the class of the functions sat-
isfying a differential equations of some special forms. Now we are invoking
the following results which elaborates the gradual developments to this set-
ting of meromorphic functions. In 2009, Zhang [22] established a theorem
improving the results obtained by Yang and Zhang [19].

In 2003, Yu [21] have considered the uniqueness problem of entire and mero-
morphic function when it shares one small functions with its derivative and
proved the following interesting results.

Theorem A. [21] Let k be a positive integer, and f be a non-constant
entire function and a € S(f) and a # 0,00. If f and f*) share a CM and
5(0; f) > 3/4, then f = f0).

Theorem B. [21] Let k be a positive positive integer, and f be a non-
constant meromorphic function, a € S(f) and a £ 0,00, f and a do not
have any common pole. If f and f*) share a CM and

45(0, ) + 2(k + 8)0(c0, f) > 2k + 19,
then f = f®)
In the same paper, Yu [21] posed the following list of open questions.

(i) Can a CM shared value be replaced by an IM shared value in The-
orem A?

(ii) Is the condition ¢(0, f) > 3/4 sharp in Theorem A?

(iii) Is the condition 45(0, f) 4+ 2(k + 8)© (o0, f) > 2k + 19 sharp in The-
orem B?

(iv) Can we remove the assumption “f and a do not have any common
pole” in Theorem B?

In 2004, applying a different method of proof, Liu and Gu [12] established
the following interesting results.

Theorem C. [12] Let f be a non-constant meromorphic function, a € S(f)
and a # 0, oo. If f and f*) share the value a CM, and f and a do not
have any common pole of same multiplicity and 25(0, f) + 40(oc0, f) > 5,
then f = f),

Theorem D. [12] Let f be a non-constant entire function, a € S(f) and
a#0, co. If f and f*) share the value a CM, and 6(0, f) > 1/2, then

f=1®.
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In 2006, Lin and Lin [11] introduced the notion of weakly weighted sharing.
Let f and g be two non-constant meromorphic functions sharing a IM. For
a € S(f)N S(g) and a positive integer k or oo,

(1) NkE) (r,a) denotes the counting function of those a-points of f whose
multiplicities are equal to the corresponding a-points of g, both of
their multiplicities are not greater than k, where each a-point is
counted only once.

(ii) N?k (r,a) denotes the reduced counting function of those a-points of
f which are a-points og g, both of their multiplicities are not less
than k, where each a-point is counted only once.

Definition 1.5. [11] For a € S(f) N S(g), if k be a positive integer or oo,
and

Niy(r,a; f) + Niy(r, a5 9) — 2NkE)(T7 a) = S(r, f) +S(r,g)

Ner1(r,a: f) + Nega (a5 9) — 2Ny (r,a) = S(r, f) + S(r. g)
or, if k = 0 and

N(r,a; f) + N(r,a; g) — 2No(r,a) = S(r, ) + S(r. 9).

then we say that f and g weakly share a with weight k. Here, we write,
f and g share (a,k) to mean that f and g share the value a weakly with
weight k.

Obviously, if f and g share (a, k), then f and g share (a,p) for any p (0 <
p < k). Also, we note that f and g share a IM or CM if and only if f and
g share (a,0) or (a,00), respectively.

Suppose F and G share 1 IM. By Np(r,1;F) we denotes the counting
function of the 1-points of F whose multiplicities are greater than 1-points
of G, Np(r,1;G) is defined similarly.

With the help of the notion of weakly weighted sharing, in 2006, Lin and
Lin [11] proved the next result investigating on the uniqueness problem
between meromorphic functions f and their kth order derivative sharing a
small function.

Theorem E. [11] Let k > 1 and 2 < m < oo. Let f be a non-constant
meromorphic function, a € S(f) and a #Z 0,00. If f —a and f®) — o share
(0,m) and

26k+2(07 f) + 49(007 f) > 57
then f = f®,

Theorem F. [11] Letk > 1, and f be a non-constant meromorphic function,
a€S(f) and a # 0,00. If f —a and f*) — a share (0,1) and

then f = f0).



