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A NEW CLASS OF BERNOULLI POLYNOMIALS ATTACHED TO
POLYEXPONENTIAL FUNCTIONS AND RELATED IDENTITIES

SERKAN ARACI

ABSTRACT. In [10], Kim and Kim defined polyexponential functions as well as unipoly
functions. They have introduced type 2 poly-Bernoulli polynomials, and gave their analytical
properties. Motivated by [10], we introduce partially degenerate polyexponential-Bernoulli
polynomials of the second kind. We derive some identities for these polynomials including
type 2-Euler polynomials and Stirling numbers of the first kind via generating function
methods and analytical means. Finally, we represent Gaussian integral representation of
polyexponential-Bernoulli polynomials of the second kind.

1. Introduction

Special numbers and polynomials have significant roles in various branches of mathematics,
theoretical physics, and engineering. The problems arising in mathematical physics and
engineering are framed in terms of differential equations. Most of these equations can only
be treated by using various families of special polynomials which provide new means of
mathematical analysis. They are widely used in computational models of scientific and
engineering problems. Also, they lead to the derivation of different useful identities in a
fairly straight forward way and motivate to consider possible extensions of new families of
special polynomials.

The motivation for the new classes of polynomials is because of their intrinsic scientific
significance and to the way that they may be demonstrated to be natural solutions of a
certain set of (partial) differential equations under some conditions which often appear in
the treatment of the electromagnetic wave propagation, quantum beam lifetime in storage
rings, etc.

Recent observations including the type 2 degenerate Bernoulli and Euler numbers [3],
type 2 degenerate Euler and Bernoulli polynomials [6], type 2 degenerate poly-Bernoulli
numbers and polynomials arising from degenerate polyexponential function [11], type 2 de-
generate Bernoulli polynomials [17], generalized type 2 degenerate Euler numbers [18], type
2 Daehee and Changhee polynomials derived from p-adic integrals on Z, [19], type 2 poly-
Apostol-Bernoulli polynomials [20], type 2 degenerate poly-FEuler Polynomials [21] and type
2 degenerate central Fubini polynomials [23] have been investigated extensively.

Let us begin with the following definitions of some special polynomials.

Let B, (z) be the Bernoulli polynomials given by
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(1.1) Z " t_le“ (t| < 2n).

In the case when x =0, B,, =: B, (0) are called the Bernoulli numbers, ¢f. [3, 5, 9, 11, 16].
In [13], type 2-Bernoulli and type 2-Euler polynomials are defined by means of the following
generating function, respectively:
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(1.2) ;bn(;)miet_e%e (It <) and Y Ei(a) - = == (| |<2)

n=0

When z = 0, b,(0) := b, and E*(0) := E are called type 2-Bernoulli and type 2-Euler
numbers.
The Stirling numbers of the first kind are defined by

(1.3) '(log (1+1)) ZSl m, é (see [3, 8, 11, 23]).

m=~

14

It is well known from the classical analysis that e** = limy o (1 + /\t)g. The degenerate
exponential function, €% (t), of e** may be interpreted without the limit case. Namely, it is
defined by

m

(1.4) ex(t) =01+ )Y = Z (T)mx o and e} (t) el (t) = 3™ (1),

with the assumption e} () := ey (), where (z),,. is the M\-falling factorial sequence given by

(1.5) @mr=x(x—=AN)(z=2\)---(x=(m—-1AN) (m>1).

with the assumption (z)o := 1, ¢f. [11].
The pioneering of this idea was Carlitz ([2]) who considered for degenerate Bernoulli and
Euler polynomials as follows:

(16 3 Aua@) = —r=gei () and 3Bl =~ () (e,

respectively. At the point z = 0 in (1.6), 3, , =: B,,(0) and E, y =: E,(0) are called,
respectively, the degenerate Bernoulli and Euler numbers, see [2].

In [6], Jang and Kim introduced type 2 degenerate Euler polynomials by the following
generating function:

= tn 2 .
2 e

Recently, Kim-Kim [10] have introduced polyexponential function,

(1.7) () =3
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as inverse to the polylogarithm function,

. o "
(1.8) Lig (t) =) = (t<nkeD),
n=1

to generalize Bernoulli polynomials as given below

(19) S A0 () L - B0 e g,

et —1
n=0

Upon setting = = 0in (1.9), 8% (0) := % are called the polyexponential-Bernoulli numbers.
Since e, () = e —1, one has 8V (z) := B, () that stands for classical Bernoulli polynomials
given by (1.1).

By the motivation of the works of Kim-Kim [6, 10, 13, 18], we first define degenerate
polyexponential-Bernoulli polynomials of the second kind. We investigate some new proper-
ties of these polynomials and derive some new identities and relations between the degenerate
type 2-Euler, type 2-Bernoulli polynomials and Stirling numbers of the first kind.

2. Partially Degenerate polyexponential-Bernoulli polynomials of the second
kind

In this section, we begin with the following definition.

