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NEW SEQUENCE SPACES VIA ORLICZ FUNCTIONS

RABIA SAVAS

ABSTRACT. In this article we define new sequence spaces and introduce
the notion of M\-almost statistical convergence of weight ¢ : [0,00) —
[0, 00) where §(yr) — oo for any sequence (y,) in [0, c0) with y,. — oco.
Additionally, we primarily investigate relationship between the spaces
Sg and [VE,X,A].
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1. INTRODUCTION

Fast [8] generated new insight of the idea of convergence by introducing
the concept of statistical convergence, and also this concept had been inde-
pendently expended by Buck [4] and Schoenberg [22] for real and complex
sequences. Later this notion was considered by Salat [20], Fridy [9], Con-
nor [7] and some others. Afterward, the more general idea of A-statistical
convergence was introduced by Mursaleen in [15]. Subsequently a lot of in-
teresting studies have been done by many authors on several related notions
of this convergence (see for example [5, 6, 14, 16, 21]).

On the other hand, in [3] and then in [5] a different direction was given to
the study of these important summability methods where the notions of sta-
tistical convergence of order o and A-statistical convergence of order awere
introduced and studied. Very recently the notion of A-almost statistical
convergence of order awas studied in [6].

We first recall basic definitions and notations which will form the basis of
our main results.

Throughout this paper, in line of [6], w will stand for the class of all
sequences of real numbers and fo, ¢, ¢y will denote the Banach spaces
of bounded, convergent and null sequences y = (y,) with the usual norm

[lyl| = sup [yr|.
!

theorem 1.1. [2] A linear functional L on ¢ is said to be a Banach Limit
if it satisfies the characteristics:

i): L(y) >0 ify >0 (i.eyr >0 for all 1),
ii): L(f) =1, where f = (1,1,1,...),
iii): L(Dy) = L(y), where D is the shift operator defined by (Dy,) =

(yr+1)'
Let B be the class of all Banach limits on £.
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theorem 1.2. ([2], see also [11]) A bounded sequence y is said to be almost
convergent to be a number w if L(y) = w for all L € B. Equivalently y is
almost convergent to be w if

t—oot

t
1
lim nyH_z =w
r=1

uniformly in z. We will denote the set of all almost convergent sequences by

C.

theorem 1.3. [13] A sequence y = (y,) € £*° is said to be strongly almost
convergent to be a number w if

t
1
i 15 g2 — ] =0
r=1

t—oot

uniformly in z. We denote the space of all strongly almost convergent se-
quences by [¢].

Also, it has been observed that ¢ C [¢] C é C ¢ and the inclusions are
strict (see [6]).

theorem 1.4. [15] Let A = (X;) be a non-decreasing sequence of positive

numbers such that i+1 < M+ 1, M1 =1, \y > 00 ast — oo. Let J; =
[t -\t + 1,4 . The generalized de La Vallée-Poussin mean is defined by

1
pe(y) = szr

Lred,

A sequence y = (y,) is said to be (V, X) — summable to a number w provided

that p:(y) — @ ast — oo.

Recently, the notion of \—statistical convergent was introduced by Mur-
saleen [15] looks like this; a sequence y = (y,) is said to be A— statistical
convergent if there is a complex number w in a manner that for every € > 0

1
lim = |{r € J;: |y, —w| > ¢| =0.
t~>oo)\t

The class of all \-statistical convergent sequences is denoted by S;. Ad-

ditionally, the concept of almost A\—statistical convergent was studied by
Savag [21].

The primary aim of this article is to introduce the idea of A-almost sta-
tistical convergent of weight g : [0,00) — [0, 00)where §(y,) — oo for any
sequence (y,) in [0, 00) with y, — oo ( see [1]).

Further we study some new sequence spaces using Orlicz function and
primarily examine its relation with certain other summability methods and
some of its results. During this article we will consider functions g : [0, c0) —
[0,00) such that g(y,) — oo if y, — o0o. The class of all such functions will
be denoted by G.
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2. MAIN RESULTS
We first introduce our main definition.

theorem 2.1. Let the sequence \ = (Xt) of real numbers be defined as above

and let g € G. A sequence y = (yr) € w is said to be A— almost statistically
convergent of weight g if there is a complex number w such that for every
e>0

1
lim ——N{re Ji: Yy —w| > e[ =0
t—o0 g()\t)
uniformly in z where J; = [t—Xt—O—l, t]. Whenever this limit appears, we write
5’{\3 —limy, = w and denote the set of all \A— almost statistically convergent

sequences of weight g by S'%

theorem 2.1. When we take g(t) = t%, 0 < 0 < 1 we are granted the notion
of A— almost statistical convergence of order 0 [6]. If A =t and gty =1
then we obtain the notion of almost convergence of order 6. For g(t) =t we
also get the notion of almost \— statistical convergence in [21].