Uniqueness of P(f) and [P(f)](k’) concerning weakly weighted sharing

Theorem G. [11] Let k > 1, and f be a non-constant meromorphic func-
tion, a € S(f) and a # 0,00. If f —a and f*) — a share (0,0) and

then f = f&).
Remark 1.1. To obtain the relation f = f*) in Theorems E, F, G, the respec-

tive conditions 20x12(0, f) +40(oc0, f) > 5, 56k12(0, f) + (k + 9)O(c0, f) >
k412 and 50,42(0, f) + (2k + 7)O(o0, f) > 2k + 11, cannot be removed.

Example 1.1. Let f(z) = ze?/(e* 4+ 1). It is easy to see that
z—e*—1 eF(z—e?-1)
=" T and fip) 1= 0
f(Z) e ?+1 an f (Z) (e—z + 1)2

Clearly, f and f’ share the value 1 CM, and ©(oo, f) =0, §,(0, f) =1 for
p > 2. A simple computation shows that

(i) 50k+2(0, f) + (k 4+ 9)O(c0, f) =5 # k + 12.

(ii) 56412(0, f) + (2k + 7)O(c0, f) =5 # 2k + 11,
and f % f'.

Later, in 2011, Xu and Hu [15] generalized Theorems E, F and G by con-
sidering L(f) where L(f) is defined by

L(f) = axf™ + ap 1 f*D 4+ aof
and proved the results.

Theorem H. [15] Let k > 1 and 2 < m < oo. Let f be a non-constant
meromorphic function, a € S(f) and a £ 0,00. If f —a and L(f) — a share
(0,m) and

26k+2(07 f) + 4@(007 f) > 57
then f = L(f).

Theorem I. [15] Let k > 1, and f be a non-constant meromorphic function,
a € S(f) and a £ 0,00. If f —a and L(f) — a share (0,1) and

3 7
Gusal0. 1)+ 300.0) + (5 + ) ©e. 1) > 45,

then f = L(f).

Theorem J. [15] Let k > 1, and f be a non-constant meromorphic function,
aeS(f) anda#0,00. If f —a and L(f) — a share (0,0) and

then f = L(f).

Remark 1.2. To get the relation f = L(f) in Theorems H, I, J, the re-
spective conditions 20x12(0, f) + 40(oc0, f) > 5, dra2(0, f) + 3/252(0, f) +

(7/24+ k) O(00, f) > k + 5 and 20,42(0, f) + 62(0, f) + 20(0, f) + (2k +
6)O(00, f) > 2k + 10 cannot be removed.
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Example 1.2. Let f(z) =e*/(e® —1) and

2% — 1 2e%* — 2% + 1
L(f) = o2z f'(z) + Tf(z)-
Evidently,
2¢% — e 2e% — ef”
—ef=———— and L(f)—e = ——.
F2) = = S ad L) - =

Then f and L(f) share the value a(z) = e* CM, and ©(co, f) = 0,
0p(0, f) =1 for p > 2. A simple computation shows that

(i) 20k42(0, f) +46(c0, ) =2 # 5.
(i) Ok+2(0, f) +3/202(0, f) + (7/2+ k) O(c0, f) =14 3/2 # k +5.
(iil) 20x42(0, f) 4+ 02(0, f) +20(0, f) + (2k + 6)O (o0, f) =5 # 2k + 10.
It is easy to see that f Z L(f).

Remark 1.3. On finding the class of the meromorphic functions which sat-
isfies f = f®) or f = L(f), we have the following observations.

(i) A non-constant meromorphic function f satisfies f = f®) or f =
L(f), cannot have poles but may have zeros. Therefore, in this case,
the solution function f must be entire.

(ii) The general solution of f = f*) is

92 ek'fl
f(z)=c1e® +coe” *+ -+ 9" Z

where ¢; (i = 1,2, ..., k) are complex constants, and § = cos (27/k)+
isin (27 /k) .
(iii) The general solution of f = L(f) is
f(2) = bie®'® 4 bge* 4 4 bpePr,

where d; (i =1,2,...,k) are complex constants, and 5; (j = 1,2,...,k)
are the roots of the equation

wh + ak,lwkf1 + -+ ajw+ag=0.
(iv) Let pu be a complex constant satisfying ,uk = 1. For positive integer
n, if we choose f(z) = ce”*/™ then it is not hard to verify that
f7(2) —a(z) and (f"(2))*® —a(z) share the value 0 CM, where a(z)
is a small function of f with f"(z) = (f”(z))(k) .
Therefore, it is natural to ask the question : what happen if we consider some

power of a meromorphic function f so that f*—a(z) and (f")(k) —a(z) share
0CM?

