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A NOTE ON THE MODIFIED TYPE 2 DEGENERATE
POLY-CHANGHEE-GENOCCHI NUMBERS AND POLYNOMIALS

LEE-CHAE JANG! AND HANYOUNG KIM?

ABSTRACT. In this paper, we introduce the modified type 2 degenerate poly-Changhee-
Genocchi numbers and polynomials, and derive several explicit expressions and some iden-
tities for those numbers and polynomials. In particular, we provide interesting identities
related to the Chnaghee-Genocchi polynomials and numbers of the second kind.

1. INTRODUCTION

As is well known, the Genocchi polynomials are defined by the generating function to

be
d t
D e,H Z nT’ (see [21, 24]).
When x = 0, G, = G,(0) are called the Genocchi numbers. From (1), we note that
G
@ Gol) =0, By = T (1> 0), (see 121, 24,
n
where E, (x) are the ordinary Euler polynomials which are given by the generating function
to be
3) el i 1 Z E,( —!, (see [2, 25]).

The Changhee polynomials have been deﬁned by the generating function to be
2

4) +2 (I+8)" Z Chy( !, (see [12, 18, 20, 22, 23, 26]).

When x = 0 Ch,, = Ch,(0) are called the Changhee numbers. From (4), it is easy to see that
(5) ZEk VS1(n,k), (n>0), (see[l, 12, 18,27]),

where S| (n,k) are called the Stirling numbers of the first kind as follows

(6) (X)n = zn:Sl (n,x',  (n>0), (see[l,2,3,9,10, 11, 17]).

The Bernoulli numbers of the second kind are defined by the generating function to be

b n

t t
7 ) = ngbbna, (see [5, 8, 15]).
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From (7), we note that
! ' x—1 n— r+1 l”
®) (log(l —H)) (1+1) ZB (x) E (see [5, 8, 15]).

where Bﬁ,r) (x) are the higher-order Bernoulli polynomials defined by the generating function
to be

LY v g0
) <er1> e ;0 () (see (5, 8, 15))
Whenx =1 and r =1, we get
(10) by =B (1), (see 5,8, 15]).
The Changhee-Genocchi polynomials are defined by the generating function to be
2log(1+1)
(11) Hog{1+1) (I41)* ZCG ', (see [16, 21]).

2+t

The degenerate Changhee-Genocchi polynomlals are defined by the generating function to
be

(12)
22 log (1+ 1 log(1+At)) .
22 TTog(1 - 21) (142 "og(1+At)) ZCGM !, (see [11, 21]).
From (11) and (12), we note that
(13) /{in%CGM (x) =CGp(x), (n>0), (see[16,21]).
. ;

The modified degenerate Changhee-Genocchi polynomials are defined by the generating
function to be

2Mt ]
(14) m(ul log(1+ At)) ZCG !, (see [16, 21, 19]).
Note that
(15) hm CGM( x) =CG(x), (n>0), (see[16,21]).

Here, CG};(x) are called the modified Changhee-Genocchi polynomials which are given by
the generating function to be

2t .
(16) 2+t1+t ZCG !, (see [16, 21]).

The degenerate Changhee polynomlals are given by
2
2+ A~ Mog(1+ At)

The degenerate exponential function is defined by

(18) e () =(1 +A0E, e (1) = e,ll(t) =(1 +),t)%, (see [6]).
and the compositional inverse log, (1) of ¢, (¢) is given by log, (e; (1)) = ey (log, (¢)) =t
Note that log; (1) = 5 Ltk —1).

Recently, Kim-Kim-Kwon-Lee [5] introduced type 2 degenerate poly-Bernoulli num-
bers and polynomials. In this paper, we consider the modified type 2 degenerate poly-
Changhee-Genocchi numbers and polynomials, and derive several explicit expressions and

(17) (142 " Tog(1+ A1))* ZChM ,, (see [1, 13]).



A note on the modified type 2 degenerate Poly-Changhee—-Genocchi numbers and polynomials 327

some identities for those umbers and polynomials. In particular, we provide interesting
identities related to the Chnaghee-Genocchi polynomials and numbers of the second kind.

2. THE MODIFIED TYPE 2 DEGENERATE POLY-CHANGHEE-GENOCCHI NUMBERS AND
POLYNOMIALS

For k € Z, the polyexponential function is defined by
(19) Eiy(x Z in ————, (x| <1)  (see [4,6,7,28]).

