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ON SOME RECURSION RELATIONS FOR HORN’S HYPERGEOMETRIC
FUNCTIONS OF THREE VARIABLES

P. AGARWALA:-5.C.D A, SHEHATAE:-F* 'S, I. MOUSTAFAF¢ AND K. CHAKRABORTY#

ABSTRACT. The principal aim of this paper to study the recursion formulas for the Horns
hypergeometric functions of three variables. Earlier in [Shehata, A.; and Moustafa, S.I. Some
new results for Horn’s hypergeometric functions I'y and I's. Journal of Mathematics and
Computer Science, (2021), 23 (1), 26-35.], and Pathan et al. [Pathan, M.A.; Shehata, A.;
and Moustafa, S.I. Certain new formulas for the Horns hypergeometric functions. Acta Uni-
versitatis Apulensis, (2020)] have studied the new results for Horns hypergeometric functions.
Motivated by the above works here we will derive some contiguous relation for the families of
Horn hypergeometric functions G4, Gg, G¢, Gp and G, of three variables. After that we
will establish the differential reclusion relations and differential operators for G4, G, G¢,
Gp and G, of three variables, respectively.

1. INTRODUCTION AND NOTATIONS

The Horn’s functions of three variables are defined by (see, e.g.,[34, 35, 36])

— (@nip-m D) mip(©On 1y
Guala,b,c;dsw,y,2) = E ( )m'+fr]:' ,(é)) +2(¢) ™y 2P, (1.1)
m,n,p=0 PG ntp—m

(d#0,-1,-2,....)

S (@)ntp=m(D)m(c)n(d)p
Gpg(a,b,c,d;e;x,y,2) = ™"y 2P, 1.2
( D D T 1.2)
(e#£0,-1,-2,....)
— (@)p—m (0)n(¢)m+p(d)n
Gela,b, e, d;e;x,y,2) = My P, 1.3
o we)= 3 e Sy (1.3)
(e#£0,-1,-2,....)

GD((I, b7 ¢, d7 € f7 z, Y, Z) = i (a)p;LTrff)p)'TE;c))t(Ci)n(E)p J:mynzp, (14)

m,n,p=0
(f7£0771772a)
and
G*C(a, b, e d; z,y, Z) _ Z (a‘)'ﬂth(b)wvl»n(C)n*pxmynzp7 (15)

m,n,p=0 m!n!p!(d)nﬁﬂnfp

(d#0,-1,-2,....)
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where |z| < 1, Jy| < 1 and |z| < 1, for more convergence conditions of above functions we
recommend to see [10]. Here («), denotes the Pochhammer symbol defined (for a,n € C), in
terms of the Gamma function I, by (see [20])

_Tla+n) [ 1 (n=0;a€C\{0})
(@) = I'() _{a(a—}—l)...(a—i—n—l) (neN;aeC).
(="

(Oé),n = mv

(#£0,+£1,+2,43,...,n € N)

and

(=D"()m

(a)mfn: (limia)nﬂﬁnﬁm,m,nel\].

For our purpose, we recall some functions and notations as follows (see, e.g., [20])

(@41 = ala+1)n = (a+ 1)(@)n,

(@, = (14 ) @uita 20, (16)

1 n 1
m: (1+ﬁ)m,(57&1,0,*1,*2,)

Throughout the study, to simplify the notations, we write G 4 for the function G 4(a, b, ¢; d; z, y, 2),
Ga(a £ n) for the function Ga(a £ n,b,¢c;d;x,y,2), Ga(b £ n) for the function Ga(a,b £
n,cd;x,y, 2), ..., and G§(d £ n) stands for the function G (a,b, ¢;d £ n;z,y, z) ete.

