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ABSTRACT. Catalan numbers appear in many different contexts in combina-
torics and some practical problems. In this paper, we introduce g-analogues of
Catalan numbers arising from a fermionic p-adic g-integral on Z, and derive
explicit expressions and some identities for those numbers.
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1. INTRODUCTION

Catalan numbers C, appear in a variety of contexts in combinatorics and some
practical problems. Indeed, [20] presents 66 different interpretations of the Catalan
numbers, including the enumeration of certain types of lattice paths, permutations,
sequences and of binary trees and the counting of triangulations of convex poly-
gons. The Catalan numbers were named after the Belgian mathematician Eugene
Charles Catalan (1814-1894), even though they were first introduced by the Mon-
golian mathematician Ming Antu in around 1730.

The aim of this paper is to introduce the g-analogues of the Catalan numbers
Cy,4 with the help of a fermionic p-adic g-integral of Z, (see (7)) and derive ex-
plicit expressions and some identities for those numbers. In more detail, we deduce
explicit expressions of C, 4, as a rational function in g, in terms of g-Euler numbers
and Stirling numbers of the first kind, as a fermionic p-adic g-integral on Z,, and
involving (g, 4)-Changhee numbers. In additon, we consider a polynomial exten-
sion of the g-analogues of Catalan numbers, namely the g-analogues of Catalan
polynomials C, ,(x) (see (26)), and derive explicit expressions in terms of Cata-
lan numbers and Stirling numbers of the first kind and of ¢-Euler polynomials and
Stirling numbers of the first kind. For the rest of this section, we will recall some
necessary things that are needed in this paper.

Let p be a fixed odd prime number. Throughout this paper, Z,,Q, and C,, will
denote the ring of p-adic integers, the field of p-adic rational numbers and the
completion of the algebraic closure of Q,, respectively. The p-adic norm |- |, is
normalized as |p|, = %. The notations [x], and [x]_, respectively denote [x], = 11%2‘
and [x]_, = %_;)X’ (see [4,5,17]).

It is well known that the Euler numbers are defined by
2 = 1"

(1) pr :;)Eﬁ (see [1—18]).
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Let ¢ be an indeterminate in C,, with |1 —¢|, < 1. The g-analogues of Euler num-
bers are given by
Rly, v M

Ttod :,;)EWH’ (see [4,17]).

(@)

Note that lirr} E,g=E, (n>0).
q—
The g-analogues of Changhee numbers are given by

2], - "
=Y Ch,,—.
2], +1t ;, I

3

In addition, for A € C, with |A|, < 1, the (¢,A)-Changhee numbers are given by

2lq - "

— =l = Y Chy
g1+ +1 ;0 "R )

(see [14 —16]).
An explicit formula for the Catalan numbers is given by

1 <2nn> (n>2), (see[3,6,7]).

4 C=1, C=1, C,=
“4) o=1, C =1, o

The first few Catalan numbers are 1,1,2,5,14,42,132,429,1430,4862,16796, .. ..
It is easy to show that

o 1 =)
5 2k 1
5 V1—4r= 2 ) (—dt)f = — —ik
® L)L (0
From (5), we can derive the generating function of Catalan numbers as follows:
©) 2 =14
1+VT—4r 2

21<M+i n—l( )>
5 E i)
:i ( > - ch; (see [3,6,7)).

It is known that the fermionic p-adic g-integral on Z,, is defined by Kim as

N
ML) = [ W) = fim pgo v+ PVZ,)
pV—1
- Jim o T ) (seel4),

where f is any continuous function on Z,,.
From (7), we note that

® ql—4(f1) +1-4(f) = [2]4f(0),  (see [17]),
where f1(x) = f(x+1).
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For n > 0, the Stirling numbers of the first kind are defined by
1
©) x),,_kZE;S‘1 n,k)x*, k’(log(l—i—t Zsl n, k . (see [12]),

where (x)o=1, (X), =x(x—1)---(x—n+1),(n>1).
Further, for n > 0, the Stirling numbers of the second kind are given by

le—l ZSznk) oL (see [12]).

(10) "=} S(n )@,

k=0

2. q-ANALOGUES OF CATALAN NUMBERS

In this section we assume that ¢,7 € C), with |1 —¢], < 1 and |r[, < p /-t
Let us apply (8) with f(x) = (1 —4¢)2. Then we have

2 2
a0 [ et @) = P = e s (g T ).

Now, we consider the g-analogues of Catalan numbers which are given by

2l

12 —_—
(12) 1 —q>+4q%t

(1—gV1—41) =Y Coy".
n=0
From (6) and (12), we note that
1
: n__ _— _ _ — n
(13) ngoélg%cn,qt = 2t(l VIi—4r) =Y Cua".

Thus, by (13), we get
limC,g=C,, (n>0).

g—1

From (5), we derive the following equation.

