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Abstract

Let G be a simple graph and let V(G) be its vertex set. The independent transversal dominating
set or y;:— set is a dominating set of G which intersects every maximal independent set of G. Using
the v;+— set, a diagonal matrix is constructed which is similar to the ones available in the literature
for covering set, equitable dominating set and so on. Using the idea of signless Laplacian, one can
add this diagonal matrix to the usual adjacency matrix of G to obtain new matrix called independent
transversal dominating adjacency matrix denoted by A;(G). The sum of all the absolute values of
eigenvalues of A;4(G) is called independent transversal dominating energy denoted by F;;(G). In the
present paper, some spectral properties of A;:(G) are obtained. Some upper and lower bounds for the

largest eigenvalue of A;:(G) and E;:(G) are derived. E;:(G) is obtained for some standard graphs.

Keywords: Spectrum of independent transversal dominating matrix, independent transversal dominat-
ing energy of a graph.
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1 Introduction

All graphs considered in this paper are finite, undirected, loopless, and without multiple edges. We
denote the vertex set and the edge set of a graph G by V(G) and E(G) with |[V(G)| = n and |E(G)| =m
called order and size of G respectively. The minimum and maximum degree of a vertex of G are denoted
by §(G) and A(G) respectively. For more concepts and standard results on graph theory one may refer
[3, 4, 6]. A set S of vertices is independent if no two vertices in S are adjacent. An independent set of
maximum cardinality is a maximum independent set of G. A subset D of the vertex set V of G is called a
dominating set of G if every vertex v € V — D is adjacent to some vertex in D. The domination number
of G, v(@G) is the minimum cardinality of a dominating set in G. A minimum dominating set of a graph
G is called a y-set of G [17]. A subset C of V(G) is called covering set of G if every edge of G is incident
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to at least one vertex of C'. The covering number ag(G) is the minimum cardinality of a covering set [1].
A dominating set D;; of V of a graph G is said to be an independent transversal dominating set if D;;
intersects every maximum independent set of G. The minimum cardinality of an independent transversal
dominating set of G is called the independent transversal domination number of G and is denoted by
7it(G). Such an independent transversal dominating set D;; also called a ~;;-set [14]. One can observe
that an independent transversal dominating set need not be an independent set and vice versa. Also a
~-set of G need not be 7;-set of G and vice versa. For more information about 7;; set one can refer [7].
n
The concept of graph energy was first introduced by I. Gutman [12], as E(G) = Z [A:i|, where

i=1
A1, A2, -+, Ay, are the eigenvalues of the adjacency matrix A(G). For more details on spectra of various

types of graphs and energies with applications please refer to [2, 8, 9, 18, 20].

We quote the following useful results:

Lemma 1.1. ([4])The eigenvalues of the n x n matriz al + bJ are a with multiplicity n — 1, and a + nb

with multiplicity 1 (where I is the n x n unit matriz and J is the n X n matriz, whose all entries are 1).

Theorem 1.2. ([16]) Let a = (a1,a2, - ,a,) and b = (b1,ba,--- ,by,) be n— tuples of real numbers

satisfying 0 <my < a; <My and 0 <my < by <My (1 =1,2,--- ,n). Then,
- S = ’ n?
D oaiy - ( aibz’> < (M My — myms)?.
. ; , 3
i=1 =1 i=1
Lemma 1.3. (/20]) Let n > 1 be an integer and a1, az,--- ,a, be some non-negative real numbers such

that a; > az > -+ > an. Then (a1 + -+ + ap)(a1 +ay) > a2 +a3 + -+ + a2 + naja,. Moreover, the

equality holds if and only if for some r € {1,2,--+ ;n}, a1 =ay =---=a, and ap41 = -+ = ay.
For a real number z, || denotes the greatest integer less than or equal to z.

Theorem 1.4. ([5]) If 1 <i <n, z; and y; are positive real numbers, then

n n

nzxiyz‘ - lezyz <0(n)(A—=x)(B-y),
=1

i=1 =1
where x, y, A and B are real constants, that for each i, 1 <i<n,z <z; <A andy <vy; < B. Further,
0(n) =n [3](1-;15]).
Several graph energies were introduced and studied in the literature such as minimum covering energy
E.(G) [1], Laplacian energy [13], signless laplacian energy [10], distance energy [15], minimum equitable

dominating energy [21] and status sum energy [23].