Zhang [22], Zhang and Yang [23] answered the above question and obtained

a uniqueness result between f" and ( f”)(k). They have shown that the
function f actually assume the form

f(Z) _ Ce/\z/n’

for non-zero constants ¢ and A with \¥ = 1.
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Our aim is to investigate on the question: what could be the possible rela-
tionship between a polynomial expression P(f) of a meromorphic function
f and its k-order derivatives [P(f)]*) and also the solution class in Theo-
rem E to Theorem J? Since no attempts till now made by any researcher,
so investigating and exploring the above situation is the main motivation
of writing this paper. Henceforth, throughout this paper, for a meromor-
phic function f, we consider a polynomial expression P(f), which is a more
general setting of power of f, defined by

P(f):anfn+"'+(l1f+a0.
In connection with the above discussions, it is therefore reasonable to raise

some questions as below.

Question 1.1. (i) What happens if P(f) —a and [P(f)]*®) — a share
(0,m) in all the above mentioned results?

(ii) Can we get an uniqueness relation between P(f) and [P(f)]*)?

(iii) Can we also get a specific form of the function f if the answer of the
questions is true?

Taking the above questions into background, we investigate to find the pos-

sible answers of them. To make our investigation easier, we will take some

help of transformations (see [3]). Hence, we factorize the expression P(f) as
P(f) =an(z— dpl)pl (z — dp2)p2 (2 - dps)ps )

where a; (j =0,1,2,...,n—1), an(# 0) and d,, (1 = 1,2,...,s) are distinct
finite complex numbers, and p1,p2,...,ps, n and k all are positive integers
with 22:1 pj = n. Let p = max{p1, p2,...,ps}, and we consider an arbitrary
polynomial

S

Qf) = an H (f*"'dp_dpj)pj
Jj=l,p;#p
= cnfl'+ -+ eaf + oo,

where a,, = ¢, f« = f —d, and m = n — p. Obviously, we have

P(f) = fIQ(f.).
In particular, when d, = 0, it is easy to see that f. = f and P(f) = fPQ(f).

We now state the main results of this paper.

Theorem 1.1. Let k > 1 and 2 < m < oo, be two integers. Let f be
a non-constant meromorphic function, and a € S(f) with a # 0,00. If
P(f)—a and [P(f)]*) —a share (0,m) and 2ndy,2(0, f)+40(co, f) > 5, then

P(f) = [P(H]P e, fPQ(f.) = [fFQ(f))™). Furthermore, if p > k + 1
then

(i) Q(f«) reduces to a non-zero monomial c]fﬁ(yé 0) for some j €
{0,1,2,...,m}.

(ii) f(z) takes the form
f(z) = ce™/®PH) L, where e, € C~ {0} with \F = 1.
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Theorem 1.2. Let k(= 1) be an integer, [ be a non-constant meromorphic
function, and a € S(f) where a # 0,00. If P(f) —a and [P(f)]*) —a share
(0,1) and

5n0k4+2(0, P(f)) + (k+9)O (00, f) > 3n+k + 9,
then the conclusion of Theorem 1.1 holds.

Remark 1.4. The conclusion of Theorem 1.2 ceases to be hold if we remove
the condition

5104200, P(f)) + (k+9)O (00, f) > 3n+ k + 9.
Example 1.3. Let

ai 1 3z 1/2
=—— 9 6z 42
T = =30, T 18ay (¢ O
where a1,ay are two non-zero constants and P(f) = asf?(z) + a1 f(2).

