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ON r-DYNAMIC COLORINGS OF THE FRIENDSHIP GRAPH
FAMILIES

G. NANDINI, M. VENKATACHALAM, T. DEEPA, AND I. N. CANGUL

ABSTRACT. Coloring of graphs is an important area in graph theory with numerous ap-
plications including the most famous problems related to graphs. An r-dynamic coloring
of a graph G is a proper coloring ¢ of the vertices such that |c(N (v))| > min {r,d(v)}, for
each vertex v € V(G). The r-dynamic chromatic number of a graph G is the minimum
k such that G has an r-dynamic coloring with k£ colors. In this paper, we obtain the
r-dynamic chromatic number of P, + F,, K, + F,, L(F},) and central graphs of the
friendship graph.
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1. INTRODUCTION

Throughout this paper, all graphs considered will be finite, undirected, connected and
simple. The r-dynamic chromatic number was first introduced by Montgomery, [6], as a
generalization of the dynamic chromatic number. In the special case of r = 2, it coincides
with the classical dynamic chromatic number.

Intuitively speaking, an r-dynamic coloring of a graph G is defined as a proper coloring
of G in which any multiple degree vertex is adjacent to more than one color class. Formally,
an r-dynamic coloring of a graph G is a mapping ¢ from V(G) to the set of colors such that

(i) if uwv € E(G), then c(u) # c(v)
and
(ii) for each vertex v € V(G), |¢(N(v))| > min{r,d(v)}

where N(v) denotes the neighborhood of v, that is, the set of vertices adjacent to v,
and d(v) denotes the degree of v. Let r be a positive integer. The r-dynamic chromatic
number of a graph G denoted by x,(G) is the minimum % such that G has an r-dynamic
proper k-coloring.

The 1-dynamic chromatic number of a graph G is equal to its classical chromatic number
X(G). The 2-dynamic chromatic number of a graph has been studied under the name of
dynamic chromatic number in [1, 4, 5, 3, 10]. The r-dynamic chromatic number has been
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studied by many authors, for instance in [3, 10, 16, 13, 14, 15]. There are many upper
bounds and lower bounds for x,.(G) in terms of graph parameters. For example, for a
graph G with A(G) > 3, Lai et al., [10], proved that x,.(G) < A(G)+1. An upper bound
for the dynamic chromatic number of an r-regular graph G in terms of x(G) and the
independence number a(G) of G was introduced in [8]. In fact, it was proved that

xa(G) < x(G) + 2logsa(G) + 3.

Taherkhani gave an upper bound for x»(G) in terms of the chromatic number, the maxi-
mum degree A and the minimum degree 0 in [16]:

Y2(G) — x(G) < [(Ae)/dlog (2¢ (A* +1))] .

Li et al. proved that the computational complexity of xq4(G) for a 3-regular graph is
an NP-complete problem, [19]. Furthermore, Liu and Zhou showed that the problem of
determining whether there exists a 3-dynamic coloring for a claw free graph with the
maximum degree 3 is NP-complete, [12].

Lemma 1.1. [11] For any graph G, x,-(G) > min{r, A(G)} + 1.

In this paper, we study x,(G) and we calculate the the r-dynamic chromatic number
of P, + F,, K,, + F,,, L(F},) and central graphs of the friendship graph.

2. PRELIMINARIES

Let G; be a graph with vertex set V(G7) and edge set E(G1). Let Gy be a graph with
vertex set V(G3) and edge set E(Gg). The join [9] G = Gy + Go of graphs G; and G
with disjoint vertex sets V(G1) U V(Gs) and edge sets F(G1) U E(G2) together with all
the edges joining V(G;) and V(G3).

Let G be a graph with vertex set V(G) and edge set E(G). The complement [9] of
a graph G is a graph G on the same vertices such that two distinct vertices of G are
adjacent if and only if they are not adjacent in G.

The central graph [18] C(G) of a graph G is obtained from G by adding an extra vertex
on each edge of G and then joining each pair of vertices of the original graph which were
previously non-adjacent.

The line graph [9] of G denoted by L(G) is the graph whose vertex set is the edge set
of G and two vertices of L(G) are adjacent whenever the corresponding edges of G are
adjacent.

For any integer n > 2, the friendship graph F), [2] is the graph of order n obtained by
joining n copies of the cycle C3 at a common vertex.