Sahin [21, 22] has studied recursion formulas of Srivastava hypergeometric functions with re-
spect to its numerator and denominator parameters, followed by the work of Sahai and Verma
[23, 24, 25, 26] on derivatives of Srivastava-Daoust hypergeometric function with respect to its
parameters. These works were extended to recursion formulas of Appell and Horn hypergeo-
metric functions with respect to parameters in Ancarani et al. [1], Bezrodnykh [2], Brychkov
[3], Brychkov and Saad [4, 5, 6, 7], Buschman [8, 9], Opps et al. [16, 17], Sharma [29], Wang
[37]. Many researchers (for example, Dhawan [10], Exton [11], Karlsson [12], Khan and Pathan
[13, 14], Mullen [15], Padmanabham [18], Saran [27, 28], Srivastava [31, 32, 33], etc.) have studied
a number of recursion formulas involving a variety of special functions of mathematical physics.
Shehata and Moustafa [30], and Pathan et al. [19] have earlier studied the new results for Horn’s
hypergeometric functions I'y, I's, Hy, Hs, Hs, Hy, Hs, Hg, Hy, Hs, Hg, Hig and Hy; of two
variables. The reason of interest for this family of Horn’s hypergeometric functions is due to
their intrinsic mathematical importance.

It is noted that Horn’s functions are a very deep mathematical object that attracts the at-
tention of many researchers. In this paper, we aim to study of reclusion relations, differential
reclusion relations, new differential operators of the Horn hypergeometric functions with respect
to its parameters. This paper is constructed as follows. In Section 2, we will derive some con-
tiguous relation for the families of Horn hypergeometric functions G4, Gp, G¢, Gp and G§
of three variables. In Section 3, will establish the differential reclusion relations and differential
operators for G4, G, G¢, Gp and G¢, of three variables, respectively.

2. RECURSION FORMULAS OF FUNCTIONS G4, Gg, G¢, Gp AND G{

Here we present some recursion formulas for the functions G4, Gg, G¢, Gp and G, with
respect to parameters. We start with the following Theorem.
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Theorem 2.1. Ifn € N andd # 1,0,—1,—2,.... Then the following recursion formulas for the
function G 4 holds

Ga(a+n) :GA+%ZGA(a+k,b,c+l;d+1;1:,y,z)
k=1

bz —
+E%G;;(a—i—k,b—kl,c;d—i—l;x,y,z) (2.1)

Gala+k—2b+1,¢;d—152,y,2)
—b(d—1 1-k2—kkeN

n

k=1
and
Ga(a—n) :GA—%ZGA(a—k—Q-Lb,c—Q-l;d—i-1;z7y7z)
k=1
bz n
_EZGA(a—k+17b+1,c;d+1;x,y7z) (2.2)
k=1

n

Gala—k—-1b+1,¢;d—1;2,y,2)
+b(d71)z; @R %1 J(a#kk+1,keN)

Proof. Using the following transformation in the Definition of the function G4 (1.1)
n+p—m
a

)

(@+ Dntp-m = (@)ntp-m (1 +
we obtain
b
Gala+1) :GA+%GA(CL—O—1,b,c+1;d+1;x,y,z)+EZGA(a—O—l,b—I—l,c;d—i-l;x,y,z)

b(d—1
*%Gmf1,b+1,c;d71;x,y,z),(a¢o,1,d¢1,0771772~~)-
ala —

(2.3)

By applying this contiguous relation to the function G4 (1.1) with the parameter a = a +n
which, in view of the relation (2.3) for n times, leads us easily to the (2.1).
Replacing a by a — 1, from the contiguous relation (2.3), we get

Gala—1)=Ga - %GA(a,b7C+1;d+1;x7y7z)—%GA(a,bJrLC;del;%yﬂ)

2.4)
b(d — 1) (
—————Ga(a—2,b+1,¢;d - 1; 1,2,d#1,0,—1,-2,...).
+(a71)(a72) A(a b + 7C7 7x7y7z)7(a‘# ) ) # ) ) ) ) )
Apply this relation to the function G 4 with the parameter a — n for n times, we easily obtain
the recursion formula (2.2). O

Theorem 2.2. The recurrence relation hold true for the function G4, if n € N, a # 1 and
d#1,0,—-1,-2,....

n

ZGA(CL— 1L,b+k,c;d—1;2,y,2)
k=1

(d-1)z

Ga(b+n)=Ga+-——

. (2.5)
+%kZ:lGA(a+17b+k7c7d+17$7y7z)
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and

d—1)z <
QZGA(af1,bfk+1,c;d71;x,y,z)

k=1

a—1
(2.6)

az "
_FZGA((H1,b—k+1,c;d+1;w,y,z)~
k=1

Proof. Using the definition of the function G4 (1.1) and the relation
m—+p
(04 Dmap = (0O)m+p (1 + T)
we obtain the contiguous function
d—1):
QGA(G, —1,b+1,¢,d—1;2,y,2)

o a—1 (2.7)
+FGA(a—i-1,b+1,c;d+1;a:,y,z),(a7é1,d7é1707—1,—2,...).