1
Clearly, we have P(f) = §(9632 + 6z +2) and

3(P(f)—2) =[P —=
Therefore, P(f) — z and [P(f)]' — z share (0, 00) with d3(0, P(f)) = 0 and
O(o0, f) = 1. Evidently,

5n0k+2(0, P(f)) + (K +9)0(c0, f) =10 # 17=3n+k + 9.
Hence P(f) # [P(f)|®).
Regarding I M sharing, we proved the following result.

Theorem 1.3. Let k(> 1) be an integer, f be a non-constant meromorphic
function, and a € S(f) where a # 0,00. If P(f) —a and [P(f)]*) —a share
0 IM and

(k —1)O(00, f) + 02(00, f) + n[6k(0, P(f)) + 0k41(0, P(f))] > k + n,
then the conclusion of Theorem 1.1 holds.
Remark 1.5. The condition

(k= 1)8(00, f) + 62(00, f) + n[dk(0, P(f)) + 6k4+1(0, P(f))] > k +n
in Theorem 1.3 is sharp which can be seen from the next example.
Example 1.4. Suppose that, P(f) = f, and k = 1, where

2622

We see that
N(r,f) ~T(r,f) and so we have d2(oc0, f) =0.

It is easy to see that (0, P(f)) = d2(0,P(f)) = 1. Clearly, P(f) and
[P(f)]® share the value 1 TM and

(k= 1)O(c0, f) + 82(50, f) + n[6x(0, P()) + 810, P())] = k +n
but P(f) £ [P(f)]®.
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2. LEMMAS

In this section, we present some necessary lemmas which will play key
role to prove the main results. We define the functions §, ® and $) by

(2.1) §= Pif), 6 = 7[1)(’;)](@.
{?// S/ @// 6/
22) 52(?«‘%4)‘(@”6%)'

Lemma 2.1. [16] Let f be a non-constant meromorphic function and let
P(f) = anf™ + an_1f" 4+ ...+ arf + ao,

where a; € S(f) fori=0,1,2...,n; a, # 0, be a polynomial in [ of degree
n. Then

T(rvp(f)) :nT(va)+S(T7f)'

Lemma 2.2. [10] If N <r, 1/g%)

g # 0> denotes the counting function of

those zeros of g¥) which are not the zeros of g, where a zero of g¥) is counted
according to its multiplicity, then

1
N|r,—
( g(k)

Lemma 2.3. [20] Let g be a non-constant meromorphic function, and let k
be a positive integer. Then

(i) N (T, g(1k)> <N (7‘, ;) +kN(r,g) + S(r,g).
(i) N (r, g(lk)> <T (r,g(k)) —T(r,g)+ N <r, ;) +S(r, g).

_ 1 — 1
g #0> <EN(r,g) + Ny <"’g) + kN (T’g) +5(r, 9)

Lemma 2.4. Let f be a non-constant meromorphic function, and let k be
a positive integer. Then

(i) N (r,[P(fl)](k)> <N( B7 ))JrkN( £+ S0 7).

(ii) Z(Q (;;[P(fl)](k)> < T( [f]( )) T(r, f) + Niyo (7”>P(1f)> N

Proof. (1) By (i) of Lemma 2.3, replacing g by P(f), it is easy to see that

NQ(W TG )*i <’"’P;1> j)
< Nk+2( P(1f> i ( + EN(r, P(f)) + S(r, f).

WV

5

N————

(f)
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i.e.,

ety 5l ) £ el

Jj=k+3 Jj=3
+kN(r, P(f)) + S(r, f)
< NHQQq{ﬂ)+kNWJw+anﬂ

(ii) We see that

% (i)

JWW%%QiN@wdw

p=3

N

N

VA
N
—
=
s
=
=
~—
|
3

/:\ N
i
\\-':H
~——
|
3
N
=
)
paci e
==
=
~_
|
(]
=
/N
=
=
=
E

+S(r, f)
T (r, [P(f)](k)) —nT (r, f)+ N <r

o0

1
_;Ngwww>

=3

N

7))
p) S0 f)

o0

T(r,[P(f)]( >) nT (1, f) + Niya <r P(f)> + Z N(r,P(lf)’ >p>

LN Qrre

T (R [P(IW) = T (1) + Vi

N

>p) 50 f)

N

1
7P(f)> +S(T7f)
0

Lemma 2.5. [15] Let § and & be two non-constant meromorphic functions
such that they share (1,0), then

— 1 1 1 1—
Np (r, 5 1> < §N (T’S> + iN(T’S) + S(r, F).