Let V (F,) ={v}U{v;: 1 <i<2n}and E (F,) ={e; : 1 <i < 3n} where e¢; = vv; for
1 < 1 < 2n and Conti = VU2;—1U2; for 1 < ) <n.
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Lemma 2.1. The lower bound of r-dynamic chromatic number of the join of path and
friendship graph of order n is

r—|—17 1§T§A(Pn+Fn)_1a
X (Pt Fr) Z{ AP, + F)+1, 1> AP, + F,).

Proof. Let V (P, + F,) = {v} U{u;,v; : 1 <i<n,1<j<2n}

For 1 <r < A(P,+ F,) — 1, based on Lemma 1.1, we obtain

Xr(Pn + F,) > min{r,A(P, + F,)} +1 =r+ 1. Thus x,(P, + F,) > r + 1.

For r > A(P,+F,), based on Lemma 1.1, we obtain x,.(P,+ Fy,) > min {r, A(P, + F,)}+
1 =A(P, + F,) + 1. It concludes the proof. O

Theorem 2.2. Let n > 4 and A(P, + F,) = A. The r-dynamic chromatic number of
join of path and friendship graph of order n is

5, 1<r <4,
r+(r—3), 5<r<n+2,
r+n—1 n4+3<r<2n+1,
A+1, r>2n+ 2.

Proof. The maximum degrees of P, + F), are A(P, + F},) = 3n.

Case 1: Let 1 < r < 4. Based on the Lemma 2.1, the lower bound is x..(P,+F,,) > r+1.
The upper bound is obtained as follows: The vertices {u, u2,v, vy, v2} induce a clique of
order Ky in P,+F,,. Assign the color {¢1, ¢9, c1, ¢o, .. .} to the vertices {uy, ua, ..., u,}. As-
sign the color ¢3 to the vertex v and {cy, ¢5, ¢4, ¢5, . . .} to the vertices {vy, v, ..., v2,}. Now
the r-adjacency condition is fulfilled and hence x, (P, + F},) < 5. Thus, x1<r<4(Pr+F,) =
5.

Case 2: Let 5 <r < n+2. Based on the Lemma 2.1, the lower bound is x,.(P,+ F,,) >
r+1. The upper bound is obtained as follows: Assign the color {¢1,ca, ..., ¢2,¢1,¢0, ...}
to the vertices {uy,ug,...,u,}. Assign the color ¢,_; to the vertex v and
{cr,crﬂ, .. .7c7.+(r_3)} to the vertices {v1,vq,...,v2,}. Now the r-adjacency condition
is fulfilled and hence x, (P, + Fy,) <17+ (r —3). Thus, Xs<r<nt2(Pn + Fn) =7+ (r — 3).

Case 3: Let n+3 < r < 2n + 1. Based on the Lemma 2.1, the lower bound
is x(P, + F,) > r+ 1. The upper bound is obtained as follows: Assign the color
{c1,¢,...,¢,} to the vertices {uj,ug,...,u,}. Assign the color ¢,;; to the vertex v
and {¢n12,Cnt3, -5 Cran—1,Cnt2, Cni3s - - -, } to the vertices {vy,ve,...,v2,}. Now the 7-
adjacency condition is fulfilled and hence y, (P, + F,) <r+n— 1.
rI‘hUS7 Xn+3§r§2n+1(Pn + Fn> =r+n-—1

Case 4: Let r > 2n + 2. Based on the Lemma 2.1, the lower bound is x,(P, + F,,) >
r + 1. The upper bound is obtained as follows: Assign the color {c;,ca,...,¢,} to the
vertices {uy, ug, ..., u,}. Assign the color ¢,y1 to the vertex v and {cpy2,Cots, .-, Catr1}
to the vertices {vy,vs,...,v2,}. Now the r-adjacency condition is fulfilled and hence
XT(Pn+Fn>§A+1 Thus, Xr22n+2(Pn+Fn):A+1~ U
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Lemma 2.3. The lower bound of r-dynamic chromatic number of the join of complete
and friendship graph of order n is

n+3, I1<r<n+2,
Xr(Kn+ F,) > r+1, n+3<r<AK,+F,)-1,
AK,+F,)+1, r>A(K,+F,).

Proof. Let V (K, + F,) = {v} U{w;,v; : 1 <i<n,1<j<2n}. For 1 <r <n+2, the
vertices V' = {u;,v,v1,v9 : 1 <4 < n} induce a clique of order K3 in K,, + F,. Thus
Xr(Kp+ F,)>n+3.

