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Abstract: The concept of a Temporal Intuitionistic Fuzzy Pair (TIFP) is introduced
as an extension of the concept of an intuitionistic fuzzy pair. Some geometrical
interpretations of the TIFPs are given. The basic relations, operations and operators
are defined over TIFPs.
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1. INTRODUCTION

The concept of an Intuitionistic Fuzzy Set (IFS) was introduced in 1983 [4] and
from the beginning, the concept of Intuitionistic Fuzzy Pair (IFP) started being used.
E. Szmidt, J. Kacprzyk and K. Atanassov, as well as many other colleagues working
in the area of the intuitionistic fuzziness, used the concept of an IFP without a special
definition in a lot of their publications, using different names: IFP, intuitionistic
fuzzy couple, intuitionistic fuzzy value and others. In [10], formal definition of the
IFP was given and its basic properties were discussed, offering the researchers in the
area of the intuitionistic fuzziness to use only one concept. In the next years, the
concept of an IFP was extended to IFP of n-th type, by analogy with the IFSs of
n-th type, that incorrectly 25 years after their introduction were called Pythagorean
fuzzy sets (for the case n = 2) and Orthopair fuzzy sets (for a fixed real number n).

In [5, 6, 7], the concept of a Temporal IFS (TIFS) was introduced and its prop-
erties were studied.

Here, by analogy with the ideas for IFPs and TIFSs, we give a formal definition
of the concept of a Temporal IFP (TIFP) and definitions of a lot of operations,
relations and operators, that can be defined over TIFPs.

2. DEFINITION AND GEOMETRICAL INTERPRETATIONS OF AN TIFP

Let T be a fixed temporal scale and let everywhere t € T

The Temporal Intuitionistic Fuzzy Pair (TIFP) is an object with the form (a(t),
b(t)), where a,b : T — [0,1] are functions and for each ¢: a(t),b(t) € [0,1] and
a(t) + b(t) < 1. The TIFP is used as an evaluation of some object or process and
which components (a(t) and b(t)) are interpreted as degrees of membership and
non-membership, or degrees of validity and non-validity, or degree of correctness
and non-correctness, etc. in a fixed time-moment ¢. The geometrical interpretations
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of the TIFPs are the same as of the IFPs. Two of them are shown on Figs. 1 - 4.
The first one (which is analogous to the standard fuzzy set interpretation) is shown
on Fig. 1.

Fig. 2: Modified first geometrical interpretation of a TIFP

Therefore we can map to each time-moment ¢ a unit segment of the form:

For the needs of the discussion below, we define the notion of Temporal Intuition-
istic Fuzzy Tautological Pair (TIFTP) by:

z(t) is a TIFTP if and only if a(t) > b(¢),
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while p is a Temporal Tautological Pair (TTP) iff a(t) = 1 and b(¢t) = 0 for each
time-moment ¢t € T.

(0.1)
b(t)+ .
(0,0) aft) (1,0)

Fig. 3: Second (standard) geometrical interpretation of a TIFP

v

™

Fig. 4: Three dimensional geometrical interpretation of a TIFP

3. RELATIONS OVER IFPs

Let us have two TIFPs x(t) = (a(t),b(t)) and y(t) = (c(t),d(t)). We define the
following standard relations (i.e., similar to the relations over IFPs):

x(t) < . y(t) iff  a(t) < c(t)
z(t) <o y(t) if b(t) > d(t)
z(t) < y(t) it a(t) < c(t) & b(t) > d(t)
Pt < y(t) W a(t) < ()
x(t) <o y(t) iff b(t) = d(t)
z(t) < y(t) iff  a(t) <c(t) & b(t) > d(t)
x(t) > . y(t) iff  a(t) > c(t)
z(t) > y(t) i b(t) <d(t)
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z(t) > y(t) it a(t) > c(t) & b(t) < d(t)
z(t) 2 y(t) it at) 2 ()
z(t) 2o y(t) it b(t) < d(t)
x(t) > y(t) it a(t) > c(t) & b(t) < d(t)
)= () M alt) =)
z(t) =¢ y(t) if  b(t) = d(t)
z(t) = y(t) iff  a(t) = c(t) & b(t) = d(t)

and the following specific relations

@ <TD y iff (Vi eT)(a(t) <c(t)),

v<ly iff  (VteT)(b(t) > d(t)),
r<ly iff (VteT)(a(t) <c(t) & b(t) > d(t)),

T <TD y iff (Vi e T)(a(t) < c(t)),

w<ly iff (VEeT)(b(t) >
r<Ty iff (VteT)(a(t) <c(t) & b(t) > d(t)),
>

x> gy iff (Ve T)(a(t)
0

e>Ty i (VEe T)(b(t) < d(t)),
x>Ty iff (Yt e T)(a(t) > c(t) & b(t) < d(t)),

x zTD y it (VEeT)(a(t) = c(t)),

e>Ly iff (Ve T)(b(t) <d(t)),
z>Ty i (VteT)(a(t) > c(t) & b(t) < d(t))
="y iff (VteT)(a(t) =c(t))
0
z <T> y it (Ve T)(b(t) = d(t))
=Ty it (VteT)(a(t) = c(t) & b(t) = d(t))

