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Abstract: By the moment, two different Cartesian products and defined over intu-
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1 Introduction

Here, as a continuation of the development of the Index Matrix (IM) theory [1, 3, 10],
and esspecially of [9], in Section 3, we discuss seven new Cartesian type of products
over Extended IMs (EIMs).

In [10], a new operation called “concatenation” and denoted by @®, was intro-
duced over standard IM. In [9], it was modified to the form of the two types of
Cartesian products, described in Section 2.

2 Basic definition

Firstly, following [3], the definition of an EIM is proposed.
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Let 7 be a fixed set of indices,
and

I* = u Iz

1<n<oo

In the present research, n =1 or 2.

Let everywhere below X’ be a fixed set of some objects. In particular cases, they
can be either real numbers, or just numbers 0 or 1; logical variables, propositions or
predicates, etc.

Let operations o, : X x X — X be given.

We call the object [K, L, {ag,, }] with index sets K and L (K, L C Z*), an EIM.
It has the form

I e l; e I
S T o P
[K L {akvl.}] =
B v ki | agp --- Ak, 1 cee Ak,
k‘m Ak by AP akm’lj cen Akl

where K = {ki,ko,....km}, L = {l1,l5,...,0n}, for 1 <i<m,and 1 < j < n:
Ak, 15 € X.

Secondly, we give some remarks on Intuitionistic Fuzzy Logics (see, e.g., [4]) and
especially, of their particular case, Intuitionistic Fuzzy Pairs (IFPs; see [8]). The
IFP is an object in the form (a,b), where a,b € [0,1] and a + b < 1 which is used
as an evaluation of some object or process and which components (a and b) are
interpreted as degrees of membership and non-membership, or degrees of validity
and non-validity, or degrees of correctness and non-correctness, etc.

The Intuitionistic Fuzzy IM (IFIM, see [3]) is defined by:

[K7 L, {</'”€i,lj’ Vki,lj>}]

I o I o L,

kvo| (kg Vi) oo Skt Vedy) oo (ks Vi dn)

B ki </’[‘I€i,l1 ) Vki,ll> ttt </J’k3i,lj? Vki,lj> T </“Lki,lna Vki,ln>
Fin | Bkt V1) <o+ (B> Ve k) v (Bl s Ve )

where for every 1 <i <m,1 < j <n: ag,1; = (Wky ity Vhil;) a0 [k 150 Vg 1o Mg 1y +
Vkl; € [0, 1].

Let us have two IFIMs A = [K, L, {ax, 1, }] and B = [P, Q,{bp, 4.}], where az,
and by, 4, are IFPs or real numbers.
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The first type of Cartesian product is the following (see [9]):

A Xc B = [K X P,L X Q7{C<ki7pr>7<lj7q.s>}]7

where
Clhipr),(as)) = (Qkily> bprogs)

and operation X between K and P, and between L and @) is the standard set-
theoretical Cartesian product.
The second type of Cartesian product is the following (see [9]):

A Xo,* B = [K X PaL X Qa {C<ki,pT>,(lj,qs>}]7

where
ki llsas)) = (05 %) (ki 15 Opr o)
and for the suitable variables ¢, u, v, w, in some cases (e.g., conjunction or disjunc-
tion)
(0, %) {(t, u), (v, w)) = (o(t, v), *(u, w))
and in others (e.g., implication)

(0, %) (¢, u), (v, w)) = {o(u, v), *(t, w))

with respect to the type of the operation that the pair (o, *) represents.

3 Main results

An n-Dimensional EIM (n-DEIM), with index sets Ki, K, ..., K, (K1, Ka,..., K,
C 7*) and elements from the set X, is called the object:

A = [Kla K27 ceey K?’L7 {a’klﬂsl,kzs?,n-qkn,s" }]

where K; = {ki 1, ki2, .. kim, }, mi > 1 and ag, | ko o,k
1 <s; <m; (see [5]).
Here, we suppose that if a,b € X, then (a,b) € X.
The n-DEIM A has the following @ different representations as 2-DEIM:

LeXforlgignand

n,Sn

<k3,83> ) kn,sn> k2,1 s kQ,mQ
klxl ak1,17k2,17k3,s31~--7kn,sn M ak1,17k2,77L27k3,537<--7kn,5n
A= 3
%) Ay 4,k2,1,k3,55 5 kn,sn, cee Ok ko mg k3,s5 50 kn, sy
k17m1 akl,ml 7k2,17k73,337~--7k7n,s" e a’kl,wllyklmz 7k3,537»--7kn,sn
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<k1751’ sy kn—275n72> kn,l s kn,mn
kn—11 ARy oy seskn—2,5 _gokn—1,1kn1 ==+ Qkis,ikn 65, g kn—1,1,knmn
kn*l»i a’kl,sl 7~~~7kn—6,5",67k71717i;kn,1 e akl,sl ;'nykn—G,sn,G;knfl,i;knm,nl
kn*lvmnfl a'kl,sl 7~~~7kn—6,s",6 7kn—1,mn,1 skn,1 akl,sl 7'~~7kn—27sn,2 JCn—l,m",l Kennm

Let us have two n-DEIMs

A= [Kla KZa (IX3} Kna {akl,sl,kzwvu,kn,sn }]
and
B = [Lla L2a ceey Lna {bll,tl,lztz,»--,ln,tn Ha
and let X x Y be the standard set-theoretical Cartesian product.
First, we introduce the Cartesian product

AxcB=[K1 x L1, K2 X Lo, o, Ky X Ly, {{@hky o, gagooons s Oty o ool ) -

When n = 2, we obtain the first Cartesian product from [9] for the case of two
IFIMs.
Let for the three elements a, b, c € X the equalities

<<a7b>7c> = <CL, b, C> = <a7 <b7 C>>

be valid.