Ga(b+1) =G4+

By iterating this method on G4 with the parameter b + n for n times, leads us to the (2.5).
Replacing b by b — 1 in contiguous relation (2.7), we get

-1
_UGA(G_17b7C;d_1;$7y7Z)
W Ot (2.8)
—FGA(a—i-1,b,c;d+1;x,y,z),a7él,d#l,O,—l,—Q,....

GA(b— 1) =G4

If we compute the function G 4 with the parameter b — n by the contiguous relation (2.8) for n

times, we obtain the recursion formula (2.6). O
Theorem 2.3. Let d #0,—1,—2,.... Then the function G s satisfies the following identity
GA(c+n):GA+%inA(a-i-1,b,c+k;d+l;x,y,z) (2.9)
k=1
and
Galc—n)=G4 — % i:GA(a—i— 1,byc—k+1;d+ 1;z,y, 2). (2.10)
k=1

Proof. By using the definition of the function G4 (1.1) and transformation

n
(c+1)n = (c)n (1 + E)’
we obtain the contiguous function
Galc+1) =G4+ %GA(a+ Lbe+lid+ Lo,y 2),(d#£0,-1,-2,....) (2.11)

If we compute the function G 4 with the parameter ¢ + n. Then by relation (2.11) for n times,
we find the formula given in (2.9).
Replacing ¢ by ¢ — 1 in the contiguous relation (2.11), we get

Gulc—1)=G, — %GA(aJr1,b,c;d+l;x,y,z),d;«éO,fl,fZ.... (2.12)

If we apply this relation to the function G4 with the parameter ¢ — n for n times, we easily
obtain the recursion formula (2.10). a
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Theorem 2.4. The function G 4 satisfies the following identities

Gala+1,b,c+1;d—k+2;x,y,2)
d—k+1(d—Fk)

Ga(d—n) = GA+acyZ
k=1

Gala+1,b+1,¢;d —k+2;2,y,2)
bz
ta E: d—k+1)(d—k)
bz n
02 Gala—1Lb+1,6d—kix,y,2),
P
k=1

(a#l,d#kk—1k—2,. .. keN)

and

G 1,b, Lid+k+1;
A—acyz ala+1Lbe+Lid+k+ L,y z)

Ga(d+n) = d1h)drk—1)

Gala+1,b+1,¢d+k+ 1;2,y,2)
“b§: d+k)d+k—1)

n
afIZGA 1,b+1,c,d+k—l,x,y,z),

(a#1,d#1—k —k —k—1,—k—2,....keN)
Proof. Start from the definition of the function G4 (1.1) and transformation

1 1 n+p-—m

@ Dutrm Doty = DD

we get
acy
d(d—-1)
abz
+du—n
bz

Ga(d—1)=G4+ Gala+1,b,c+1;d+ 12,9, 2)

Gala+1,b+1,¢;d+ 12,9, 2)

GA( 1,b+17c;d—1;:137y72)7
(@#1,d#1,0,-1,-2,...).

By iterating this method on G4 with d — n for n times, we obtain (2.13).
Replacing d by d + 1 in contiguous relation (2.15), we get

acy

Ga(d+1) =G4 — ——G 1,0 1;d+2;

A( + ) A (d+1)d A(a+ ) ,C+ ; + ,x,y,z)
abz

7mGA(a+17b+1,C,d+27$,y,Z)

(a—l,b+1,c;d;z,y,z),
(@#1,d#0,—-1,-2,....)

If we apply this relation (2.16) to the function G4 with the parameter d + n for n times, we
O

obtain the recursion formulas (2.14).