4. OPERTIONS OVER IFPs

In some definitions below, we use functions sg and 5g defined by

1 ifz>0
sg(z) = )
0 ifxz<o0

0 ifz>0
sg(z) =
1 ifz<0

Let us have two IFPs z = (a,b) and y = (¢, d).

and
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First, we define analogues of operations “conjunction” and “disjunction”:
z(t)&ry(t) = z(t) Ny(t) = (min(a(t), c(t)), max(b(t), d(t)))
z(t) Viy(t) = z(t) Uy(t) = (max(a(t), c(t))), min(b(t), d(t)))
z(t)&ay(t) = (t) +y(t) = (a(t) + c(t) — a(t).c(t), b(t).d(t))
x(t) Vo y(t) = 2(t).y(t) = (a(t).c(t), b(t) + d(t) — b(t).d(t)).
Second, by analogy with [8], where 185 intuitionistic fuzzy implications' and 54
intuitionistic fuzzy negations are defined, here we define the first 15 operations

“implication” and the operations “negation”, generated by them, but for the case
of TIFPs. In Table 1, the definitions of implications z(t) — y(t) are given.

Table 1
‘ —1 | {max(b(t), min(a(t), c(t))), min(a(t), d(t)))
| =2 | (B8(a(t) — c(t)), d(t)sg(alt) — c(t)))
| =5 [ (1= (1—c()sglalt) — c(t))), d(t)sg(a(t) — c(t)))
‘ —4 | (max(b(t), c(t)), min(a(t), d(t)))
‘ —5 | (min(1,b(¢t) + c(t)), max(0, a(t) + d(t) — 1))
| =6 | (b(t) +a(t)c(t), a(t)d(t))
‘ —7 | (min(max(b(t), ¢(t)), max a(;ﬁ),l()( ), max(c(t),d(t)))
, £), bt

| —=s | (1= (1 —min(b(t), c(t)) ;

| max(a(t),d(t))sg(a(t) — c(t))sg(d(t) — b(t)))

[ =9 | (b(t) + a(t)®c(t), a(t)b(t) + a(t)?d(t))

| =10 [ (c(t)58(1 — a(t) +sg(1 — a(t))(58(1 — c(t)) + b(t)se(1 — c(t))),

| d(t)sg(1 —a(t)) + a(t)sg(l — a(t))sg(1l — c(t)))

| =1 [ (1= (1 —c(t)sg(a(t) — c(t)), d(t)sglalt) — c(t))sg(d(t) — b(t)))

‘ —12 | (max(b(t),c(t)), 1 — max(b(t), c(t)))

| =13 | (b(t) + c(t) — b(t)c(t), a(t)d(t))

=14 | (1= (1= c(t))sgla(t) — c(t)) — d(t)sg(a(t) — c(t))sg(d(t) — b(t))

d(t)sg(d(t) —b(1)))

| =15 | (1= (1 —min(b(t), c(t)))sg(alt) — c(t))sg(d(t) — b(t)) |
—min(b(t), c(t))sg(a(t) — c(t))sg(d(t) — b(?)),
1 — (1 — max(a(t),d(t)))sg(58(a(t) — c(t)) +58(d(t) — b(t)))
—max(a(?), d(t))sg(a(t) — c(t))sg(d(t) — b(1)))

In Table 2, the first 5 negations -z are given.

The relations between the introduced implications and negations are shown in
Table 3.

I [11-14], L. Atanassova introduced llimplications (—139, ..., —>149). P. Dworniczak gen-
eralized them in [18-20] (implications —150, ..., —152) and L. Atanassova modified Dworniczak’s
implications in [15, 16] (implications —1s4, ..., —165)-
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Table 2
| -1 [ {2(1),b(t), a(t)) |
| 72 [ {2(t),58(a(t)), sg(al?))) |
| 73 [ {2(t), b(t), a(t)b(t) + a(t)?) |
| 2 [ (2(1),0(8),1 - b(t)) |
| 75 [ {2(t),58(1 - b(t)),s8(1 — b(t))) |
Table 3

1| 1,4, 75, 76, 7, 710, 713
72 | —2,—73, 78, 11

73| 9

4| 12

5 | 14, 15

5. OPERATORS OVER IFPs

There are three types of operators over IFPs. The first of them is of modal type.
Let as above, z(t) = (a(t),b(t)) be an IFP and let «, 3,7, 6,¢,¢ € [0,1]. Then the
modal type of operators defined over x have the forms:

Dz(t) = (a(t),1—a(t)),
Qu(t) = (L= 0b(t),b(t)),
Do (x(t)) = (a(t) +a(l —a(t) = b(t)),b(t) + (1 — a)(1 — a(t) — b(t)))
Fon-a(z(t)) = (a(t) + a(l —a(t) —b(t)),b(t) + B(1 — a(t) — b(t)))
where a + § < 1,

Gapl(®) = (aalt), Bb(t >>

Hap(alt)) = (aa(t),b(t) + B(1 - alt) - b(H),

H y(2(t) = (aa(t),b(t > B(1 - aalt) - b(t))),

Ja,p(x(t)) = (a(t) + a(l — a(t) — b(t)), Bb(t)),

Jop@(t) = (a(t) + a(l —a(t) — Bb(t)), Bb(t)),

Xaprsec(@(t)) = (aalt

)+ B(1 = a(t) —b(t)), 6b(t) + (1 — Ca(t) — b(t)))
eate—a(<1,+0—-p0y<1,+e<1.