In the present paper, some spectral properties of A;;(G) are obtained. Some upper and lower bounds for

the largest eigenvalue of A;;(G) and E;;(G) are derived. E;;(G) is obtained for some standard graphs.
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2 Independent transversal dominating energy of a graph

Let A;(G) = (aij)nxn be the independent transversal dominating matrix of G, where,
1 if the vertices v; and v; are adjacent;
Aij = 1 ifiZjaIldUiGDit;
0 otherwise.
Let ¢, (G, ) denote the characteristic polynomial of A;;(G), which is of the form
O (G, p) = det(ul — Ai(Q)) = [l — Ai(G)| = aop™ + arp™ " + aop” 2 + - + ay,

where «; are integers, 1 < i < n. The independent transversal dominating eigenvalues of G are the eigen-
values of A;;(G). Since A;;(G) is real and symmetric, its eigenvalues are real numbers and we label them

in non-increasing order pq > pg > -+ - > p,. If G has distinct independent transversal dominating eigen-

values i1, pla, -+ , o, with multiplicities my,ma,- -+, my respectively, then the independent transversal
dominating spectrum of G is denoted by Specit(G) and is given by Speci(G) = (“1 - Mk) :
my mg - My

The independent transversal dominating energy of G is then defined as
Ba(G)=> | mil.
i=1

Let us compute the independent transversal dominating energy for the graph G = G and exhibit the
relationship between E(G), E.(G) and E;(G) for the graph G2 and G3, depicted in Fig. 1.

U1 Vg 1}_3 U1 o) U1
Vs U2
° Vg U3
Vg Vs V4 V4 V3
Gy Go=0Cy Gs3=Cs

Figure 1 : Graphs considered in the Examples 2.1, 2.2 and 2.3.

Example 2.1. Let Gy be a graph with vertices vy, va,v3, vy, s, Vg (See Fig. 1).
The following are the independent transversal dominating sets of G .

(i) D}y (G1) = {v2,v4,vs}, (i) Dy (G1) = {v1,v3,vs}.

Case(1): Consider A%, (G1) with respect to D},(G1) = {va,v4,v5}. Then,

(0 1 0 0 0 1]
111011
010000
A =100 011 o
0101 11
1 1.0 0 1 0]
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The characteristic polynomial of A% (G1) is pub — 3u® — dp* +8u® + 5u? — 3, the independent transversal
dominating eigenvalues are pq = 3.3761, po =2 1.5952, ug =2 0.4048, pg =0, us = —1 and pg = —1.376.
Hence, E},(G1) = 7.7522.

Case(2): Consider A (G1) with respect to D} (G1) = {v1,vs,vs5}. Then,

11000 1
101011
011000

AP (G =

A e
0101 11
1100 1 0

The characteristic polynomial of A%} (G1) is p®—3p® —4p +10p3 +5u% —8u—2, the independent transversal
dominating eigenvalues are py = 3.2042, po = 1.4142, pg =2 1.1717, pg = —0.2331, ps = —1.1428 and
pe = —1.4142. Hence, E}(G1) = 8.5802.

The Example 2.1 shows the fact that the independent transversal dominating energy of a graph depends
on the choice of independent transversal dominating set.

Therefore, the independent transversal dominating energy is not graph invariant.

Example 2.2. Let Gy = Cy be a graph with vertices vy, va,v3,v4 (See Fig. 1).

Independent transversal dominating sets of Go are {v1,va},{v1,v4}, {ve,v3}, {vs,v4}.

Minimum covering sets of G are {v1,v3},{va, va}.

This example shows that independent transversal dominating sets and minimum covering sets need not
be same. On computing the corresponding energies we get the following observations:

(i) ao(Cs) = 7i(Cy) = 2, (i) E(Cy) = 4, E.(Cy) = V1T 4+ 1 and Ey(Cy) = V5 + 3 (iii) Ei(Ga) is
different from E(G2) and E.(G3).