(2.13)

(2.14)

(2.15)

(2.16)
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By the similar method in the Theorems 2.1-2.4, we establish some recursion formulas for
functions Gpg, G¢, Gp and G.

Theorem 2.5. Recursion formulas for the function Gg holds true forn € N ande # 1,0,—1,—-2,....

Ggp(a+mn) :GB—G—%ZGB((I-Fk:,b,c-i—Ld;e—i-1;x,1,z)
k=1

dz &
D G k7b7 7d 1) 17 v Y
+ - ]; sla+ c,d+ e+ 1z, y, 2)

(2.17)
. GB(a‘f‘k—Q»b""l’Qd%@—1?%?!72)
—ble—1
b(e )x; @tk —1)latk—2) :
(a#1—k,2—k,keN)
and
Ggp(a—n) *GB—%ZGB(a—k-I—1,b,c+1,d;e+1;x,y,z)
k=1
—%zn:(} (a—k+1,b,c,d+1e+ 12,9, 2)
e P B s Uy Gy ) 3Ty Y, (218)
" Gpla—k—1,b+1,¢c,d;e—1;z,9,2)
—1
Fhle—Dz) a—Fla—k—1 ’
k=1
(a £ k,k+1,keN).
Theorem 2.6. If, a # 1, e # 1,0,—1,—-2,.... Then the recurrence relations hold true for the
function Gp
(e—1)z —
Gp(b+n)=Gp+ ] ZGB(a— 1,b+k,c,d;e — 1;2,y, 2) (2.19)
k=1
and
Gp(b—n)=G +(eil)xiG (a—1,b—k+1,¢c,dje—1;2,y,2) (2.20)
B - B a—1 £ B 5 s & Wy YL, Y, %) .
Theorem 2.7. Let e # 0,—1,—2,.... Then the following recursion formulas hold true for the
function G
Gg(c+n)=Gp + e ZGB(a-I— 1,bc+k,die+1;2,y,2) (2.21)
e
k=1
and
Ggplc—n) :GB—%ZGB(a—i—1,b,c—k+1,d;e+1;x,y,z). (2.22)
k=1
Theorem 2.8. The Horn function Gp satisfy the identity, if e #0,—1,—2,....
Ggp(d+n)=Gp+ Rt ZGB(a+ 1L,be,d+k;e+ 1;2,y, 2) (2.23)
e

k=1
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and
Gp(d—n)=Gp — “—; Y Gola+1bed—k+LietLz,y,z). (2.24)
k=1
Theorem 2.9. The function Gp satisfy the following relations

Gpla+1,b+1,¢c,dje—k+2;z,y, 2)
(e—k+1)(e—k)

Ggp(e—n)=Gp +acy2
k=1

Ggpla+1,b,e,d+1;e —k+2;2,y, 2)
dz
ta Z e—k+1)e—Fk) (2.25)

ZGBaflerlcde k;x,y, z),
k=1
(a£1l,e£kk—1,k—2,...,keN)

a—1

and

G 1,b+1,¢,d; k+1;
B_acyz pla+lb+1lcde+k+1z,y,2)

Galetn) = cth(etk-1)

GBa+1bcd+1e+k+1xy,)
+adz
@ Z (e+k)(e+k—1) (2.26)

—a;l;GB(G_1,b+1707d§€+k_1;1’,y,z),

(a#1,e#1—k —k—1—k-2—k,.. . keN).

Theorem 2.10. Ifn € N and e # 1,0,—1,—-2,.... Then the recursion formulas for the function
G¢ holds true

NE

Gc(a+n)=GC+% Ge(a+k,bye+1,d;e+ 1;2,y, 2)
e

=~
I

1
Ge(la+k—1,0+1,¢,d;e — 12,9, 2) (2.27)
(a+k—-2)(a+k—-1) ’

(a#1—k,2—k,keN)