The second type of operators over TIFPs is from another (similar to modal) type.
Let a?ﬂ’ ’)/7 676’ C 6 [07 ]':I‘

)= (53
Ba(t) = (5,5
Hoz(t) = (aa(t),ab(t) +1— )
Max(t) = (aa(t) +1— a,ab(t))
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Hapz(t) = (aa(t),a.bt) + 8), where o+ 5 <1,
Mo pz(t) = (aa(t)+ B,ab(t)), where a4 5 <1,
Hapqa(t) = (aa(t), Bb(t) + ), where max(a, 8) +v <1,
Mo s 2(t) = (aa+7,Bb(t)), where max(c, ) +v < 1,
Fasso(t) = {aalt > 47, 8b(¢) + ), where max(a, 8) ++6 < 1,
Eqpz(t) = (Blaa(t) +1— a), a(Bb(t) + 1 — B))(see [17]),
Olagrsecr(t) = <04a(t) —eb(t) +, Bb(t) — Ca(t) +6),

where max(a — (¢, —¢)+7+0 <1,
min(a—¢(,f—¢e)+y+d>0and f+¢ < 1.

The third type of operators is from level type. They are
Pasa(t) = (max(a, a(t)), min(8, b(1))),
Qu,s(t) = (min(a, a(t)), max(8, b(t)),
for a, € [0,1] and o+ 8 < 1.

6. QUANTIFIERS OVER TEMPORAL INTUITIONISTIC FUZZY PREDICATES

Let x be a variable, obtaining values in some fixed set S and let P(z) be an
intuitionistic fuzzy predicate with a variable x (see [8]) if its truth-value is defined
as

V(P(2)) = {a(z),b(z)).
The IF-interpretations of the (intuitionistic fuzzy) quantifiers for all (V) and there
exists (3) are introduced in [6, 9, 21] by

V(32P(z)) = (sup a(P(y)), inf b(P(y))),

yes

V(VzP(z)) = <;gg a(P(y))’ZZE b(P(y)))-

If S is a finite set, then we can use the denotations

V(3eP(a)) = (maxb(P(y)), minb(P(y)).

V(VzP(z)) = <Iyn€ig b(P(y)), max b(P(y)))-

Now, we can extend the concept of an IFP to the form P(z,t), where x € S and
t € T and it will have a truth-value

V(P(z,t)) = (a(z,t),b(z,1)).

For it, the IF-interpretations of the temporal intuitionistic fuzzy quantifiers have
the standard forms

V(3zP(z,1)) = (supa(P(y,1)), inf b(P(y,1))),
yes ye

V(VaP(z,t)) = <yigga(P(y,t))>sgrs> b(P(y,1)))-
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If S is a finite set, then we can use the denotations
V(3zP(z,t)) = (maxb(P(y, 1)), minb(P(y,t))),

yes yes
V(VaP(x,t)) = (minb(P(y, t)), maxb(P(y, t))).

yes yeSs

For difference of the standard (intuitionistic fuzzy) quantifiers, for the TIF-Predicates
we can introduce also specific (intuitionistic fuzzy) quantifiers with the forms:

V(@ErtP(a.) = (supa(P(.)). inf b(P(a. ).

V(VrtP(x,t)) = <2£%G(P(I’t))’§£«) b(P(x,t))).

If T is a finite set, then we can use the denotations

V(3rtP(z,t)) = <rtn€aTxb(P(x,t)),rg&ij{lb(P(x,t))),

V(VrtP(e.t)) = (minb(P(y, 1)), maxb(P(x, 1))).
7. AN IF'S GENERATED BY A TIFP

Let us have the temporal scale T' = {t1,t9,...} and the TIFP z(t) = (a(¢),b(t)).
Then we can construct the set

T(x) = {{t,a(t),b(t))[t € T}

(see Fig. 5).
Tt is directly seen that T'(x) is an IFS, but now over universe T'.

z(t1)

K2

to

t3

Fig. 5.
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8. CONCLUSION

In the present paper, we transformed the definitions of the basic relations, opera-
tions and operators from the intuitionistic fuzzy logics (propositionsl, predicate and
modal) to the concept of a TIFP.

In future, we will introduce analogues of all intuitionistic fuzzy implications over
TIFPs and the generated by them intuitionistic fuzzy negations over TIFPs. Also,
by analogy with [1, 2, 3], we will introduce the intuitionistic fuzzy conjunctions and
disjunctions over TIFPs.

We will give definition of new types of IFPs, related to the rest IFS-extensions.
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