Example 2.3. Let G5 = Cs be a graph with vertices vy, va, vs, va,v5(See Fig. 1).

Independent transversal dominating sets of Gs are {v1, va,vs}, {v1,va, vs}, {v1,v2,v3}.

Minimum covering sets of Gs are {vi,vs,va}, {v1,v2,v4}, {v2,v4,v5}, {v2,v3,v5}.

Clearly, independent transversal dominating sets and minimum covering sets need not be same. On
computing the corresponding energies we get the following observations:

(1) ao(Cs) = vi(C5) = 3, (#) Largest eigenvalue of A;(G3) and A.(G3) are very near and 1 is the
common eigenvalue, (iii) Eir(G3) is different from E(Gs) and E.(Gs3).

These observations motivate us to workout the spectral properties of independent transversal domi-

nating matrix of G and also E;;(G) which will be carried out in the next sections.
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3 Some spectral properties of A;(G)

Theorem 3.1. For any (n, m) graph G with independent transversal domination number ~;z and with

the characteristic polynomial of Ay(G), ¢n(G, 1) = agu™ + a1 p™ t + aou™ 2 + - -+ + ay,, the following
statements are true:

(i) ao =1, (ii) a1 = =i, (101) g = ("’é‘) —m, (iv) ag =my; — Z d(v;) — 2t — (’Ygt)
v;€Djy

where t is the number of triangles in G.

Proof. (i)Since ¢, (G, p) = det(ul — Ay (G)), it immediately follows that o = 1.

(ii) Let g1, pa, -+ , iy, be the n eigenvalues of A;1(G). So we may write

On(Gyp) = (o= pa) (i = p2) -+ (1 = pn)
=" = (g ) (D) s e

It is clear that, a; = —7;.

(iii) (—1)%az is equal to the sum of the determinants of all 2 x 2 principal sub matrices of A;(G), that is

(Pa= Y|

1<i<j<n %t @jj

Y (aiaj; — aijaj)

1<i<j<n
= E : iy — § ijaji
1<i<j<n 1<i<j<n

_ (i)
—(2> m.

Qi Q5 Ak

(*1)3043 = Z G Q55 Ak

1<i<j<k<n

(iv) We have

Qki Okj Qkk

= > laulajians — arjaze) — aij(ajiare — ariag)
1<i<j<k<n

+ air(ajiar; — ariaj;)]

= E aiiGjjakk + 2 E Qi ik Qi

1<i<j<k<n 1<i<j<k<n

- E [asiQjKak; + GjjQikak; + QRKA;;Qj;]
1<i<j<k<n

Vit
= ( 3 + 2t — E [aiiajkakj + ajjaikar; + akkaijaji]
1<i<j<k<n
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1<j<k<n

= (’Yét) + 2t — mry; + Z d(v;).

v; €Dt

n n
E (&7 E (273
i=1

k=1,k#i

Theorem 3.2. Let G be a (n,m) graph and 1, o, 43, - , fbn, are the eigenvalues of A;t(G). Then,
n

n
. A .. T Vit _ 2 .
(i) ;:1 Wi = i, (i) § Hifty = ( 9 ) m, (iii) ;:1 i =2m+ i

1<i<j<n

n

Proof. (i) Clearly, Z,u,- = trace[Ait(G)] = vit-
i=1

(ii) From the Theorem 3.1, it is clear that

> wn=aa= () - m (31)
1<i<j<n
(iii) Consider

(vite)? = (p1 4 2+ + o)

=Y p2 >

1<i<j<n

i=1
n

= ZN? +9% — i —2m  [from (3.1)].
i=1

Therefore

n

Z/‘? =2m+ vt

i=1

O

Theorem 3.3. If A;+(G) is non singular, then the minimum independent transversal dominating energy

is always greater than or equal to n.

Proof. Let p1, pio, pi3, - -+, in, be the eigenvalues of A;(G). Since A;(G) is non singular we must have
wi Z0foralli, 1 <i<n.

By using the Arithmetic and Geometric mean inequality, we obtain

\u1|+\uz|+~~+|un|2(

- lpn 2o | )™

lpa |+ Lz |+ i | > | detAu(G) [+
Ey(G) > n | detAy(G) |+ .

