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ADDITIONAL CLOSE LINKS BETWEEN BALANCING
AND LUCAS-BALANCING POLYNOMIALS

ROBERT FRONTCZAK AND TARAS GOY

ABSTRACT. Using generating functions, we derive many identities in-
volving balancing and Lucas-balancing polynomials. By relating these
polynomials to Chebyshev polynomials of the first and second kind, and
Fibonacci and Lucas numbers, we offer some presumably new combina-
torial identities involving these famous sequences.
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1. INTRODUCTION AND PRELIMINARIES

For any integer n > 0, the balancing polynomials (Bn(x))n>0 and Lucas-
balancing polynomials (C’n(x))n>0 are defined by the same second-order
homogeneous linear recurrence

(1) un () = 6zup—1() — up—2(x),

but with different initial terms By(x) = 0, Bi(z) = 1 and Cy(z) = 1,
Ci(x) = 3z. These polynomials have been introduced as a natural exten-
sion of the popular balancing and Lucas-balancing numbers B,, and C,
respectively, which were firstly studied in [1]. Obviously, B, = B,(1) and
Cp = Cp(1). Sequences (B")n>0 and (C”>n>0 are indexed in the On-Line
Encyclopedia of Integer Sequences [16] (see entries A001109 and A001541,
respectively).

The closed forms which are also called Binet’s formulas for balancing and
Lucas-balancing polynomials are given by

_ AMz) = AT"()
2022 -1 '
where A(z) = 3z + V922 — 1.

For n > 1, the balancing and Lucas-balancing polynomials are given
explicitly [13, 14] by

(2) Bn(x)

N
B = 3 (" oo

k=0
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5]

Cule) = 5 2 fj_”,: (” i k) (62)" 2",

o

The first few polynomials are

Bo(x) =0, Bi(z)=1, By(z)=6x, Bs(x)=36a"—1,
By(z) = 2162 — 120,  Bs(x) = 12962 — 10822 + 1,

and

Co(x)=1, Ci(z)=3z, Cy(z)=182z>—-1, C3(z)=108z>— 9z,
Cy(x) = 6482 — 722% +1,  Cj(x) = 38882° — 54023 + 15z.

These polynomials have been studied extensively in different contexts and
a variety of interesting results about them have been uncovered [2, 3, 6, 8, 9,
11, 14]. For example, in [2], the first author established direct connections of
the polynomials B, (z) and Cy(x) with Fibonacci numbers, Lucas numbers
and Chebyshev and Legendre polynomials. By using combinatorial meth-
ods, Meng derived some symmetry identities of the structural properties of
balancing numbers and balancing polynomials [11]. In [8, 9], the authors
study sums of finite products of balancing and Lucas-balancing polynomials
and represent them in terms of nine orthogonal polynomials. In [14], Ray
studied the sequences obtained by differentiating the balancing polynomials
and presented some relations between the balancing polynomials and their
derivatives.

In the present study, we derive new identities for polynomials B, (x) and
Cyp(z). Evaluating these identities at specific points, we can also establish
some interesting combinatorial identities as special cases, especially those
with Fibonacci and Lucas numbers. Our approach is in the spirit of [4, 7].

2. BALANCING POLYNOMIAL RELATIONS USING ORDINARY GENERATING
FUNCTIONS

To establish our main results, we will find the ordinary (non-exponential)
generating functions for the sequences in question. We will make use of
the following result [12] to compute the ordinary generating functions for
balancing, Lucas-balancing polynomials and their odd (even) indexed com-
panions.

Lemma 2.1. The second-order polynomial recurrence
3) Un () = pun—1(z) + qup—2(z), n>2, p2 +4q # 0,

with initial terms ug(x) and ui(x) has generating function

Zun(x)zn ug(x) + (ur(x) — pug(x))2

N 1—pz— qz?