Lemma 2.6. [15] Let § and & be two non-constant meromorphic functions
such that they share (0,0), then

Np (r, Si 1) gN(r,;) + N, 3g)+S(r,F).
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Lemma 2.7. [11] Let m be a non-negative integer or co. Let § and & be
two non-constant meromorphic functions sharing (1,m) and $ be given by
(2.2). If H # 0, then
(i) for2<m < oo
T(r,§)

< M+ N (r )+ 0000+ Mo (g ) +5(5) + 50, )

(ii) form =1
T(r,3)

< No(r, )+ Na (r, ;) + No(r, @) + Ny (r, é) LW (r, Si 1)
+S(r,§) + S(r, ®).

(iii) form =0
T(r,§)

1 1\ 1
< No(r, )+ No (7", %) + No(r, @) + Ny (7‘, 6) L oNt (r, - 1)

+N* (n 61_1> +S8(r,8) + S(r, ®).

The same inequality holds for T'(r,®) also.

Lemma 2.8. Let f be a transcendental meromorphic function, and o
0,00) be a meromorphic function such that T(r,a) = S(r, f). Let b,c are
any two finite non-zero distinct complex number. If

(2:3) U(f) = aP(H)P()W,
where k > 1 is an integer, then

onT (r, f)
< o (eaty) 3 (s) (=) e

N (r, \Iﬂtf)) + S0 f).

Proof. Since f is a non-constant meromorphic function, hence it is easy to
see that W(f) is also. From (2.3), we obtain
11 [P(H™

alP(f)]? — w(f) P(f)

It is also easy to see that

m (r, M) =T (ra[P(f)P) — N <r, W) + o)
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and

m (7’, \p(1f)> _7 <T\Ij(1f>) _N <rqj(1f)> + o).

Combining all the above relations, we can obtain
(24) T (r,alP(f)]?)
1 1
< N n i)+ T N (g ) o ( P(f)
+0(1)

< N (T,M) T U(f)) - N <7~, \Ij(lf)> +0(1).

Applying Second Main Theorem, we obtain

1 1 1
T U(f) < N(r,) +N() +N(r,)
) wn) P e TG
(25) *Nl('l",\I/(f))‘I‘S(T,f),
1
where Ny(r. 9()) = 2N ¥(0) = N, W) + N (1 g ).
Let 29 be a pole of f of multiplicity m(= 1). Then zp will be a pole of both
U(f) and ¥'(f), of respective multiplicities 2mn+k+q and 2mn+k+q+1,
where ¢ = 0. If 2y is neither a pole nor a zero of a, ¢ = t, if zg is a pole of
« of multiplicity ¢, and ¢ = —t, if zg is a zero of « of multiplicity ¢, where ¢
is a positive integer.
Therefore, we have
22mn+k+q)— 2mn+k+q+1) = 2mn+k+qg-1
= m4+n+2mn+k+qg—m-—1
= m-+n,
because 2mn+k+q—m—-1>2k—12>0.
Since T'(r, ) = S(r, f), hence it follows that
1

26 M) = N 4N (1 g ) +500)
Therefore, we obtained from (2.4), (2.5) and (2.6) that

T (r,ofP(f)]?)

N (r, %) + 8@, f).

A simple computation shows that

2nT (r,f) < 2N (r, P(lf)) + N (W) +N (n \I,(f;_c)

N U(f)) - N (7‘, ‘I/’tf)) + S0 ).
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0

Lemma 2.9. Let § and & be two non-constant meromorphic functions de-
fined as in (2.1) be such that §=&. If p >k +1 then

(i) Q(f.) reduces to a non-zero monomial ¢; f2 for some j € {0,1,2,...,m}.
(ii) f(z) takes the form
f(z) = ce™/®H) L, where e, € C~ {0} with \F = 1.
Proof. Since § = & i.e., P(f) = [P(f)]®, hence we see that

(2.7) FPQUf) = [fPQ(f.)]™.