Since det(A;1(G)) # 0, we have p; # 0 for all 1 < i <n. Hence | detA;;(GQ) w> 1.

Therefore,
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O

Theorem 3.4. Let Gy and Go be the graphs of same order n, with size m and m respectively. Let v
and 'y;t be the independent transversal domination number of G1 and Gy respectively. If py, po, -+, fin

and ,ull, ;/2, ,ug, e ,,uln are the eigenvalues of Ait(G1) and A;(Ga) respectively, then

D map < \/(2m + 7 (2m +73).
i=1

Proof. Consider the Cauchy-Schwartz inequality

(80) <(59) (59)

For 1 <i <, replacing x; = p; and y; = ,u; in the above inequality, we obtain

<Zmu;) < (Zu2> ( (#;)2>

= 2m+7)2m +7;;)  (by using Theorem 3.2).

Therefore

> papt; < \/(2m + i) (2m’ + 7).
=1

O

Theorem 3.5. Let G be a (n, m) graph. If pa, pa, -+ , pin are the eigenvalues of Aii(G) with py > po >
M3 27 72.”‘1% then

d+ 2 < <AG) +1,
where d is the average degree of all the vertices in G.

Proof. Let A;:(G) be the independent transversal dominating matrix of G and let  be an eigenvector of

A;t(G) corresponding to p;. Then, Ajx = pix. From the it equation of this vector equation we get

i =y @, i=12---,n,
ViU
where v; ~ v; denotes that v; is adjacent to v;. If x5 > 0 is the maximum coordinate of z, then
H1T; = Z T < (A(G) -+ 1)l'k.
Vi~

Therefore
i< AG) +1. (3.2)

To prove the lower bound, consider the extremal representation

181
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/ ZL‘,AZ‘t(B
p(Ai) = Hl‘glﬂgl{x Az} = gl;g;{ P
This implies that
p1 > Jif}itjl
Ji i
2 it 7, Y
S e L (3.3)
n n
where J; is the n by 1 matrix, each of whose entries is 1.
The Theorem follows from (3.2) and (3.3). O

4 Bounds on the independent transversal dominating energy of
a graph

In this section, we derive certain upper and lowerbounds for E;¢(G). The following theorems are motivated
by standard theorems in [[12, 18, 19]].

Theorem 4.1. Let G be a (n, m) graph. Then, E;y(G) > d + 2t where d denotes the average degree of
the vertices in G.

Proof. Consider

n n
Ea(G)=> |mil=pm+ Y | pmil>p+
i=1 i=2

n
Z Wi
i=2

= g+ | vie — pa |
>d+ %-&- | Vit — p1 | (By using theorem 3.5)
>q4 2t

n

Remark 4.2. 1. Equality in Theorem (4.1) occurs if the graph G is complete.
2. For any graph G we have, Ey(G) > d+ 2t and d > 6(G). This implies that Ey(G) > 6(G) + 2t

n

Theorem 4.3. Let G be a (n, m) graph with P =| detA;;(G) | is the absolute value of the determinant
of Ait(G). Then,

\/Qm + it +n(n — l)P% < Ei(G) < it + v/ 2mn + v (n — vir)-
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Proof. Consider

N
=
|
IS
=
|
JE
J’_
H

(By wusing Cauchy — Schwartz inequality)

=/2mn + nyi; — ’Y?r

Therefore

Eit(G) < it + v/ 2mn + yir(n — vie). (4.1)

From the Arithmetic-Geometric inequality, we obtain

1
n(n—1)

vV

1
————> g | = (T w1l ms |
n(n 1)#],

1

i

B =]
(H | i |2(n1))

i=1

n 2
H Hi
i=1

[\

n

Thus

71wl g = n(n—1)P%.
oy

n 2
| i |>
i=1

(i )+ > il g |

i=1 i#j

> 2m+ 7y +n(n—1)Pr  (from (3.2) and (4.2)).

Now consider

(Ba(G))?

I
S “ N

~

Therefore

Ei(G) > \/2m +7it +n(n—1)P. (4.2)
From (4.1) and (4.3), the theorem follows. O
The following result exhibits the relationship between E;;(G) and E(G) in terms of ;.