)
n>0
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while for odd (even) indexed sequences

Z“ o u(z) + (pquo(z) — qui(z))z
2n+1 1— (p2 + 2(])2 + qQZQ

)
n>0

n __ ’U,O(CE) + (UQ(I) — (p2 —+ QQ)UO(I))Z
R S S VR

n>0

From the above lemma we obtain ordinary generating functions of the
sequences By, (z), Ban+1(2), and Bay(z) as follows

(4) =3 Bu(a)2" -

= 11— 6zz + 22’
1+z2
= B n—
Z) nz>o 2n+1(m)z 1— (3693’2 — 2)2 + 2’27
6xz
5 B .
(5) ba(, 2) = 7;] (@ T 1- (3622 —2)z + 22

In the similar manner, we conclude that ordinary generating functions of
the sequences Cy,(z), Cont1(z) and Cay,(z) can be derived as

n 1—3xz
_ZC’n(x)z T 1—6xz 4 22’

n>0
3x — 3xz
p— n =
(6) ci(z, z) = T;)C%H(l")z T 1 (3622 —2)z 1 22
+ (1 —1822%)2
7 n '
(7) (@,2) = ;002 (@)e" = (369&2 2)z + 22

We present our first findings in two theorems, which provide some re-
lations between balancing and Lucas-balancing polynomials using their re-
spective ordinary generating functions.

Theorem 2.2. Forn > 1, the following formulas hold
B, (z) — 3xBp—1(x) = Ch_1(z),
32 (Bant1(2) = Bap—1(x)) = Cang1(2) + Can-1(2),
(8) Bon(x) — (182° — 1) Byy_1) () = 62Cs;_1) (),
Bant1(z) — (182° — 1) Bap—1(x) = Can(x) + Con1y (),
Bx(an(x) — Bg(n,l)(:v)) = 62Co,—1(x).

Proof. All stated identities can be proved directly using Binet’s formulas (2).
We present a proof based on generating functions. We will prove formula
(8); the others may also be shown in a similar manner.

By (5) and (7), we obtain

(1 — (1827 — 1)z)ba(, 2) = 6azea(2, 2).
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Expanding both sides of the last equation as a power series in z, we then

have
> Bon(w)z" — (1827 = 1) Y Byn(2)2" =62y  Con(a)z"H!

n>0 n>0 n>0
or, equivalently,
> Bou(w)2" — (1822 = 1) Byy1)(2)2" = 62 _ Co1)(2)2
n>1 n>1 n>1

Comparing the coefficients on both sides, we get (8). d

For convention, throughout this paper the empty sums are evaluated to 0.

Theorem 2.3. Forn > 1, the following formulas hold:

32(Bn(z) — Bn-1(z))

n—1

(9) = Con_1(z) — (3627 — 62 — 2) > B(x)Cognpy—1(2),
k=1

Bn(z) — (182% — 1)B,,_1 ()

n—1

= Co(n—1)(x) — (362> — 6z — 2) Z By (x)Cy(n——1) (),
=1

Bont1(z) — 3xBop—1(z)

= Ch(z) + Cn1(x) — (362° — 62 — 2) Y Bopy1(2)Crp—1(2),
k

-1
=0

Bon(x) — 3xBa(n— 1)( )
1

n

= 62C,_1(x) — (362% — 6 — 2) Boi(z)Cp—g—1(x).
k=1

Proof. We prove only (9). Proceeding as in the proof of Theorem 2.2 above,
using (4) and (6), we deduce that

ze(z, 2) — 3z(1 — 2)b(z, 2) = (362° — 62 — 2)2b(z, 2)cy (z, 2).

Expanding both sides of the last equation as a power series in z yields

Z Cony1(x)z" ™ — 3z Z Bp(z)z" + 3z Z B (z)2" !

n>0 n>0 n>0
= (3622 — 62 — 2 Z Z By (2)Copn—ry412" ntt
n>0 k=0
Z Cop—1(x)2" — 3z Z B, (z)z" + 3z Z B,_1(x)z
n>1 n>1 n>1
= (3622 — 62 — 2) ZZB’“ ) Cy—p)—12"-
n>1 k=0

Comparing the coefficients on both sides implies the stated formula. [
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3. BALANCING POLYNOMIAL RELATIONS USING EXPONENTIAL
GENERATING FUNCTIONS

In this section, we will use the structure of the exponential generating
functions to prove our results. In this case, we will use significantly the
following lemma from [12].

Lemma 3.1. The recurrence (3) has the exponential generating function

P
n 622

Zun(x)% - X((m(x) — Buo(2))e* — (ur(z) — auo(x))e_%z),

n>0
while for odd and even indexed sequences

2
pZ+2q
n e p) 4

Zu2n+1 WA ((w,(x) — aul(;c))e%z — (us(z) — puo(x))e*%z)’

n>0

2
p7+2q

> () = i () = ouo(m)e’ S (o) — puo(a))e %),

n>0

+A —A 24+2¢+pA
where A = \/p*+4q, a = B=, = 5=, p = EEEPS gnd 0 =
P?+2¢—pA
Pe

From lemma above it can be shown fairly easily that the exponential gen-
erating functions of the balancing polynomials and their odd (even) indexed
companions are given by