For n+3 <r < A(K, + F,) — 1, based on Lemma 1.1, we obtain

Xr(Kp+ F,) > min{r, A(K,+ F,)} +1=r+1. Thus x, (K, + F,) >r+ 1.

Forr > A(K,+F,), based on Lemma 1.1, we obtain x,(K,+F,) > min{r, A(K, + F,)}+
1=A(K,+ F,)+ 1. It concludes the proof. O

Theorem 2.4. Let n > 4 and A(K,, + F,) = A. The r-dynamic chromatic number of
join of complete and friendship graph of order n is

n+3, 1<r<n+2,
Xr(Kn+F,)=4¢ r+1, n+3<r<A-1,
A+1, r>A.

Proof. The maximum degrees of K,, + F), is A(K, + F,,) = 3n.

Case 1: Let 1 < r < n+2. Based on the Lemma 2.3, the lower bound is (K, + F},) >
n+3. The upper bound is obtained as follows: Assign the color {cy, ca, ..., ¢y} to the ver-
tices {uy, ug, ..., u,}. Assign the color ¢, 1 to the vertex v and {c, 42, Cat3, Cnt2, Cnisy - -t
to the vertices {vy,va,...,v2,}. Now the r-adjacency condition is fulfilled and hence
Xr (Kn + F) < n+3. Thus, xi<r<nto(Kn + F,) =n+ 3.

Case 2: Let n+3 < r < A —1. Based on the Lemma 2.3, the lower bound
is x (K, + F,) > r + 1. The upper bound is obtained as follows: Assign the color
{c1,¢a,...,¢,} to the vertices {us, ug, ..., u,}. Assign the color ¢, to the vertex v and
{Cnt2,Cni3y -+ Cral, Cni2s Cntss - - -+ 1O the vertices {vy, va, ..., va, }. Now the r-adjacency
condition is fulfilled and hence x, (K, + F,,) < r+1. Thus, Xn+3<r<a-1(Kn+F,) =7+1.

Case 3: Let r > A. Based on the Lemma 2.3, the lower bound is x.(P, + F,) >
A + 1. The upper bound is obtained as follows: Assign the color {c,ca,...,c,} to the

vertices {uy, us, ..., u,}. Assign the color ¢, 1 to the vertex v and {c¢,y0,Cni3,...,Cav1}
to the vertices {v1,va,...,v2,}. Now the r-adjacency condition is fulfilled and hence
Xr (Kn + Fn) < A+ 1. Thus, xpoa (K, + F) = A+ 1. O

Lemma 2.5. The lower bound of r-dynamic chromatic number of the complement of the
line graph of friendship graph of order n is

r+1, 1§T§A(m)_1’
Xr(L(F,)) > { A(L(F,)) +1, r> A(L(F,)).

Proof. Let V (L (F,)) = {e; : 1 <i<3n} where ¢; = vv; for 1 < i < 2n and eg,y; =
Vai_1vg; for 1 < i < n. Let V (L(Fn)) =V (L(E,)).




Fibonacci graph and its energies 275

For1 <r < A(L(F,))—1, based on Lemma 1.1, we obtain x,(L(F},)) > min {7”, A(m)}—&-
=r+1. Thus x,(L(F,)) >r+ 1.

For r > A(L(F,)), based on Lemma 1.1, we obtain x,(L(F,)) > min {r, A(L(Fn))}—l—l =

A(L(F,)) + 1. It concludes the proof. O

Theorem 2.6. Let n > 2 and A(L(F,)) = A. The r-dynamic chromatic number of the
complement of line graph of friendship graph of order n is

n, 1<r<n—1,
) r+1, n<r<2n-1,
X (L(Fn)) = r+3, 2n<r<A-1,
3n, r>A.

Proof. The maximum degrees of L(F},) is A(L(F},)) = 3n — 3.

Case 1: Let 1 <7 <n—1. Based on the Lemma 2.5, the lower bound is x,(L(F,)) >
r 4+ 1. The upper bound is obtained as follows:
The vertices {e; : 2n + 1 < ¢ < 3n} induce a clique of order K, in L(F,). Assign
the color {c1,cq,...,¢c,} to the vertices {e; : 2n + 1 < ¢ < 3n}. Assign the color
{c1,¢1,¢2,¢ay ..., Cn, Cn } tO the vertices {ey, es, ..., ea,}. Now the r-adjacency condition is

fulfilled and hence ¥, <L(Fn)) < n. Thus, x1<r<n-1(L(F,)) = n.