NE

—cle—1)zx

=
Il
A

and
Ge(a—n) = Gc——ZGC (a—k+1,b,c+1,d;e+1;z,y,2)
" Gela—k—1,bc+1,d;e—1;2,y,2) (2.28)
+cle—1)z - )
; (a—k)(a—k-1)
(a #k,k+1,keN)
Theorem 2.11. Let e #0,—1,—2,.... Then the recurrence relations hold true for the function
Gc
d n
Ge(b+n)=Go+ LS Golab+ked+ et Liz,y,2), (2.29)
e

k=1
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and
d n
Ge(b—n)=Ge — 2> Gelab—k+1e,d+ Let Ly, 2). (2.30)
e
k=1
Theorem 2.12. Ifa # 1 and e #1,0,—1,—2,.... Then the recursion formulas for the function
G¢ holds
e— 1)z —
Ge(c+n)=Geo + (afl) ;Gc(a—l,b,c+k,d;e—1;m,y,z)
. = (2.31)
az
+?ZGc(a-i-1,b,c+k,d,e+1,x,y,z)
k=1
and
Ge(c—n)=Geo — (671)35%(} (a—1,b,c—k+1,d;e— 12,9y, 2)
C = LbC a—1 £ C s Uy s &y s T, Y,
= (2.32)

n
fEZGC(aJrl,b,ckar1,d;e+1;x,y,z).
e
k=1

Theorem 2.13. The function G¢ satisfies the following recursion formulas fore # 0,—1,—-2,....

b n
Gc(d+n):Gc+?yZGC(a,b—I—1,c,d+k;e+l;x,y,z) (2.33)
k=1
and
Ge(d—n) = Gcfb—yZGcab+lcd k+1le+ 12,9 2). (2.34)
k=1

Theorem 2.14. The function G¢ satisfies the identity

Gela,b+1,c,d+ e —k+2;
Gcﬂ)dz cla,b+1,¢c,d+ e —k+2;z,y,%2)

Gele—n) (e—k+1)(e—k)

Geola+1,b,c+1,d;e — k+2;2,y,2)
+
“CZZ (e—k+1)(e—k) (2.35)

ZGca—lbc—i—ld(—kTJ, z),

a—1
(a#1le#kk—1,k—2,...,keN),
and

" Gela+1,b+1,c,d+1le+k+1;2,y, 2
Gele+n) =Ge —bdy o v %)
k=1

(e+k)e+k—1)

faczzGC (a+1,b,c+1,dje+k+1;2,y,2)
(e+k)e+k—-1) (2.36)

1ZGC 1,b7C+1,d;€+k71;l',y,Z)7
(l—

(a#let1—k—k—k—1,-k-2.. . keN).
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Theorem 2.15. Recursion formulas for the function Gp hold true forn € N and f #1,0,—-1,-2,....

Gp(a+n) :GD+?ZGD(a+k,b7c,d,e+1;f+l;x,y,z)

B B " Gpla+k—2bc+1,def—1zy,2) (2.37)
olf =1z @t k-2(atk-1) ’

(a#1—k2—kkeN)

k=1

and
Gpla—n) :GD—TZGD (a—k+1,bc;de+1;f+1;2,9,2)
GD(a—k—17b»C+1:d7€§f—1§1’7y72) (238)
+e(f—1)x ,
( ) kzzl (a—k)a—k-1)
(a#k,k+1,keN).
Theorem 2.16. If f # 0,—1,—-2,.... Then the recurrence relation hold true for the function
GD.'
bd y
Gp(b+n) = GD+TZGDab+kcd+lef+lxy, z) (2.39)
k=1
and
bd y
GD(b—n):GD—TZGDab k+1,c,d+1,ef+ 12,9, 2). (2.40)
k=1

Theorem 2.17. For a # 1 and f # 1,0,—1,-2,..., the recursion formula holds true for the
parameter ¢ of Gp

Gp(c+n)=Gp+ @ZGD(af L,b,c+k,de; f—1;z,y,2) (2.41)
a—
k=1
and
GD(c—n):GD—MiGD(a—I be—k+1,de f—1zuy,z). (2.42)
a—l — b b b b k) bl b b
Theorem 2.18. If f #0,—1,—2,.... Then the recursion formulas hold true for the parameters
d of Gp
Gp(d+n)=Gp+ bTyZ plab+1e,d+k e f+1ia,y,2) (2.43)
k=1
and
bdy n
GD(d_n):GD_T GD(a7b7C7d—]f+17€7f+17337y72) (244)
k=1