3xz

N - 2" e .
(10) b*(z,2) = ;}Bn(x)ﬁ = \/ﬁbmh(\/ﬁr2 —12z),

n (1822 —1)z
z €
z) = ZBQn-&-l(x)ﬁ = VorZ -1

n>0

(11) X (390 sinh(6as\/9x2 —1z)+ V92 — 1 cosh(6z+/922% — 1z)) ,

n (1822—1)z
z e
12 by(x, z) = E By (r)— = ————sinh(6zv/922 — 12).
( ) 2( ) = 2 ( )n] /79:172 1 ( )

In the similar manner, we obtain the exponential generating functions of
the Lucas-balancing polynomial sequences:

(13) = Cuf 5% cosh (v/922 — 12),

n>0

2" 1822—1
ZCQTL+1 *' 6( * )z

n>0

(14)  x (3weosh(62/92% = 12) + /922 — Tsinh(621/92% —12) ),

(15) (x,2) = Z Cop ()~ = (187°~1)z cosh(6zv/922 — 12).

n>0
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Next, we present some new relations between balancing and Lucas-
balancing polynomials involving binomial coefficients.

Theorem 3.2. Forn > 1, we have
n )n k ) = n n 17(71)7171@ .
(16) Z( ) \/71)’“‘1316( )_kz_o<k)( 935271)’“016( )

o) + ()N )
%(k) (eviz )t )

— 61 ~ (M\A@) = ()" A (@) -
(17) =6 ko(k) (6ova 1) Cop+1(z),

3

n\ 14 (-~ *
(&) G

k=
CeeS (M) D
(18) =6 kZ:l <k) (6x\/m>k Cgk( )’
" /n 1+ (—1)nfk .
k= <k> WB%JA(%) =

(n> Mz) — (=) Fa—1(z)
= \k)  (62v927 —1)"

(n) M) + (=) *FA"L(z)
k) (62v92% — 1)1671

(=)

Cor(2),

6x

M:

3 =

ng(aj)

k=1

1 n—k
S (@),

_6Z<>m@2)

where A\(z) = 3z + v922 — 1.
Proof. We will prove (16). In view of (10) and (13), we have

V922 — 1cosh(v/922 — 12) b*(z, z) = sinh(v/ 922 — 12) ¢ (x, 2)

or, equivalently,

V922 —1 ZBn(x)%r: > (Vor2-1)"(1+ (—1)”)%

n>0 " n>0
:Z%M§Zw%me44W§
n>0 n>0
V922 — 1) Z < ) 922 — 1)" (14 (—1)“*)%7:
n>0 k=0 ’
Yy ( ) 07 1) (1 - (1)
n>0 k=0 ’

Comparing the coefficients on both sides yields (16).
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The formulas (17) and (18) follow from the relations

V9r2 -1 (3x cosh(ﬁa:\/9a:2 -1)+ V922 — 1 sinh (6zv/922 — 1)) bi(x, 2)
= (39& cosh(6wx/9a:2 -1) - V922 — 1 sinh(6z+/922 — 1)) ci(z,2)

and
V922 — 1 cosh(6xv/922 — 1) b3(z, z) = sinh (6zv/ 922 — 1) ¢3(, 2),

that one can obtain from (11), (14) and (12), (15), respectively. The proof
of the other formulas is similar. g

In the next theorem we list a range of more advanced further relations for
balancing and Lucas-balancing polynomials that can be derived in a similar
manner.

Theorem 3.3. Let m(z) = 1812151 and MN(z) = 3z 4+ V922 — 1. Forn > 1,
we have

> (1) 0o+ i) () st

(19) =m" () znj (Z) (1— (=" ((1812 - f’;m)k Cop41(2),

k=0
S ()os 0 ()

S ;:0 ()0~ (G

Zn: (Z) (14 (—=1)"*) <(18x2 - f)xmyl Bojoy1(z)

n

= e )3 (1) 06— 1) (S

k=0

é (Z) L+ (=0m) ((18352 - f;ﬂx/m)kl Bar()

— 6em" ) (2) i (Z) (1—(~1)" %) (\/g;g%y Chla).

k=0

>k02k(35),

Proof. Formula (19) follows from the functional relation

2 _
(32 cosh (62v/90% — 12) +/92% — L sinh (621/92> — 12) )b* (x 1&;12)
T
2 _ 2 _
:sinh<(18x 1>(m)2>¢’{($,z),