Corollary 4.4. Let G be a (n, m) graph. Then,

E(G) +7it < Ei(G) < vt +/FE(G)? + vie(n — var)-
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Proof. For any graph G, using the fact that 2/m < E(G) < 2m ([18], Theorem 5.2) and the Theorem

4.3, we have

(Eit(@))® > 2m + vi¢ +n(n — 1)P% > 2m + 7,
> E(G) + it

So we get
Ey(G) = VE(G) + i (4.3)

Again from the Theorem 4.3, we have

Ei(G) < it + v 2mn + v (n — i)

< it + \/%E(G)2 + it (n — Yie). (4.4)

From (4.4) and (4.5), the Theorem follows. O

Theorem 4.5. Let G be a (n, m) graph and py, pa, pis, - -+, fin are the eigenvalues of A;:(G)
with py > pio > fi3y ... > pn. Then

‘ nl
Eu(G) = (1) B(G).
Proof. For any graph G we have E(G) < v2mn ([19], p.642) and in the Lemma 1.3, for 1 < i < n,

replacing a; = [ju1], az = [pial, as = s3] -+ @, = |pta], we obtain

Eit(G) (|l + [pnl) > 2m + i 4 nfpa [|pn]
2m + i + 1l |[un]
|| + lpan]
2y/(2m + i) pa [[pin
[121] + [pnl

o 2v2mny/|m||p|

1|+ [pen]

> 2E(G) Vv ‘Nl"/An'

1|+ [pen]

(3}

Hence the proof. a

Ey(G) >

(From Arithmetic — Geometric mean inequality)

[\

Theorem 4.6. Let G be a (n, m) graph and pg > pg > -+ > up, be the non increasing sequence of
eigenvalues of Ay (G). Then,

Eiu(G) > \/n(@m+7ie) = 5 | = | in )2
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Proof. Let us apply the Theorem 1.2 where we replace a; = 1, b; =| p; |, for 1 <i<mn, M1 =1, my =1,
My =| p1 | and mgo =| iy, |- Then we obtain

n n n 2 n2
S S - (5l < -
i=1 i=1 i=1

2
n
§(| pa = | pn \)2-

A

n(2m + i) — (Bie(G))?

IN

Therefore

Bi(G) > \[n(@m + i) = 22| | — | o )2

O

Theorem 4.7. Let G be a (n, m) graph and py > pg > -+ > up, be the non increasing sequence of
eigenvalues of Ai(G). Then,

Bit(G) = v/n(2m + i) = 0n)(| 1 | = [ 1 )2,
where O(n) =n[2](1 - 1|2]).

Proof. For all 1 <14 < n, assume that, z; = |u;| = vi, © = |pn| =y, A = |p1| = B. By using the Theorem

1.4, we obtain

<Om)(lpal = lpnl) (gl = [panl)

ny oud =Yl Y il
i=1 i=1 i=1
n n 2
ny pl- (ZI/M) < O0(n)(|pa| — |pn)?.
i=1 =1

n n
Since, E;(G) = Z |p;| and Zu? = 2m + v;, the above inequality becomes
i=1 i=1

n(2m + i) = (Eir(G))? < 0(n)(lpa| = |1n])*.

Therefore

Eip(G) = v/n(2m + i) = 0(n)(| pa | = [ 1 2.

5 Independent transversal dominating energy of some standard
graphs
In this section, F;(G) is computed for some standard graphs.

Theorem 5.1. Let K,, be the complete graph with v;;(K,) = n. Then, E;i(K,) = n.

185



186

R. Rangarajan, D. S. Nandappa, Raghu. V. D.
Proof. Let the vertex set of K,, be V = {v1,vs,--- ,v,} and the independent transversal dominating set
be Dy = {v1,v2, -+ ,vn}. Then, A;(K,) = J,, where J, is an n X n matrix with all the entries are 1’s.