Recall in [10] that an Orlicz function A : [0,00) — [0,00) is continuous,
convex, non-decreasing function such that A(0) = 0 and A(y) > 0 for y > 0,
and A(y) — oo as y — co. Subsequently Orlicz function was used to define
sequence spaces by Parashar and Choudhary [17] and others ([19], [23], [24].

If convexity of Orlicz function A is replaced by A(y+z) < A(y) + A(z), then
this function is called Modulus function, which was presented and discussed
by Ruckle [18] and Maddox [12].

We now define the following.

theorem 2.2. Let A be an Orlicz function, 7 = (1) be a sequence of strictly
positive real numbers and let g € G. Uniformly in z, for some w and p > 0,
let us define

[VE,XA} ={y=(y): ti%?(}it)reJt {A (\yr+; - wl)} o)

Ify € [Vﬁ, X, A} then we say that y s almost strongly A\— summable of
weighted g with respect to the Orlicz function A.
If we take various assignment of A, X, g and 7 in the above sequence space
we can get the following:

(1) If A(y) =y, Ay =t, and 7, = 1 for all r then

)

%5 A} - [Vﬂ.
(2) If 7, = 1 for all 7, then {V?, X, A} - [W,X,A
(3) If 7, = 1 for all r and A, = ¢, then {V;], A,A}
(4) If A = ¢ then [V?,X,A} - [VE,A]

(5) TEG(t) =%, 0 < 0 < 1, then [ViX,A} - [VTGX A}.

[ |

)
) [Vﬁ, A} .
)
)
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We now present the following theorem which can be proved easily.

Theorem 2.1. If 7, > 0 and y is almost strongly A— convergent of weight
g to @y, with respect to the Orlicz function A, that is y, — wl([VTg, )\,}),
then wy is unique.

For the following results we shall assume that the sequence 7 = (7,.) is
bounded and 0 < h = inf7, < 7. < supr = H < .
I

T

Theorem 2.2. Let g1,go € G be such that there exist P > 0 and a u € N
such that g1(Ain)g2(Ae) < P for all t > w and let A be an Orlicz function.

Then [VT@,X, A} C S‘%,

Proof. Let y = (y,) € [Vﬁl,X, A} and let ¢ > 0 be given. Now see that

1 |:A(yr+z_w|):|n
SEA N
1 A r+z — ™ A rtz — r
= — Z { (|yr+ w|)} + Z [ (lyr+ W)]
91 ()\t) reJi p reJi P
|Yr 42 —w|2e [Ypt,—wl<e
> 75 — Z {A(|yr+z—w|)}w+ Z |:A(|yr+z_w)}n
P-ga(A) redy P redy p
|Yrq—w|>e [Yp 4 —w|<e
1
> [A(e)]™
P - ga(Ar) Tze;t
[Yptr—w[2e
1 . h H €
— min (A ()], [A (e)]") , & = ©
P. 92()%) ey ( ) P
[Yrpz—wl2e
———{r e Ji:lyrr> — | > el min ([A ()], [A ()]
RN ( )
for all ¢t > w.

Observe that the left hand side of this inequality tends to zero since
y € [Vﬁl,X, A}. As by our assumption min ([A (e)]™, A (61)]H) P >0, so
the right hand side also tends to zero uniformly in z as t — oo. Therefore,
yE€ 5'%’ also [VT@,X, A} C S'%. O

Corollary 2.3. Let g € G and A be an Orlicz function, then [V?,X,A} C
&g
SX'

Theorem 2.4. Let gl,:dg € G be such that there exist P > 0 and a u € N
such that g1(Mt)/G2(At) < P for allt > u, let A be an Orlicz function and
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y = (yr) be a bounded sequence, Then 5‘% C {VEZ,X,A} provided g1 € G

satisfies that lim sup —=— < oo.

t g1(\e)
Proof. Suppose that y € £, and S‘% —limy, = L. Since y € ¢, then there

is a constant T > 0 such that |y,4+, — @w| < T. Given € > 0, for all z we
observe that

1 [A (|yr+z — w|):|w
52(M) e, P
< L [A(yr+z—WI)r'
), P
Vid A r+z T TT A r+z T TT
= —— Z [ (Iyr+ w|)] + Z { (Iyr+ w|)}
g1(\e) e d, P reds P
[Ypyz—w[2e [ypyz—w[<e
h H
<ty w{ (OO sk =BG
gl()\t) redi p p gl()\t) redi
[Yptr—w[2e [Ypyz—w[<e
1
< max {[A GO AR P € s gy — ] > )
e
. Xt h H T €
+ P-limsup—=— -maxJ{[A(e))]",[A(e)]" , — =K, —=e€.
t o g1(A) { } p p
for all ¢t > w.

A
Since lim sup ¥ < 50 so the second term an the right hand side can

-~

t o gi(Ae)
be made arbitrarily small as we take ¢ > 0 arbitrarily small. Again y € S’gl
implies that the first term on the the right hand side tends to zero as t — oo
uniformly in z. Consequently, the left hand side of above inequality also

tends to zero as t — oo uniformly in z. Thus, y € [V?{X, A}. O
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