3x

writing in terms of power series, and collecting terms.
The proof of the other formulas is similar. We omit the corresponding
details. 0
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4. CHEBYSHEV POLYNOMIAL RELATIONS VIA BALANCING AND
LUCAS-BALANCING POLYNOMIALS
As usual, Chebyshev polynomials (Tn(m))n>0 of the first kind and the
Chebyshev polynomials (Un(x))n>0 of the second kind can be defined by
the recurrence [10] -

(20) Wp(x) = 2aW,_1(z) = Wh_a(z), n>2,
but with different initial terms Ty(z) = 1, T1(z) = z and Uy(x) = 1, Uy (x) =
2z.

Many properties of Chebyshev polynomials can be obtained immediately
from the following relations initially observed by the first author in [2].

Lemma 4.1. Forn > 1, the following relations hold:
T x
(21) Bo(3) = Una@), Cu(3) = Tula).
Applying (21) to Theorems 2.2 and 2.3 yields the following Chebyshev
polynomial relations.
Corollary 4.2. Forn > 1,
n—1
Ton—1(z) — 2(2:62 —z—1) Z U—1(2)Tap—ok—1(x)
k=1
= 2(Un-1(z) — Un—2(2)),
1
Ton—a(x) = 2(22° =2 — 1) Y Up—1(2)Ta(n—p—1)()
=1
- 1)Un—2(x)a
n—1
To(x) + Tno1(2) + 220 — 2 = 1) Y Usp(2) T -1 ()
k=1
= Uzn(z) — 2Us(—1 (2),

3
|

N

=Un-1(z) — (22

n—1
22T, 1 (x) +2(22° — 2 — 1)) Upg—1(2) Tnp—1(2)
k=1
= U2n71<fl7) — xUang(CE).
By virtue of (21), from Theorems 3.2 and 3.3 we have the following sum-
mation formulas involving Chebyshev polynomials and binomial coefficients.

Corollary 4.3. Let w(xz) = x + Va2 —1. Then for n > 1 the following

relations hold:

> (1) e ) = 2 () A - ),

k=1 k=0 z? — 1)

2 Z) (2%\/7(;2:(_% )1)’“ (ol + (1™ a)

7$n71712k+71(33)wx__n,kw,1$
=2 Z<k)(2xm)k(() (-1) ())7
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E1y (M) Y@ e
ﬁ;@(um)k(l“ )

B " /n T2k($) o nek

B =0 k]) (2.%\/1,27_1)16( ( 1) ),
" n 2x2 -1 k—1 . B
2 (o) (o) () + (-1 )

- (250;2 1>n1 ]:0 (Z>T2k+1(l’) <(2I2 - S\/m)k (1 - (~1)"*),
$ (0o () oy
- <21’;; 1 ”‘1§ <Z>Tzk(ac) ((M - Sm)k (1= (—1)™ ™),
e lki (5)eo) (G ﬁ) (14 (1
“(5) () (22\/i1>k () = (1) (@),

x2— - n L(I) _1\n—k
ﬁ;{)(k) (me)k(1+( ™)

3 (1) o) - 1t ),

=03 (1)t (i) 00

- <2x22$2 1)”;’; (Z)T’“(”") (Jj%)k (1= (=1)"*),

=2 —~ (7 L‘%) _(_1\nk
=2 Z<k) (295\/:U2—1)k(1 =1 )

Remark 4.4. There also exist relations between balancing (Lucas-balan-
cing) polynomials and Chebyshev polynomials of the third and fourth kinds,
Vi(z) and Wy (x), respectively [10]. These polynomials satisfy the recurrence
(20) with Vo(x) =1, Vi(z) =22 -1, and Wy(x) = 1, Wi(z) = 22+ 1. Well-
known relations

2 1+ 1+
Vn(-f) = m T2n+1( 9 > ) Wn(m) = U2n< 9 )

295
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give

1;an($) = Cont1 (\/ 11+m> , Wi(z) = Bans1 (”11—1) :

5. FIBONACCI-LUCAS IDENTITIES VIA BALANCING POLYNOMIAL
RELATIONS

The balancing and Lucas-balancing polynomials are closely related to the
Fibonacci and Lucas numbers. Using this connection, in this section we
obtain many Fibonacci-Lucas identities.

Let F,, denote the n-th Fibonacci number and L,, the n-th Lucas number,
both satisfying the recurrence u, = up—1 + unp—2, n > 2, but with the
respective initial terms Fy =0, F; =1 and Ly =2, L1 = 1.