By (19), we see that Ei; (x) = ¢* — 1. For k € Z, the degenerate modified polyexponential
function is given by

S (1)ax"
0) Eia() =Y. (fl)),k (Wl <1) (see 14,6, 28],
n=1
Note that Eij 3 (x) = e; (x) — 1. From (20), we note that
d 1 & nlxn 1.
@1) g Era ) =1 Y e = Eea ().

n=1

For k > 2, by (21), we have
* ] A A |
Elkl / / / / Elll t---dtdtdt
0 0 rJjot
1 /11

(k 2)times
x 1 gt
=/ -/ - e e -1 --dtdtdt
.ot./ot t./ot( QURS
—_————
(k—2)times

._\
O\N

(22)

Recently, Kim—Kim-Kwon-Lee[5] introduced the type 2 degenerate poly—Bernoulli
polynomials which are given by the generating function to be

Elkk(log/l(1+t) )—ZB

@3 erlt) -

When x =0, B,(f,)L = Bflk;L (0) are called type 2 degenerate poly—Bernoulli numbers. In view
of (14) and (23), using the degenerate modified polyexponential function, we define the
modified type 2 degenerate poly—-Changhee—Genocchi polynomials which are given by the
generate function to be

Eij (logy (1+21))
2+ A tlog(1+ Ar)

(24) (1+A og(1+Ar))* ZCG
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Whenx=0,C Gflk;) =C Gflk;) (0) are called the modified type 2 degenerate poly—Changhee—
Genocchi numbers. From(24), we note that

Eil,l(logl(l +2t))
2+ A og(1+ Ar)
_ 2t

2+ A llog(1+At)

(1+A " og(1+Ar))*

(25) (1+A " Mog(1+Ar))~.

From (25), for k = 1, we have that CGSf) (x) = CG: , (x). By (24), for x = 0, we note that

Eiy 3 (logy (1+2t)) = (244 'log(1 + 1)) (ECG,,l zv)

<2+Z UA A >(ZCGM ”)

chc t” (i )R )(ZCGM l')

§=

(26) = Z <2CGk*) Z( ) S—l)!(—l)s lls ICGEZk’;))L> !
n=1 —1
and
o m;L (logy (142¢t))™
Eiy 3 (logy (1421)) Z:: o= 1)
S (D 1
= —l 142
LT oz (1420)”
27 o 1 o .
2
= Z Zsm(n m) ( t)
(& (DmaSia(n,m)2"\
"L gT pr

Therefore, by (26) and (27), we obtain the following theorem.

Theorem 2.1. For n € N and k € 7, we have

2CG Z( ) s— D=1 'e™ jl
(28)

From Theorem 2.1 with k = 1, we get

2065+ Y (Z)(s—l).( 1y atee,

29 5. Y
29 =20G{)+Y, (Z)(s—l) (~1~'alec
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and

n

30) Y (1)2S14(n,m)2" =2" (Z () maS1a(n,n)2" —Sl,z('ho))
m=1 m=0

= 211((1)11 - n,O)v

where the degenerate Stirling numbers of the first kind are defined by
n
X)n =Y S12(n1)(x);-
1=0

From (29) and (30), we have the following corollary.
Corollary 2.2. Forn € N, we have

" /n
(31) 2CGy, + Y, (l) (I-DY(=1)""AeG: , =2"((1)n — 8u)-
=1
From (22), we note that

i allogs (1+20)) = (ea (21) 1) T 5 2

(32) - (mio(l'zf ) (ZBMZII )

By (32), (24) and (17), we observe that

ZC k*

- Elk’l(logl(l +2t))
2+ 24 log(1+Ar)

Vl

(142" Mog(1 +Ar))*

1 2 -1 X
33) Ezk;t(logl(l —1-21))24_%71 Tog(1 5 A1) (I4+ A7 log(1+Ar))

(=t 2 (o)

2’ (llz"l < )2" - 1(329171(1)—B£Q1’1>Chu(x)> ’%

From (33), we obtain the following theorem.

Theorem 2.3. Forn > 1, we have

n—1
k% n\  p—i— k k
(34) =Y (1)2 (B =B ) O ).

=0
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From (21) and (22), we note that

d
—Eiy 5 (logy (1+2x)

d )
_d & (1) (logy (1+2x))"
—an; (n—1)lnk
G 20142097 & (1), (log, (1+20))"
~ log; (1+42x) n; (n—1)nk-1
2(142x)*!

= Ei 1 142x)).
g, (1 20 Eivc1 o (1:29)

By (35), for k > 2, we have
(36)

‘ (142041t 2(1 42041 pr2(1 42021
Eiy 5 (logy (1+2x :/ 7/ / 2tdt - - - dtdt.

a (loga ) o log; (1+2x) log; (1+2x) Jo log, (14 2x)

(k—2)times
It is well known that the degenerate Bernoulli polynomials of the second kind are defined
by
t

(37) ——(141)* Z by (x - (see [8]).

log, (1+1¢)

When x =0, b, 5 = b, 3 (0) are called the degenerate Bernoulli numbers of the second kind.
From (24) and (36), we have

(38)
ad k. 1 .