Theorem 2.19. Let f #0,—1,—2,.... Then the recursion formulas hold true for the parameter
e of Gp

Gple+ )GD—Q—TZGDLL—Q—lb,(,d(,—l—kf—Q—lzy,) (2.45)
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and

Gple—n)=G ZGD (a+1,b,c;de —k+1; f + 12,9, 2). (2.46)

b7 S

Theorem 2.20. For a # 1, the function Gp satisfies the following formulas

Gp(a,b+1,c,d+1,e; f —k+2;2,y,2)
=G bd
P Z (F—F+ D k)

Gp(a+1,b,c,d,e+1; f —k+2;2,9,2)
“"ZZ (F—k+D(f—k) (247)

Gp(f -

ZGD 1,b,c+1,d,e;f—k’;x,y,z),

Ta—1
(f#£kk—1k—2,....,keN)

and

Gp(a, b+ 1,c,d+1,e; f+k+ 12,9, 2)
=G bdyz (F+hR)(f+k—1)

—aezZGD (a+1,b,c,dye+1;f+k+1;2,y,2)
(f+R)(f+E-1) (2.48)

GD(f+TL

Ccx
+a_lZGD(ai17bvc+17d7e;f+k71;Iay72)a

(f?él_k7_k,_k_l7_k_277keN)

Theorem 2.21. Recursion formulas for the function G¢, holds true for n € N, ¢ # 1 and

d#1,0,-1,
* * z . *
Gé(a+n) :GC+m;Gc(aij,b,cfl;dJr1;x,y,z)
" (2.49)
+bd-1Dz Y G&la+kb+1,cd—1;2,y,2)
k=1
and
P n
cla—n)=Gf — — ola— 1 -1 1;
G&(a—n) =G§ d(cfl);GC(a k+1,b,c—1;d+1;2,y,2)
" (2.50)
- 1)mZG*C(a—k+1,b+1,c;d— 12,9, 2).
k=1
Theorem 2.22. The recurrence relations hold true for the function G§, if d # 1,0, -1,
GL(b+n) =G§ +a(d — 1)IZG*C(a+1,b+k,c;d— 12,9, 2)
=t (2.51)

CY R o N
+F§Gc(a,b+k,c+1,d+1,x,y,z)
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and
Go(b—n) =G5 —a(d—1)z Y Gyla+1L,b—k+1,¢d-1;2,y,2)
., =t (2.52)
cy *
AJEZ;GCmek+Lc+hd+hzyJ)
Theorem 2.23. Letd # 0,—1,—2,.... Then the recursion formulas hold true for the numerator
parameter ¢ of G¢
Go(c+n) GC"’gyZ cla,b+1,c+kd+12,y,2)
=1
7% tla+1,b,c+k—2;d+ 12,9, 2) (2.53)
d = (c+k—1)(c+k—2) ’
(c#£1—k,2—k,k eN)
and
. . by
G&(c—n) =G§ — ZGCab—i-lc—k-i-l d+1;2,y,2)
az Gc(a+1,b,c—k—1;d+1;m,y,z) (2.54)
d & (c—k)(c—k—-1) ’
(c#k,k+1,keN).
Theorem 2.24. The function G, satisfies the following formulas
Gi(a,b+1,c+1Ld—k+2;2,y,2)
GL(d—n)=G§ + be
cld—n)=Gc y;; (d—k+1)(d—k)
az i: Gi(la+1,b,c—1L;d—k+2;2,y,2)
c—1&~ (d=k+1)(d—k) (2.55)
—abeG*C(a—l—17b+17c;d—k;x7y7z),
k=1
(c£1,d#kk—1,k—2,...,ke€N)
and
. . ~Gola+1,b+1Ld+k+Lz,y,2)
GCW*”%i%'bWZ; A1 Rdtk—1)
_az i tla+1,0+1Ld+k+12,y,2)

+abeG*C(a—1,b+1,c;d+k—1;x,y,z),
k=1
(c#£1,d#1—k,—k,~k—1,—k—2,.... keN).
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3. DIFFERENTIAL RECURSION FORMULAS OF HORN’S FUNCTIONS G4, Gg, G¢, Gp AND G,

Here we obtain differential recursion formulas satisfied by the Horn S functlons G, Gpg, Gg,
Gp and G¢ most simply by using the differential operators 0, = z5- M, 0y = ys5- 6 and 0, = z adzv

whose effect on the series is to multiply the mn!” term by m, n or p, respectively.