(i) Our aim is to show that Q(fs) reduces to a non-zero monomial ¢; 7 for
some j € {0,1,2,...,m}.

On contrary, we suppose that Q(f«) = cmfI* + ... + c1f* + ¢, in which
at least two terms present. It then follows from (2.7) that f cannot have
any poles i.e., in other words f must be an entire function. Again since
p > k + 1, so one can check that 0 is an Picard exceptional value of f..
Therefore, we can write f as f. = €%, where h is a non-constant entire
function.

It is easy to see that
28) ol - (ff“)(k)] — gy (M, 1)

where ¢; = ¢; (h’, ce h(k)) (j =0,1,...,m) are differential polynomials in
B, ... hR),

From (2.7) and (2.8), we get that
(2.9) Sme™ + ..+ Pl + po = 0.

Since T'(r,¢;) = S(r, f) for (j = 0,1,...,m), therefore by Borel unicity
theorem (see [7]), we obtain from (2.9) that ¢; = 0. Since Q(fs) contains
at least two terms, so there must exist s, ¢t € {0, 1,2} with s # ¢, we obtain
from (2.8) that

frre= [ ® and ot = [rre),

which is a contradiction, otherwise, in this case, the function f would have
two different forms. Therefore, it is easy to see that Q(f.) = ¢;f{ for some
j€{0,1,2,...,m}.

(ii) We note that the form of the function f, satisfying fF™7 = [fZ17)(*) will
be f. = ce**/ P9 where ¢ is a non-zero constant and \¥ = 1. Hence, we
see that

f(z) = /) g,
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3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let § and & be defined as in (2.1) and $) be as
n (2.2). Since P(f) —a and [P(f)]*) — a share (0,m), so it follows that §
and & share (1,m).

Let $ # 0. Therefore, it follows from Lemma 2.4 and (i) of Lemma 2.7, we
obtain

T(r,®)

No(r,8) + N (7’, é) + Na(r, ®) + N (r, é) +5(r3) + S(r, ®)

T (1 [PUI®) =0T 1) + Ny ( P(lf)) e ( P(lf))
+4N(r, f) + S(r, f).

By Lemma 2.1, we obtain
T (r,[P(N®)

< T (rIP()®) =Tl f) + Ny (’"’ P(lf)) k2 (T’ P(lf))
+4N(r, )+ S(r, f).

A simple computation shows that

N

N

N

P(f)) +AN(r, f)+ S(r, f).

Therefore, for arbitrary € > 0, we obtain

nT(r, f) < 2Ngp42 <r,

26542 (0, P(F) + 46(oc, f)] T(r, f) < (6~ n+ OT(r. f) + S(r 1),

which contradicts

20542 (0, P(f)) + 40(c0, f) > 6 — n.
Therefore, we have $) = 0. By integration, we obtain

1 A
F-1 617D

where 2((#£ 0) and 9B are constants.
It is easy to see that
(B+1)8+(RA-—B-1)

(8:-1) S T et -

and hence
T(r,§)=T(r,8)+S(r, f).
We discuss the following three cases.

Case 1. Suppose that B # —1,0.
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Subcase 1.1. If 2 — B — 1 # 0, then from (3.1), we obtain

— 1 — 1
Mrg as-1 ZN(’"’3>'
B+1
Applying Second Main Theorem, we obtain

1
A—B 1
Qj - -
G

< N+ T (RIPOIY) =0T f) 4 Fia

T(r,&) < N(r,&)+N (r, é) +N|r + S(r, ®)

=

7)
1

+N <r, P(f)> +S(r, f).

Therefore, we have

T (r [P(F)Y)

< N@ ) +T (PO = nT(r, ) + Nigo (“ P(1f)> o (T’ P(lf)>
+S(r, f),
which implies

nT(r, f)

< N(r, f) + Nito (7", P(lf)) +N (7",

< N(r, f)+2Npyo (r, ) +S(r, f).

L

P(f)

This shows that, for arbitrary € > 0,
28142 (0. PU1) + ©060. | T ) < (3 = 0+ OT(r ) + 5(5.)

which contradicts

20142 (0, P(f)) + 46(c0, f) > 6 — n.