C — = E 1 1+2
r;) n,A n! 2+17110g<1+l)€) lk7l(0gl( + x))

1 (142021t 2142021 pr2(1420)A !

= / 1+2) / (1+21) / (1+21) 2tdt - - - drdt

24+ A7 og(1+Ax) Jo logy (1+21) log; (1+2¢) Jo log, (1+2t)

(k—2)times

2x — m m
B 2+)r110g(1+lx) Z Z 2 (m1~--mk1)

m=0my+--+m_=m

X bml,l(z’ - 1) ( - ]‘) bmk,],l(a’ - 1) . ﬁ
my+1 m1+m2+1 m1+-~—|—mk,1+1 m!

> t > m
(Leai) (£ 2 ("))

bml,l(a’ - 1) my, /1( 1) bm/ﬁ],l(k - 1) ﬂ
mp+1 m1—|—m2+1 m1+~--—|—mk,1+lm!

3 m
f— 2m
Ir() r o, )
b

(l_l) .bmg,l(l_l).” bmk,l,l(/’{‘_l) « XLl
m1+1 mi+my+1  mi+om_ 41 g
Therefore, by (38), we obtain the following theorem.
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Theorem 2.4. For n > 0, we have

() y " m m
Gk =y < )2 ( )
n,A E
(39) m=0 \"1 my+--+mg_j=m my - Mg—q

=) bua@=1) by a3 —1)
my+1 my+my+1 mp+ - my_g+1
By replacing ¢ by %(ex (£) —1) in (24), we get

£ et (Hea(n) = 1)"

G,

m!
(k) 1 & "
(40) = Z G (x) <27, )y Sz,x(mm);)
n=0 n=m N
k) "
Z Y. 276 (S nm) |
=5 ’ n!
where the degenerate Stirling numbers of the second kind are given by
41) —(e;L Z Sy.a(m, z
On the other hand,
oo 1 m
ke, (Glea(t) —1))
Y CGy7 (%) .
m=0 '

_ Eik,l(t) 1 &e B X
244 Hog(1+%(ea(r) — 1) (H)L 10“”(”2“(’) ‘))

1 2 (1 +2A og (1 + A (e (t) - 1))ink,l(’)

2 2+A*'log(1+%( ()—1)>
1 g (3(enl 1/1 tl
@ =5 ZOChmJL(X) Z =)

1 & " t = (D !
- (2,;_'0% x)?2° lZ;nS“ ) ) (l;) (l+1+)k*l (l+1)!>
(e - . M\ (& W !
= <IZ() (WlZOChm,l(x)z 1S2~7L(lam)) l') (lz:‘)(l-i-l)k_l(l-i-l)!)
—Z(Z B () )Chaa 02 ™ 152001 = o A )t

=0 m= (l+l)k71

Thereforem by (40) and (42), we obtain the following theorem.

Theorem 2.5. Forn > 1, we have

n
Y 27"CGY) (x)S, (n,m)
m=0
(43) n—1ln—I— (1)
= B2, (x)27 1 1,m) A
1;0 ,,,Z::o (l+1>c m/l(x) S ll(n )(l-l-l)k*l
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Finally, we observe that

Eigy (logy (1+20) oo, )
T Tl ) (1A og(1 A1)
i=0 iA i! m—0 |
- (kﬁ*) i had —m ”
- (B’ ) (S tst 0
(44)
3 ol - )szf
- ZCG ')(Zo ’“Xsljm
* l‘l = J . ‘ ti
= ZCGk ) (Z Z Sl(Lm)f'
j=0m=0 ]

n

F(55() f
= (*)mC: AT (jym) | —
n=0 \ j=0m=0 \J Cn- M n!
From (24) and (44), we obtain the following theorem.

Theorem 2.6. For n > 0, we have

M Z Z < ) G,” ,/17“ "S81(j,m).

Jj=0m=0

(45)

3. CONCLUSION

Lee-Kim-Jang(2020) considered the type 2 degenerate poly-Euler polynomials by using
the degenerate multiple polyexponential functions. Based on these ideas and similar views,
we considered the modified type 2 degenerate poly-Changhee-Genocchi polynomials in
Eq. (24) by using the degenerate modified polyexponential functions. Furthermore, we
obtained some explicit expressions for the degenerate type 2 multi-poly-Genocchi polyno-
mials in Theorem 2.1, Corollary 2.2, Theorem 2.3, Theorem 2.4 and Theorem 2.5.
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