Theorem 3.1. Differential recursion formulas for the function G 4 are as follows

0,+6,—0,
GA(a+1):(1+%>GA,a¢o. (3.1)
Proof. Defining the differential operators
0
a‘rxln — x%x,n — ,rrlx,/ln7

0
byy" = yafyy” =ny",

0
0,2" = za—z" =nz".
z

By using the above differential operators, we obtain the differential recursion formula for G 4

- (1 + M) (@ntp (Bt ()n
Gala+1)= )

" m!n!p!(d)n+p—m

0 0, 0.
ZGA+;UGA+*GA — —Gy.
a a a

"L 7L

y =

O

Theorem 3.2. The differential recursion formulas hold true for the parameters of the Horn
function G 4:

Galb+1) = (1+ 9"2‘*)@,@0, (3.2)
0,
GA(C—l-l): <1+ )GA,C#O (3.3)
and
Gud—1)= (1+%)Gmd¢ 1,0,—1,-2,.... (3.4)

Theorem 3.3. Differential recursion formulas for the functions Gg, Gc, Gp and G§ are holds
true as follows

Gpla+1)= (1+M)GB,(G7&O)7

)Gc, (a£0),

+®

cla+1) (
pla+1) (1+ I)Gc,(a;«éo)
G&(a+1) (1+

" et a0,
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GB(bH):(H%)GB,(b#o),
Gc(b-i—l):(l—&-%y)(}c,(b#O),
) (3.6)
GD(b+1):(1+f Gp,(b#0),
Gg(b+1):(1+9129y) 5 (b£0),
GB(C-Q-l):(l-i—% Gp,(c#0),
Gc(c+1)=(1+0$Jcr92>Gc,(c750)7
(3.7)
GD(C—O-I):(l—i-%)GD,(C#O),
Gg(c+1)=(1+9y_92 G5, (c#0),
GB(d+1)—(1+% G, (d£0),
Ge(d+1) = (1+%>Gc,(d7€0), (3.8)
GD(d—O—l):(l—O—%)GD,(d#O),
GD(€+ 1) = (1 + 9?)(}[),(67é 0) (39)
and
Gpe—1)= (1+ ‘9$>GB, (e#1,0,—1,-2,...),
Gc(ef1)=<1+9”+f_10’)e (e#£1,0,-1,-2,...),
0, +0.—6 (3.10)
GD(f—l):(1+ z)Gc, f#lo ),

Gh(d—1) :<1+ W)Gg,(d;ﬁ 1,0,-1,-2,...).

Theorem 3.4. The derivative formulas hold true for the Horn hypergeometric function G 4
or ®)-(1—d),
= I Gala— bt e d =iy, 2),
5 G4 1—a). ala—rb+r.cd—riz,y,z) (3.11)
(a#1,2,3,...,d#0,-1,-2,...),

or o (a)r(c)r . .
oy G4 = (), Galatrbetridiriyz), (3.12)