Subcase 1.2. Thus we have 2 —B — 1 = 0. Then, it follows from (3.1)
that

By the same argument as above, we can reached in a contradiction.

Case 2. Let B = —1.
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Subcase 2.1. Suppose that 2+ 1 # 0. Then from (3.1) it is easy to see
that

N <r, @) — N F).

By the similar argument to the Case 1, we can arrive at a contradiction.

Subcase 2.2. Let 24+ 1 = 0. Then from (3.1), we see that §& = 1.
Therefore, we have

(3.2) P(HIP(f)P = a®.

Subcase 2.2.1. Let f be a rational function. Then, P(f) and [P(f)]*) are
also rationals. Therefore, from (3.2), we see that a is a non-zero constant. So
from (2.1), we see that P(f) has no zero and pole. Since f is non-constant,
hence we arrive at a contradiction.

Subcase 2.2.2. Let f be a transcendental meromorphic function. Then by
Lemma 2.8 in view of (3.2), we obtain

nT(r,f) < 2N (r, 1) +2T (T,P( HIP( f)]<k'>) +5(r, f)

P(f)

L r a2 r
< 2N (T’P(f)) + 2T (r,a®) + S(r, f)
< 2N <r;2> +S(r, f)
< S f),

which is a contradiction.
Case 3. Suppose that B = 0.
Subcase 3.1. Let 2 — 1 # 0. Then, from (3.1) it is easy to see that

V(rsran) =¥ (75)

Similar to the argument as in Case 1, we can arrive at a contradiction.

Subcase 3.2. Therefore, we have 2 — 1 = 0. From (3.1), we deduce that
F = &. In view of Lemma 2.9, it is easy to see that Q(f«) reduces to a
non-zero monomial c; fP. Therefore, a simple computation shows that the
function f takes the form

A )
f(z) = ce z/(p+7) + dp7
where ¢ is a non-zero constant and \¥ = 1. O

Proof of Theorem 1.2. Let § and & be defined by (2.1). Then it is clear
that § — 1 = P(f) —a/a and & = [P(f)]*®) —a/a. Since P(f) — a and
[P(£)]*) — a share (0,1), hence it follows that § and & share (1,1) except
the zeros and poles of a(z).
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Let $) be defined by (2.2) and we suppose that $) £ 0. Then by Lemma 2.7,
we obtain

(3.3) T(r,®)

1 1 — 1
< No(r,§) + N2 (r, 3) + Na(r,8) + Ny (r, QS) + Nt (r, &= 1)
+S(r,§) + S(r, ®).

By a simple computation, it is easy to see that

—L 1 1 ®
- < —_
N (“@1) N( 6’)

N(ng)+sm@)

N

1— 1 1

< - il

< 3 N(r,8)+ 3 <r, 6’) + S(r, ®)
1— 1—

< = -

< 2N(7",f)—|—2N (7’,

In view of Lemma 2.4, from (3.3), we obtain

T (n 1P(")
< No(r, f) + Ny <r,P T > + Ny(r, [P(f)](k))—i-%ﬁ(r,f)-i-%ﬁ (r, !
+S(r, f
< Nigo < (1f ) +T )]k >) —nT(r, f) + Nito (T’P(lf))
1 k:—i—9

W) < N (g ) N R ()

2 (f 2
<{“ﬁfw?@MQmmhwW“ﬂ+%(f)
+S(r, f),

which shows that
5n0k4+2(0, P(f)) + (k+9)0 (00, f) <3n+k+9.

This contradicts
5ndk42(0, P(f)) + (K +9)O(o0, f) > 3n+ k + 9.

Thus we have $9 = 0. We obtain conclusion of Theorem 1.2 following the
rest of the proof of Theorem 1.1. O

Proof of Theorem 1.3. Let § and & be defined by (2.1). Then it is clear
that § — 1 = P(f) —a/a and & = [P(f)]*®) —a/a. Since P(f) — a and
[P(f)]%*) —a share 0 I M, it is evident that § and & share 1 except the zeros
and poles of a(z).