(14)

a0 = (g (7))
e Ii(zf)(z—l)f’)

S () cre (g (1))
”q(ﬁ)i() () R () )
BSOS )

Therefore, by (12) and (14), we obtain the following theorem.
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Theorem 1. For n > 0, we have
L2\ (=) o4 4 \"
C, B = _
na 1—q(q120(1) -1 \i—¢) T\ 12

- q
n 21 _lnfl 42 n—l 42 n
i) () ()
—q4/\l/) 20-1 \1—¢q 1—gq

From Theorem 1, for instance we have

CO,q =1,
2¢ 44 24
l-q 1—-¢* 1+q

B () S () (25
4 —qi\1) 20-1 \1—¢? 1—¢?
2

q
2q 4q 4 \°
- - 1
l—q( 1—q2+)+<1—42

~6q" — 1047 +2¢4% +2¢

Ciqg =

(1-¢%)?
 (1—q)*(64*°+29)  64°+2q
B (1-¢2)?  (I+g?7

Note that

IimCy, =1, limC;,=1, imCy, =2, ...
q—1 4 ’ q—1 4 ’ q—1 4 ’ ’

. .1 0N (=) a2\ 482 \"

1 n =1 — —

him Cag qlg}l—q(q;(’)<l> 21 (1—q2 ity
m\ 1

:(n> =Ci (n20).

n)n+1

From (8), we note that

2] > t"

15 Xtd — :4[ 1= En -

(15) J, etne ) = o = Ly

Thus, by (15), we get

(16) / Xdp_y(x) = Eng, (n>0).
VA

JLyp

From (11) and (12), we obtain

an [ antay e = T (2 )aw o = 3 e

P n=0

Thus, by (17), we get

(18) /Z

P
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On the other hand, by using (16) we also have

(19)
g X 1 .
LG )anato=5 [ (3) dur= g stz [ dawyto
1 & Si(n,l)
:HI:O 2l Eg, (n=0).

Now, combining (18) and (19), we get the following corollary.

Corollary 2. Forn > 0, we have
z 2Crg 1G58 (n.0)
L (3)aneatr = oyt = 3 250,

Fort,A € C, with ||, < 1 and ||, < p~'/P~!, from (8) we have

20 ‘ 1 A [77 .
(20) /Zp( O Mdg0) = i = L Ch o
Thus, by (20), we get
2]

21 / 1+1)2d 7(1_2 Ch,, .
(2D Z,,( )2dp—g(x) = o/1+t+1 = ql/2 !
From (11), (12) and (21), we note that

- I A PR ~ B Gl D e
22 Cpgt" = 2°"Ch,, .
e L= U ar Zo e

Comparing the coefficients on both sides of (22), we have the next result.

Theorem 3. Forn >0, we have

Cg =

1)
%Zanhn,q.l/Z

Replacing by ;(1 —e*) in (12), we get
1
O e Zcz q( ))
P
= ZI!C/‘QZ_ZI(—I)IZSg(nJ)z"—
=0

i (Zl'c,q( 1)12=25,(n. 1)>

n=0 \[1=0

Now, from (23) and (15), we obtain the following theorem.

Theorem 4. For n > 0, we have

n

Eng=Y (=1)112"28,(n,1)C, .
=0

Now, we consider the g-analogues of Catalan polynomials which are given by

th _ 2], Cand
24) /Z,,(l“”) dpg) = g (1) chnq
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From (24), we note that

2l

@ i w

(1-41)7 =

|

D1 L0123
M=
— 113

3
Il
o

(;) (=122

m> (7 1 )11122n1C]17m7q> .

N
Il
(=}
3
pIx 2

=Y
I
o

By (24) and (25), we get

(26) Cg(x) = Z (=1)"22"Cy g (i) (n>0).

=0 k=l
o | k
=Yy (Zsl (k) SIS ') 22’<’x’>zk
k=0 \I=0 k!
Thus, by (24), we get
@7 i Cug(X)t" ST =(1- 4x)?
=" T gVl

= Zcmqtmz (251(/61 1) A1) 52kt 1) *
Z(ZZSlkl )22’< Cp_ix >

n=0 \k=0/=

Thus, by comparing the coefficients on both sides of (27), we obtain the following
theorem,

Theorem 5. Forn > 0, we have

From (8), we note that
(28)
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n o
where E,, ,(x Z ( )E,_’qx"’l = / (x+y)"du_4(y) are the g-Euler polynomi-
ZF

=0
als.
Py B
09 o1 —/Zp(l 4)'F dpy ()
iz m (log 1—4z m/ (x+y)"du_g(y)
m=0

1)n22n

i 27" E (%) Z Sy (n,m)
m=0

n=m

y Sy 22"*"1Em,q<x>sl<n7m>)tn.

n=0 m=0

Thus, by (27) and (29), we get the following theorem.

Theorem 6. For n > 0, we have

Chg(x) = % i 22nmg, (n,m)Ep 4(x).

m=0
3. CONCLUSION

Catalan numbers C, appear in many interesting counting problems in combina-
torics and some practical problems.

In this paper, the g-analogues of the Catalan numbers C, , were introduced with
the help of a fermionic p-adic g-integral of Z,. We derived explicit expressions
of C, 4, as a rational function in g, in terms of g-Euler numbers and Stirling num-
bers of the first kind, as a fermionic p-adic g-integral on Z,, and involving (g, )-
Changhee numbers. In additon, we considered a polynomial extension of the g-
analogues of Catalan numbers, namely the g-analogues of Catalan polynomials
Cp4(x), and deduced explicit expressions in terms of Catalan numbers and Stirling
numbers of the first kind and of g-Euler polynomials and Stirling numbers of the
first kind.

It is one of our future projects to continue to study g-analogues of some special
numbers and polynomials.
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