Case 2: Let n < r < 2n — 1. Based on the Lemma 2.5, the lower bound is
X-(L(F,)) > r+ 1. The upper bound is obtained as follows:
The vertices {¢; : 2n + 1 < i < 3n} induce a clique of order K, in L(F,). Assign
the color {c¢i,ca,...,¢,} to the vertices {e; : 2n + 1 < ¢ < 3n}. Assign the color
{Cni1y Cat2y -y Crils Cnt1s Cnk2y -« 5 Crt1, - - -, } tO the vertices {eq, eq, ..., €9,}. Now the r-
adjacency condition is fulfilled and hence Y, (L(Fn)) < r+41. Thus, Xn<r<2n—1(L(F,)) =
7+ 1.

Case 3: Let 2n < r < A — 1. DBased on the Lemma 2.5, the lower bound is
X-(L(F,)) > r+ 1. The upper bound is obtained as follows:
The vertices {¢; : 2n + 1 < i < 3n} induce a clique of order K, in L(F,). Assign
the color {c¢i,ca,...,¢,} to the vertices {e; : 2n + 1 < ¢ < 3n}. Assign the color
{Cnt1,Cnt2, -y Criy Cng1s Cnsas - - -, 1 tO the vertices {ej, e, ..., €2, }. Now the r-adjacency

condition is fulfilled and hence Y., (L(Fn)) <7+ 3. Thus, xan<r<a—1(L(Fy)) =7+ 3.

Case 4: Let r > A. Based on the Lemma 2.5, the lower bound is x,.(L(F,)) > A+ 1.
The upper bound is obtained as follows:
The vertices {e; : 2n+1 < i < 3n} induce a clique of order K, in L(F},). Assign the color
{c1,¢,...,cn} to the vertices {e; : 2n+1 < i < 3n}. Assign the color {¢, i1, Cria,y -+, Can}
to the vertices {ej,ea,...,e2,}. Now the r-adjacency condition is fulfilled and hence

xe (Z(FD) < 3n. Thus, xpoa(L(F,) = 3n.
O
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Theorem 2.7. Let n > 3 and A(C(F,)) = A. The r-dynamic chromatic number of the
central graph of a friendship graph of order n is

e - {

Proof. Let V (C' (F,)) = {v}U{v;: 1 <i<2n}U{z; : 1 <i< 3n} where z; is the vertex
corresponding to the edge vv; for 1 <1 < 2n and x9,., is the vertex corresponding to the
edge v9;_1v9; for 1 < i < nin F,. Note that deg(x;) = 2 for 1 < i < 3n, deg(v;) = 2n for
1 <4 < 2n and finally deg(v) = 2n.

1

n r=1,
> 2.

2n+1, r

Case 1: Let r = 1. Color the vertices v9;_; and vy; with color ¢; for 1 < ¢ < n. Then
assign color ¢; to the vertex v. For 1 < ¢ < n, color the vertices x,; with the colors
C9,C3,...,Cn,C1. For 1 <4 < n—1, color the vertices x9; 1 and xs; with ¢;;; and color the
vertices o, 1 and xy, with ¢o. Now, an easy check shows that the r-adjacency condition
is fulfilled. Hence, x,(C(F,)) =n for r = 1.

Case 2: Let > 2. Then clearly, the graph induced by {vi,v9;_1 : ¢ = 2,...,n} is
a complete graph. Thus, a proper coloring assign at least n colors to them. The same
happens with the subgraph induced by {wve,ve; : @ = 2,...,n}. Moreover the color as-
signed to odd vertices should be different from the color assigned to the even vertices
and that all of them should be different from the color assigned to the vertex v. Thus,

The r-dynamic 2n + 1-coloring is as follows: For 1 < ¢ < 2n, assign the color ¢; to
v; and assign the color cg,41 to v and zg,4; for 1 < ¢ < n. For 1 < ¢ < 2n, assign
the color ¢g; to xe; 1 and cg; 1 to we;. Now, the r-adjacency condition is fulfilled hence
xr (C(F,)) <2n+1. Since 2n+1 < x, (C(F,)) > 2n+1, we have x,>2 (C(F,)) = 2n+ 1.
It completes the proof. O
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