0
Fix a =0 and b =1 in the Lemma 1.1, we obtain Spec;(K,) = <711 1) .
n—

Therefore E; (K,) = n.
Definition 5.2. The cocktail party graph is denoted by K x2 is a graph having the vertex set

n
V= U{qui} and an edge set E = {u;uj,v;v;5,1 # j} U{uivj, viuy, i <i < j < n}.
i=1

Theorem 5.3. Let K, x2 be the cocktail party graph with vt (Kpx2) = n. Then,

Eit(Knxa) = 2+ vVB)n — (1+5).

Proof. Let the vertex set of K,x2 be V. = {uy,v1,u2,v2, -+ ,upn,v,} and the independent transversal
dominating set D;; = {u1, ug,us, - ,up}. Then,
10 1 1 11 1 1]
0011 1 1 11
1 110 1 1 11
1 1 0 0 1 1 11
Ai(Knxa) =
11 11 1 0 1 1
1 1 1 1 00 1 1
1 1 1 1 1 1 10
_1 1 1 1 1 10 0_ 9m X In
Consider
p—1 0 -1 -1 -~ -1 -1 -1 -1
0 pu -1 -1 -+ -1 -1 -1 -1
-1 -1 p—=1 0 -+ -1 -1 -1 -1
-1 -1 0 pu -1 -1 -1 -1
Gn(Knxa, p) =| pl — Ait(Knx2) |[=
-1 -1 -1 -1 - pu—=1 0 -1 -1
-1 -1 -1 -1 - 0 pu -1 -1
-1 -1 -1 -1 -+ =1 =1 pu—1 0
e T B e e e A U8 I

Now replace C; by Cy = C; + Cy + -+ + C,, and then replace Ry, by Ry, = Ry, — Ry and Ry,
by R;Hz =R’2k+27R’2 for k=1,2,--- ,n—1. We get
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p—(2n-1) 0 -1 -1 - -1 -1 -1 -1
p—0Cn-2 @ -1 -1 - -1 -1 -1 -1

0 -1 u 1 0 0

0 —1—p 1 p4+1 - 0 0 0

0 -1 0 0 g1 0 0

0 ~1-p 0 0 1 pu+1 0 0O

0 -1 0 0 0o 0 u 1

0 ~1—p 0 0O 0 0 1 optl],

The characteristic polynomial is
On(Knxz, 1) = (1° + p+ 1) p? + (1= 2n)p + (n = 1)].
The Characteristic equation is

On(Knxz,p) = (0® +p+ 1" + (1= 2n)p + (n = 1)] = 0
(2n—=1D)+vV4n2—8n+5 5-1 (2n—1)—V4n2—8n+5 \/51>
2 2 2

2

Specit(Knxz) = < 1 1 1 1
n— n—

Therefore

Eit(KnxQ) = (2 + \/g)n - (1 + \/5)

O
Definition 5.4. For an integer n >3, SO denotes the crown graph graph with the vertex set
{ug,u2, -+ ,Upn,v1,02, - ,v,} and an edge set {uv; : 1 < i,j < n,i# j}. Therefore, SO coincides with
the complete bipartite graph K, ,, with the horizontal edges removed.
Theorem 5.5. Let SO be the crown graph with v;;(S%) = 2. Then,
Ey(S%) =2(n—2)+vn2 —2n+5+vn2 +2n — 3.
Further
LEw(Sp)] = 4(n —1).
Proof. Let the vertex set of 5'2 be V = {uy,ug, -+ ,Un, 01,02, -+ ,v,} and the independent transversal

dominating set D;; = {u1,v;}. Then,
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0 0 1 1

0 01 0 1

0 0 0 01 10

0 00 01 11

Air(Sp) =

01 1 1 1 0 0

1 0 1 10 00

110 10 0 0

111 0 000

Consider
pw—1 0 0 0
0 0 -1
0 u 0 -1
0 0 n -1
0 (S0, 1) =| I — Ay (S°) |=
(b(n.u‘) ‘ILL t( n)' 1 1 ... 1 /.L—l
-1 0 -1 -1 0
-1 -1 0 -1 0
-1 -1 -1 0 0
Replace C byCizC1+Cg+~~+an,weget

w—n 0 0 0 0 -1 -1
p—mn+1 p 0 0 -1 0 -1
p—m+1 0 pu -~ 0 -1 -1 0
_jp=n+1 0 0 - p -1 -1 -1