(d#—r,—r—1,—r—2,...,7 € Np)
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and
0" (a)r(b)r
Gp=—"+—Gpla+r,b+rcd+rzy, z),
927 G4 = (), Gal y:2) (3.13)
(d#—-r,—r—1,—r—2,...,1 € Ny).
Proof. Differentiating (1.1) with respect to = yields
8%GA = b(g(‘i:ll) GA(CL - 1>b+ 1,C;d - 1%%:973)7
(@#1,d#0,-1,-2,...).
Repeating the above process, we eventually arrive at
" bb+1)...(b+r—-1)(d—-1)(d—-2)...(d—7)
= Gala—r,b sd—r;
9ar A (@—D@—2)...(a—n ala—rnbtrad=riey2)
bb+1)...(b+r—-1)1—-d)(2—-4d)...(r—d)
= Gala—r,b sd—r;
(1-@)(2—(1)(7"—&) A(a‘ T, +7",C, 7171"7.1/72)
b)-(1—d),
= ®)-(1 = d)r 21(_ a)r) Gala—rb+rcd—r;z,y,2),
(@#1,2,3,...,d#0,—1,-2,...).
The derivative (1.1) with respect to y, we proceed
0 ac
a—GA = EGA(a—i-Lb,c—i-1;d+l;x7y7z),(d;£0,—17—2,...).
Y
Tterating for 0 < r < n, we get (3.12). The derivative (1.1) with respect to z, we get
0 ab
&GA = EGA(OL—I—1,b+1,c;d+1;x,y,z),(d7éO,—l,—2,...).
Iterating for 0 < r < n, we obtain the relation (3.13). O
Theorem 3.5. The derivative formulas hold true for Horn function Gg
or ®)-(1—e),
Gg=-—"——"—""Ggla—r,b+r,c,dje—r;x,y,2),
08 = (1 —a, o8l ¥:2) (3.14)
(a#1,2,3,...;e#r,r—1r—2,...,7 € Np),
0" (a)r(c)r
Gp=-—"—~—Ggla+nrbc+rde+r;xvy,z),
ayr (e)r 5( b:2) (3.15)
(e#—r,—r—1,—r—2,...,7 € Np)
and
o (a)r(d)r
Gp=-—7"—Gg(a+rbec,d+rie+r;x,y,z2),
5% = (o), @l b:2) (3.16)
(e#—-r,—r—1,—r—2,...,7€ Np).
Theorem 3.6. The derivative formulas hold true for the Horn function G¢
ar (¢)r(1—e),
Go=-——"——""—"Ggla—r,bc+r,die—1r;x,9,2),
97 G0 = T1=g), ol v:2) (3.17)

(a#1,2,3,...,e#rr—1r—2,...,7r€Np),
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o (b)),
3 ¢ = o),

Ge(a,b+rc,d+re+r;x,y,2),

(e7é—7“,—7’—1,—7’—2,-~-7T€N0)>
and

o _ (a)r(e)r
9% = (0, ©

A(CL+7‘7b,(}+7'7d;6+7";1',y,2)7
(e#—-r,—r—1,—r—2,...,7€Np).

Theorem 3.7. The derivative formulas hold true for the Horn function Gp

Gaxr D=%GD(G*T,b,C"“T,d,G;f*T;.’E,y,z),

(a#1,2,3,...,f#rr—1r—2,...,1 € Np),

o _ ),

= Gpla,b+r,c,d+re; f+r;z,y,z2),
oy 4P = (p), 9! )
(f#-r,—r—1,—r—2,...,7 € Ny)
and
" (a)r(e)r
Gp=—"—r"-G b,c,d ; ;
82”" D (f)r D(CL+7", , Cy ,e+r,f+r,x,y,z),

(f#£-r,—r—1,—r—2,...,7r € Np).
Theorem 3.8. The derivative formulas hold true for the Horn function Gp

. _ (a)r(b)r
ox" Ge = (d)r

G&la+rb+red+ra,y, 2),

(d#—-r,—r—1,—r—2,...,7r € Ny),

" v _ (0)r(0)r
ay" ¢ (d),

Gola,b+retrd+riz,y,2),
(d# —r,—r—1,—r—2,...,7 € Np)

and

a" * (a)T‘(l _d)T * . .
8ZTGC_WGC(a+T7b7C rid—71i2,Y,2),

(c#1,2,3,...,d#r,r—1,r—2,...,7r € Ny).

CONCLUSION

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Here, it is important to mention that Horn’s hypergeometric functions and its various general-
izations, in particular such involving multiple series, appear in various branches of mathematics
and its applications. This paper is focused on to established the recursion relations and differ-
ential recursion relations for the Horn’s hypergeometric functions G4, Gg, G¢, Gp and G
of three variables by specializing the parameters, respectively. These types of series appear very
naturally in quantum field theory, in particular in the computation of analytic expressions for
Feynman integrals. That’why, we conclude our investigation by remarking that the results pre-
sented here are general enough to yield and able to solve a number of known or new mathematical

and its applications problems.
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