Definition 1. Let BT(,L)A (x) be partially degenerate polyexponential-Bernoulli polynomials of

the second kind given by

= t™ eg(log (1+1))

2.1 BY (z)— = L0 T pr gy
( ) mzz:o m,A( )m' 6/\(15)—6;1(1‘;) /\()
Definition 2. Let Eff) (x| A) be partially degenerate polyexponential-Bernoulli polynomials
given by

- 3 t log (14t
0 m! (Y (t) —1

~(¢ ~(t

When z = 0, ﬁfn) (0] A):= ﬁin) (A) are called partially degenerate polyexponential-Bernoulli
numbers.

Remark 2.1. Letting A tend to 0 in (2.1) yields

(2.2) N BY (z) " _elog(1+1)) .

m! et — et ’

m=0
where B (x) are polyexponential-Bernoulli polynomials of the second kind.

Remark 2.2. Taking ¢ =1 in (2.1) yields

t T
Z ! = e (t) *6;\1 (t)€>\ (t)7

m=0

with the assumption Bm /\( x) = by (x), which is called degenerate Bernoulli polynomials
of the second kind.
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Remark 2.3. When ¢ =1 and A — 0 in Eq. (2.1), we have

NS g0 LA "
(23) ;lg(lJ — B (7) m! mzzobm (@) ml et — et
where b,,, () are called type 2-Bernoulli polynomials.
By (1.7), it is easy to see that
d d = (log (1 + )"
—er(log(1+1¢) = —
dtee(Og( +t) dt; (n—1)nt
o) n—1
_ n (log (1 +1)) 1%15
_ ¢
— (n—1)n
1

- (ETTE er—1 (log (1 +1)).

So we have
[’} tm x t t 1 t1 1
Z Bfrl;))\ (-T) —_ = 2 ( ),1 / / X
i mlex(t) —ey' (t) Jo (L+t)log(1+11) Jo (1+¢t2)log(1+12)
to_o 1 -1
" e (log (1 + t,— dt;
[ sty o0 s 1T

€5 (t) ! 1 “ 1
ex(t) — ey’ (t)/o (1+t1)1og(1+t1)/0 (1+zt2)log(1+t2)><

/tzz to1 -1 J
.. t;.
0 (14 te—1)log (1 +te—1)

=1

Here, in particular ¢ = 2, we have

o0

tm es (t) K 131
S B ) = X / dt
m,\ (l‘) m ex (t) - 6;1 (t) 0 (1 —+ tl) log (1 + fl) !

m=0
N ) iiﬁn) L
— mA T m! n:0n+1n!

oo m (£) m
m B, t
= E b ! y
=\ = <€> e () {+ 1> m!

where B,Ea) are called Bernoulli numbers of order a given by

o0 [ [e3
@t t
;B( 0= (et—l) , see [15].

Thus we state the following theorem.

Theorem 2.4. The following identitiy holds true:
B
¢

@ N\~ (™M
BT‘!L,)\ (I) - Z <£>bm_£7/\ (.I') f + 1 .

=0




A new class of Bernoulli polynomials 199

Theorem 2.5. Let n be a nonnegative number. Then, the following equality holds

n n
(2.4) B =3 (1) B @)

m=0

Proof. Tt is proved by using (1.4) and (2.1) that

> log (1+1))
2.5 B @)L = eellog+1) vy
( ) ; )\( nl 6)\(15)76;1 (t) /\()
_ (g0 Y (N "
<ZBn,)\ n') Z(x)nA 7?')
n=0 n=0
N (s () go ¢
(26) - ; (7;) (TTL) Bm)\ ('r>n m>\> n!
Therefore, by equatlng the left-hand side of Eq. (2.5) and the right-hand side of Eq. (2.6)
of the coeﬂiaents 1, we arrive at the desired result. O

Theorem 2.6. Let n be nonnegative number. Then the identity
k) 1 i gm_g,z)\ (2$ + 1)
m )\ - 5 ; ( ) om—¢

holds true. In particular, we have

® L= (m\=® .\ Emrar (1)
B = 52 <£> N =gt
=0
Proof. Recall from (2.1) that
- t" e (log(1+1))
2.7 B") =k Ty,
( ) ; n,A (l,) n ey (t) _ 6;\1 (t) PA( )

By the simple calculation, it becomes

e (log (1 +1)) ,

o elog(r)
() — e )

USRI
leg (log (1+1)) 2 e (1)
ex(t) —1 ()+1A

(Z 3 i') (Z Enon (ff“) ;)

n=0

(2.8) = %Z (Z (Z) o) —5”’5’2;5373 ha 1>) g

n=0 \/¢=0

N = DN

By comparing the coefficients of the same powers in ¢ of (2.7) and (2.8), we complete the
proof of Theorem. O
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The following identity is well known from [12] that

1 o (X 1 Si(n+1,0+1)) ¢
(2.9) tek(log(lth)):Z{Z(Hl)kl ( n++1 . >}n!'