Lemma 5.1. For n > 0, the following relations hold:

LA 1) _ Lo
o bl -m a(l)-

Proof. The first formula follows from (1) and the fact that sequence (an)">o
satisfies the recurrence u, = 3u,—1 — up—2, n > 2. The proof of the second
formula is omitted. g

Using (22), from Theorems 2.2 and 2.3 we immediately can obtain the
following summation Fibonacci-Lucas identities.

Corollary 5.2. Forn > 1, we have

n—1
8Fn1=Lin—2—4Y _ FoLin_se—2,
k=1
n—1
2Fpn 1 —5Fon 9= Lan-a—4 Y ForLan k1,
k=1
n—1
2Fynt2 — 3Fum—2 = Lon + Lon-2+4  FipioLon oo,
k=0
n—1
2Fuy — 3Fun—4=3Lon 2+2Y  FixLon ok .
k=1

Next, by (22), from Theorem 3.2 and 3.3 we obtain Fibonacci-Lucas iden-
tities involving binomial coefficients.

Corollary 5.3. Let a be the golden ratio, a = (14 +/5)/2 and = —1/a.
Forn > 1, we have

SEC)(E) SR 0o

k=0

x/SZ (&) (Qg)k (0 + (=1)"7*8") Furs

S0 ) e
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AE ) () 0+

B 0o
)G) o
() B0 e
A5 () 0o
() -
(&)k (L+ (=1)"™") Fugs
B EORS) e-cr
G0 (2 0 s
() ) o
AE ) e

e T

The next result relates balancing and Lucas-balancing polynomials to
Fibonacci and Lucas numbers [2].

Lemma 5.4. Forn >0 and s > 1, the following hold:

€ _, F. € nL
O e S C IR

1, ifn is even;
where €, = { )
i, otherwise.
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The following corollary is an immediate consequence of Theorems 2.2, 2.3
and (23).

Corollary 5.5. For n,m > 0, we have

2Fg = FsLyn—1) + LsFy(n—1),
Ls(Fynt1) — (=1)°Fyon-1)) = Fas(Ls@n+1) + (—=1)°Ly2n-1),
2Fysn — (LF — (=1)°2) Fag(n-1) = FsLsLag(n-1),
Ls(Fon — (—1)°esFy(m1)) = (—1)°e0" FyLy9,-1)

n—1
—(=1)°(e3L3,, — esLom — 2) Z el Fo Lyon—21-1);
k=1
2 — <L2m - ( 1)s2)Fs(n71)

n—1
= (71)852+1F5L2s(n71) + ( s + esLs + 2 ZE kL2s (n—k—1)»
=1

€% (265 Fs2n11) — LsFy(an-1))
n—1
= Fj (EsLsn + Ls(n—l)) - (Eng +esLs + 2) Z 8];F‘s(2k:+1)Ls(n—lf—l)7
k=0

2Fs(2n+1) - (Lz - (71)52)Fs(2n—1) = Fs(LQSn + (71)8L25(n—1))7
€5 (2Fhsn — (71)555L5F25(n71))

n—1
= EstLsLs(nfl) - (E%Lg + EsLs + 2) Z €§+1F25kLs(n7k71):
k=1
Fosn — (_]—)SFQS(nfl) = FSLS(Z’I’Lfl)’

Our last statement follows from Theorems 3.2, 3.3 and (23).

Corollary 5.6. Forn,s > 0, we have

AL () s,
S -,

k
(ZX@)”(&% (15 Pl
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(1+ (1)) P

<n> \[F2s n—k
k

n)(\[FQS)n ’ 1— (=1)"%) Lok,

5
BT

i) ) R
k

=1
<:)<“i%:f’s>”‘ (1 1) e

k=1
(1)) e

k=1
n - \/5-[/ sFs\n—k n—
=L ; Z)( 2L25 ) (1= (=1)"%) Lags,

nk

\/5(2[/ nzn: (Z)(\/»L% ) ) k)F(2k+1)S
k=0
n - n \/7 S n k n S
- (e =0 <k> 5223 ) a 67) L
ﬁn@ﬂ?Y%ﬂn>mM
k=0

i3 (D)) o,
k=1 s
~ 3 () o
k=0
VB Z)(\/EQFZS)” (o + (-1 487 s,
k=1
=3 ()5 0= e
k=0

where o = (14 +/5)/2 and B = (1 —/5)/2.
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