n—n -1 -1 - -1 pu—1 0

p—m+1 0 -1 --- -1 0 m
p—m+1 -1 0 --- -1 0 0 nu
p—n+1 -1 -1 --- 0 0 0 o0

o O o ©

4 2nx2n
-1 -1
0 -1
-1 0
-1 -1
0
12
0 p
0 0
-1
-1
-1
0
0
0
0
12

2nx2n

o O O O

2nx2n

Now replace R) by R, = R) — Ry (k =3,4,---,n), Ry by R, = R, — R,,o (t =n+3,n+4,-

and R;;Jrl = R;H_l — R/1 We obtain

-+,2n)
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n—n 0 0 -1 -1 —1
p—n+1 pn 0 0 -1 0 -1 -1
0 - 0 -1 0 0
_ 0 - 0 I 0 -1 0 1
0 -1 -1 - =1 pu—-1 1 1 1
pw—mn+1 0 -1 -1 0 o 0 0
0 -1 1 0 0 — M 0

0 -1 0 1 0 —u 0 By on

"

Again, replace R;IL+2 by R, o= R;IHLZ — R,. We get

w—n 0 o -~ 0 0 -1 -1 - -1
p—mn+1 pu o --- 0 -1 o -1 -+ -1
0 - @ - 0 0 -1 0 --- 0
_ 0 -0 I 0 -1 0 1
0 -1 -1 -1 p—-1 1 1
0 - -1 -1 1 I 1 1
0 -1 1 0 0 — W 0
0 -1 0 --- 1 0 U T

The characteristic polynomial is
On(Sp, 1) = (= 1" (u+1)"2(1® + (1 =) — 1)(4* + (n = 3)u+ (3 — 2n)).
The characteristic equation is

(=" 2(p+1)" 21 + (L= n)p — (p + (n = 3)p+ (3 = 2n)) = 0.

1 1 (n—=1)+vn?—2n+5 (3—n)+vn?+2n—-3 (n—1)—vn?—2n+5 (3—n)—vn3+2n-3
Speciy (82) = 2 2 2 2
n—2 n—2 1 1 1 1

So we obtain

Eiy(S%) =2(n—2)+vVn2 —2n + 5+ vn2 +2n — 3.

2(n—2)+vn2—2n+5+vn2+2n—3
4(n—1)

on [3,00). We can also see that 1 = ILm f(n) < f(n) < f(3) = 1.0365 it leads to get | f(n)| = 1.

Hence

For n > 3, consider a function f(n) =

is a decreasing function

[Eie(Sp)] =4(n —1).
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Theorem 5.6. For the integers m, n > 2, let K, , denote the complete bipartite graph with
Vit (Km,n) = 2. Then, the characteristic polynomial of Ait(Kmn) 18 ¢n(Kmn,p) = p* " =4Py(1), where
Py(p) = p* —2u% — (mn — D)p? + (2mn —n —m)pu — (m — 1)(n — 1) and the spectrum is

M1 p2 H3 0 Hm+n . +n+|m—n|
Specit(Kmn) = , where (i 2(7"”“) < < (M7) 1.
e e L ) i) 2 (22t1) < gy :

(”) 0< H2 + p3 < 21 Hmin < -1 and H1 — 2< ‘Nwz+n| < p1. (m) Eit(Km,n) = 2(1 + |,um+n‘)-
(iv) 21 = 1) < Bu(Kpnn) < 21 + 1),

Proof. Let the vertex set of K, , be V. = {uy,u2, -+ ,Um, V1,02, , v, } and the independent transversal
dominating set D;; = {uy,v1}.
. P’m 7‘]7171><n -1 4T

Consider ¢n(K’m.n7ﬂ) :‘ NI - Ait(K'm.n) |: = |P'm||P7L - JPm J |7

: : 7Jn><m Pn

pu—1 0 0 --- 0

0 w 0 -+ 0
where P, = . L . and J,, xm,, is the matrix with all entries equal to unity.