Theorem 1. The operation X is associative, but not commutative.

Proof. Let us have three n-DEIMs A, B, C so that A and B are the n-DEIMSs from
above and

C= [Mh Moy, ..., My, {le,ulamQ“lLQv-"amn,un }]

Then
(Axc B) x¢ C

= [Kl X Ll,KQ X LQ, ...,Kn X Ln, {(aklm ;k2,52,~~;kn,sn7bll,tlle,tgwan,tn>}] Xco C
= [(Kl X Ll) X Ml, (K2 X L2> X MQ), ceny (Kn X Ln) X Mn,

{<<ak1751 k2,50 50 skn s 0 bll,tl »12,t21~»-7ln,tn>7 Cmi ug ;M2 ug oMo, >}]

=[Ky x Ly Xx My,K9 X Ly X Ma, ..., K, X L, X My,
L@y o) K2 asbinsn s Ol ey ot oot s C1 iy 73,0 oo ) )
= [K1 x (L1 x M1), Ko x (Lg x Ma), ..., Ky, X (Ly, X M),
K S S (T A MR o ) §
= A X [L1 X My,Ly x Ms, ..., L, x M,, {<bl1,t1,l2,t2ym;ln‘tn7le,ulymZ,uQv-wmn,un>}]
Axc (B xc ).
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From the definition of operation X ¢ it is clear that it is not commutative, because
from set-theoretical point of view, for example, K1 x Ko # Ko x K; in the general
case, and the same is valid for L-index sets.

The operation X can be modified for two EIM so that the first one is an m-
DEIM and the second one - n-DEIM. Let

A= [Kla Ko, ..., K, {akl,slgk2,527wwkm,sm }]

and B has the above form. Then

AxYB=[K1,Ks,.... Kp, L1, Lo, ..., Ly, L E S S R AP AP ) I B

By the same manner as above, it is proved
Theorem 2. The operation x© is associative, but not commutative.
The following two Cartesian products are extensions of the two above operations.

AxcoB=[K1 x Li,Ka X Lo, ., Ky X Ly, {@hy ko oy roookinsn © Oliey datgseoodnin -

c
Axg B =K1, Koo, Kiny L1, Loy ooy Liys {0y, ko gy vookimsom © Oty oty seolnsin -

Theorem 3. The operations x ¢, and x ¢ are associative, but not commutative.
Let for every three objects a,b,c € X:

ao(bxc)=(aob)x*(aoc)
and/or

(axb)oc=(aoc)*(boc)
Theorem 4. For every three EIM A, B, C":

AXS (B xc.C)=(AxS B) xc. (AxS0)

and/or
(AxC B) xS C = (AxC C) xc. (BxC C),

A XCo (B X O« C) = (A XCo B) XC (A X0 C)

and/or

(A X B) X0 C= (A X(Co C) X O (B X (o C)
Now, we introduce a new object, that can be interpreted as a result of the
operation Cartesian product.
Let the following m in number multi-DEIMs be given for ¢ = 1,2,...,m, i.e.,
the different EIMs can have different dimensions, i.e., ni,na, ..., Nm:
Ai = [K7L21, é,...,Léi{akJi liz}]

100

so that the index set K is equal for all of them, while the sets L1, L},..., L™ do

Sm

not have equal elements. Now we define

A(AlaAQa"'aAm):[K;L%7"'7L:’;7{bk,llll |m }],

10020 sbryy
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where foreachi:1<i<m

= akJi i -

100ty

Okttt

™m

Geometrically, this object can be represented as it is shown on Fig. 1. By
this reason we can call it an IM-Book (IMB). This object can be extended in two
directions.

First direction is obtained when we check the index set K of the EIMs Ay, Ao, ...,
Ay, with a set (equal for each EIMs) K1, Ko, ..., K, while the second direction is to
omit the condition that sets L%, L%, ..., LY’ do not have equal elements, changing
it with the possibility the sets L; and Lf} to have joint elements for p # ¢, but this
will be not valid for the sets L and LY for p # ¢. In this case, the result of applying
of operator A over EIMs Ay, Ao, ..., Ay, has two forms:

12720 rm

m m m
AG(Ar, Ag, . A) = (K (L5 Ly U Lo g am 3
=1 i=1 =1

and " m m
An(A1, Ay, An) = [K3 (L5 () L ) Léi{bk,l%,ll m s
=1 =1 i=1

27" rm

where some of the sets L;- can be the empty set.

L

Lo
Ly

Fig. 1.

4 Conclusion

The so constructed new operations from Cartesian type over EIMs can be used for
different aims. On the one hand, they can be used for formal description of Big
Data-structures and on the other - for complex procedures for intercriteria analysis
(see, e.g., [6, 7] of data. These two directions of applications will be discussed in the
near future.
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