=0

We now state the following Theorem which is the sums of the products of degenerate
polyexponential-Bernoulli polynomials of the second kind and Stirling numbers of the first
kind.

Theorem 2.7. Let n € Ng. Then the sums for the products of by, x(x) and Si(n,m) holds

& “ 1 Si(m+1,0+1)
BY) (z) = <n> ! ! br—ma (7).
@)= [Z:;(HUH o 2 (@)

m=0

Proof. By making use of (2.1), we see that

= 1 ellog(140)
;Bn,)\< )n' e (7)—6;1 (7) A(t)
t

1
(2.10) = o (log(1+1) NOERI0)

ex ()

2.11 _ " . "
(2.11) (;{;(£+1)k1 ntl o nz::O a(2) -
o0 " In\ & 1 Si(m+1,0+1) m
2.12 _ o)
o g(;(m);(ﬂ—l—l)k_l m41 A () o
Thus we complete the proof of the Theorem. 0

For ¢ = 1 in (2.1), we have the symmetric property of degenerate Bernoulli polynomials
of the second kind as follows:

b () = (=1)" bm,x (=)
Thus we note that
(2.13) b (1) = by, (=1) (1)
Let us now give the following Theorem.

Theorem 2.8. The following recurrence relation holds:

"1
(2.14) B 1) B ()= 7S (k).
k=1
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Proof. By (2.4), we consider

ec(log(1+1¢) = (ex(t) —ey* (1)) M

n 0 @)tn
(oa-cn)sH{Ses)

((1)n_m,A - (_]‘)n—’rn,)\>} %’:

Il Il
L[
/
3 —
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=
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(2.15) = i

On the other hand, it follows from (2.9) that

(2.16) e0 (log (14 1)) :Z{Z %51 (mk)} g

n=1 Lk=1

Comparing the same coefficients of ¢ on the both sides of Egs. (2.15) and (2.16) completes
the proof. 0

When ¢ =1 and A — 0 in (2.14), we have
b (1) = by (1) = > Sy (n, k).

From here, by (2.13), we see that

2n
> Si(2n,k) =0
k=1

and
2n+1

1
banir (1) =5 D S1(2n+1.k).

k=1

3. Conclusion

The pioneering of "degenerate" notion was Carlitz in [2]. Kim and his research team
have applied Carlitz’s idea to many known special functions and polynomials, see [9-20].
This was a good way in order to introduce new generalizations of known special functions
and polynomials. In this paper, motivated by their works, we have studied partially de-
generate polyexponential-Bernoulli polynomials of the second kind. We have derived their
explicit, closed and summation formulae by making use of their generating function, series
manipulation and analytical means as has been shown in the paper.

Gaussian integral representation plays an important role in classical problems arising from
quantum optics and quantum mechanics. They are studied to calculate the optical mode
overlapping and transition rates between quantum eigenstates of the harmonic oscillator, cf.
[22].
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Recall from (2.2) that

- t™  ep(log(141))
E (€) _“ xt
(31) — Bm (J?) m' - (it - e‘t e,

where B%) (z) are polyexponential-Bernoulli polynomials of the second kind.
By (3.1), we consider the Gaussian integral representation of polyexponential-Bernoulli
polynomials of the second kind as follows:

(32) TO (o, B, p) =T = / BYO (az) e # ey,

By (3.2), we have

ZTT(LZ)K </ Bé’) (az) e P* +uwd) n.
—~ n! n!

It follows from (2.3) that
ZT(z)ﬁ _ & (log (1 +1)) /OO plat+ma—B22 g

" nl el —e !
n=0

Since

)

o 2
/ ePronthgy — \\/fieifﬁ“
_ a

[e o]
which represents Gaussian integral, we find

> n a? 2
AL Ve (log (1+1)) exp ( oo >

2T e e TR L

with the assumption exp () := e’. Recall from [22] that the 2-variable Hermite polynomials
are defined by means of the following generating function:

oo tm
(3.3) Z H,, (z,y) ] = XD (zt +yt?) .

By (2.3) and (3.3), we derive

ot _ VT - 0t op a”\ i

;T" nl = VB (;B ) (ZH(M 45>n>
- m % - " /n ) au a? "
S VB ;(; <k)6 25 43 >n

By comparing the coefficients of % on the above, we obtain

O _ VT 25 (7 go ap o?
(3.4) T _ﬂeﬂ§<k)6n_ka<2ﬁ,4ﬁ>.

Thus, by (3.2) and (3.4), we finalize our paper with the following result:

> T T ﬁ N - n aM a2
/_ BY (ax) e P 1y — ﬁe Z (k)B'(f)k’ H, (25, 45> .

b k=0
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Seemingly that these types of polynomials will be continued to be studied for a while due
to their interesting reflections in the fields of mathematics, statistics and sciences.
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