[P()I®)
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We suppose that § # &. Set

Lo (e §
V. = 3(05—1 (k+1)g_1>

- - ¥ F
~5(ee) e (Eh-5)

We first suppose that ¥ = 0. Then, we have
(3.4) G—1=c(F—1)FED,

where ¢ is a non-zero constant. Let zo be a pole of f with multiplicity p(> 1)
such that a(zp) # 0, 00. Clearly, zg is a pole of & —1 with multiplicity np+k,
and a pole of (& — 1)¥*1 with multiplicity np(k + 1). Then it follows from
(3.4), we must have np + k = np(k + 1). If np > 2, then we arrive at a
contradiction. Therefore, we have

(3.5) Na(r, f) = S(r, f).
By the assumption

(k —1)0(00, f) + 02(00, f) + n[6k(0, P(f)) + 0k41(0, P(f))] > k + n,
which in turn shows that

(k—1)0(o0, f) 4 d2(00, ) + ndx(0, P(f)) > n.

By Lemma 2.1, we obtain
n(k+ 1)T(r, f) (k+1)T(r,F)+ S(r, f)
T (rE-1") + 50 f)
T(r,®)+ S(r, f)

T <7~, Qg) LT 3) + S(r, f)

[P(f))* [P(f)]*
N (r, P > +m<7”, P0f) ) +S(r, f)

EN(r, f) + Ni(r,0; P(f)) + nT(r, f) + S(r, f)
(k=N (r, f) + Na(r, f) + Nig(r, 0; P(f)) + nT(r, f)
+5(r, f)
(k+2n — (k= 1)O(o0, f) — d2(00, f) — ndi (0, P(f) +€)) T(r, )
+5(r, f),
which implies (k —1)©(oc0, f) + d2(00, f) +ndk(0, P(f)) < n+ (1 — k)n < n.
This contradicts
(k—1)0(c0, f) + d2(c0, f) + ndr(0, P(f)) > n.

Therefore, we must have ¥ # 0. By the Fundamental estimate of logarithmic
deriwative it follows that m(r, ¥) = S(r, f).

NN

N N

NN

N

Let 2z be a pole of f with multiplicity ¢(> 1) such that a(z1) # 0, co. Then
a simple computation shows that

O((z — =)") i—1
V() = { O( — a1y g2
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In view of the definition of ¥, we obtain

(3.6) N(r,¥)

< N (r, é) + Nyt (rp(lf)> +S(r, f)

1 —_ 1
< N <T7¥> + Ngs1 (7‘7%) +S(r, f)

< T (r, ?) + Nkt (r, P(lf)> +5(r, )
[P(f)® [PUOIMY | % 1
< NQ‘PG>>+mG‘PU))*N“4“Hﬂ>+”””

< KN(r )+ N (r, P(lf)> N (n P(lf)> + S0 ).

Using (3.6), we deduce that

N(T:f) 7N(2(rv f)
N(r,0;0)

T (n é) —m (n é) + S0 1)

T(r,%)—m <r, ;/) +S(r, f)

N

N

N

N

LG

KN(r, ) + Ny (r, P(lf)) + Nt (n P(lf)> —m <7“, é) + 50 f).

From the definition of W, it is easy to see that

N(r, W) + m(r, ¥) —m <r, 1) + S0 f)

N

(5.7 (e, P < m (7 ) + 500,
Therefore, it follows from (3.6) and (3.7) that
nT(r, f)
< (k=1)N(r, f)+ Nao(r, f) + N <r, P(lf)> + Nis1 <r, P(lf)> +S(r, f)

217

< {k + 2n(k = 1)6(00, f) + 62(00, f) + n[6x(0, P(f)) + 041(0, P(f))] + 6}T(7‘, )

+S(r, f),
which contradicts
(k= 1)O(o0, f) + d2(00, f) + n[6k(0, P(f)) + 0k+1(0, P(f))] > k + n.

Therefore, it is evident § = & i.e., P(f) = [P(f)]®. Since p > k + 1,
therefore, by Lemma 2.9, we obtain

(i) Q(f«) reduces to a non-zero monomial cjff for some j € {0,1,...,m}.
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(ii) f(z) takes the form
f(z) =c e 4 4, where ¢, A € C~ {0} and A\F = 1.
0
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