0 0 O o 'LL mxXm

On simplifying, we get the characteristic polynomial is
Gn(Kmns ) = pm 7 it = 2p% — (mn = 1) + (2mn —n —m)p — (m = 1)(n — 1)} . (5.1)
The characteristic equation is
pm =t Lt =23 — (mn — 1) + 2mn—n —m)p — (m—1)(n—1)} = 0.

Consider the biquadratic equation Py(z) = 2% — 223 — (mn — D)z? + 2mn—n—-—m)z — (m—1)(n—1) =
(z —a)(z - B)(z —7)(x —9).
(i) By using the Theorem 3.5, immediately we get 2 (m"+1) < < (W) + 1.

m—+n

m+n

(ii) Since pp > 2 (m’"“) > 2, so one of the roots is positive and strictly greater than 2 and let @ =
p1 > 2. We know that afvyd = —(m — 1)(n — 1) then there is atleast one negative root say § < 0. Now
[Py(1)] = 1 —af|1 =Bl =~[|1=6] = 1 but [1 - F|[1—~|[1-0] = ﬁ <1 (. a>2)so there is atleast
one quantity less than 1 and let it be |1 — 3] < 1 which implies that 0 < 8 < 2. Now we have a > 0,
B8>0,0<0and afyd < 0it gives y > 0. Since pg > po-+ > fin > -+ > fhyn and a+ G +v+ 5 =2
without loss of generality let o = 1, 5 = po, v = p3 and d = fipy4p. Since K, ,, is a connected graph
so A(K,y,,,) is irreducible, but A (K, ,,) is same as A(K,, ) except two diagonal entries which are 1’s,
At (K ) is also irreducible(Godsil and Royle [11]). As a consequence p; is a spectral radius and hence
lmtn| < pa. But [tman| = (p1 = 2) + p2 + pg and [pmgp| < p1 we obtain fimin < —=1(. Py(=1) <0),
0<po+pus <2and g1 —2 < [fmgn| < p1.

(iil) It is clear that Ej (K pn) = p1 + o + 3 + [mtn] = 2(1 + [ftmtn])-

(iv) Since p1 — 2 < |ftm+n| < p1, its easy to obtain 2(pg — 1) < Ej(Kpn) < 2(p1 + 1).

Hence the theorem. O

Corollary 5.7. For an integer n > 2, let Ky ,—1 denote the star graph with ~v;;(K1pn—1) = 2 and
1 > pg > - > py be the non increasing sequence of eigenvalues of Ay (Ky n—1). Then, E;(Kqpn—1) =
2(1+ | g 1)-
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Proof. Replace m = 1 and n = n — 1 in (5.1), we get the characteristic polynomial of Kj ,_1 is
On (K1 p-1,p) = p"=3 [#3 -2+ (2-n)u+ (n— 2)] . Since the coefficients of p? is negative and co-
efficients of constant is positive in the cubic equation p® — 2u® + (2 — n)u + (n — 2) = 0, so it ad-
mits exactly one negative and two positive real roots. Without loss of generality, let the roots be puq,
po and pu,. Since py > po > -+ > i, so we must have p; > 0, pug > 0 and p, < 0. Therefore

Lpa |+ Loz [+ [ pn = 2(] o [ +1).
Hence the proof. O

Corollary 5.8. Forn > 2, let K, , denotes the complete bipartite graph on 2n vertices. Then,
Eiy(Kpn)=n+1++vn?+2n-3.
Proof. Replace m = n in (5.1), we get the characteristic polynomial of K, ,, is
O (K i) = 27 [t = 2% — (0 = 1) + 2n(n — p — (n — 1)%].
The characteristic equation is
=t [t —2p® — (n? = Dp? +2n(n — L)p — (n —1)%] = 0.
(n+1)++vn2—2n+5 (1—n)+vn2+2n-3 (n+1)—v/n2—2n+5 0 (ln)\/n2+2n3>
2 2 2 2

Specit (Kn,n) = (

Therefore

1 1 1 2n —4 1

Eit(Knn) =n+1+4vn?+2n - 3.
O
In the literature, minimum covering color energy of a graph [22] and minimum equitable dominating

color energy of a graph [21] and so on are studied. This paper also gives a scope to define similar color

energy and work on it.
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