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EVERY (NOT NECESSARILY CONTINUOUS)
FINITE-DIMENSIONAL
IRREDUCIBLE LOCALLY BOUNDED
REPRESENTATION OF A CONNECTED LIE GROUP
IS DETERMINED BY THE CHARACTER
OF THE REPRESENTATION

A. 1. SHTERN

ABSTRACT. It is proved that every (not necessarily continuous) finite-dimensional
irreducible locally bounded representation of a connected Lie group is uniquely

determined by the character of the representation.

§ 1. INTRODUCTION

An explicit form of continuous irreducible finite-dimensional representa-
tions of connected Lie groups in terms of representations of the radical and
a Levi subgroup is well known (see, e.g., [1], Ch. 8, §7).

An explicit form of not necessarily continuous irreducible finite-dimensional
representations of connected Lie groups in terms of representations of the
radical and a Levi subgroup was obtained in [2].

In the present note, we use the result of [2] to prove that every (not
necessarily continuous) finite-dimensional irreducible locally bounded repre-
sentation of a connected Lie group is uniquely determined by the character
of the representation.
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§ 2. PRELIMINARIES

Recall that a (not necessarily continuous) finite-dimensional representa-
tion is said to be locally bounded if there is a neighborhood of the identity
element whose image under the representation is bounded and finally precon-
tinuous if there is a normal subgroup whose image under the representation
is contained in a ball centered at the identity operator (in the space of the
operators in the representation space) whose radius is less than one and the
quotient group by this normal subgroup is a Lie group.

Recall now one of the main results of [2].

Theorem 1. Let G be a connected Lie group, let R be the radical of G, let
S be a Levi subgroup of G, and let m be a (not necessarily continuous) irre-
ducible locally bounded finite-dimensional representation of G in a space E.
Then there is a (not necessarily continuous) character 6 of R satisfying the
condition

(1) 0(grg= ') =0(r) for every ge G, r€R,

and an (automatically continuous) irreducible representation p of S on E
such that

(2) w(g) =m(lr) =0(r)p(s) forevery g=sr, s€S, reR.

Remark. Under the assumptions of Theorem 1, the character x, of the rep-
resentation 7 has obviously the form

(3) X=(9) = X=(s7) = 0(r)x,(s) forevery g=sr, se€S, reR,

where x, stands for the character of the representation p of S.

We also recall (see, e.g., [3, 4]) that every locally bounded (automatically
continuous [5]) irreducible representation of a connected semisimple Lie group
is completely determined by the character of the representation, i.e., two
irreducible representations of the group are isomorphic if and only if their
characters coincide (see, e.g., [3, 4, 5]).

§ 3. MAIN THEOREM

Theorem 2. FEvery (not necessarily continuous) locally bounded finite-di-
mensional 1rreducible representation of a connected Lie group is completely
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determined by the character of the representation, i.e., two locally bounded
finite-dimensional irreducible representations of the group are equivalent if
and only if their characters coincide.

Proof. Let G be a connected Lie group, let m be a (not necessarily con-
tinuous) locally bounded finite-dimensional representation of G in a vector
space F, let R be the radical of G, and let S be a Levi subgroup of G. By
Theorem 1, there is a (not necessarily continuous) character 6 of R satis-
fying the condition (1) and an (automatically continuous by [5]) irreducible
representation p of the semisimple Lie group S on E such that (2) holds.
According to the above remark, the character y, of the representation 7 has
the form (3), where y, stands for the character of the representation p of S.
Therefore, if 71 is another (not necessarily continuous) locally bounded finite-
dimensional representation of GG in a vector space E; and the character x,
of 71 coincides with x,, where, for some central (not necessarily continuous)
character 6, of R and for some (automatically continuous) finite-dimensional
representation p; of the Levi subgroup S of G, we have

) xmi(9) = Xm (s7) = 01(r)xp, (s) forevery g=sr, s€S, rekR,

(Xp, stands for the character of the corresponding representation p; of \5),
then the restrictions of x, and xr, to R coincide. However, these restrictions
are equal to (dim7)6 and (dim )6y, respectively. Therefore,

dim7m = dim m
(the values of the characters at the identity element of G) and
9 - 01.

This implies that
Xp = Xp1-
According to what was noted above, this shows that the representations p

and p; are equivalent. This equivalence extends obviously to an equivalence
of m and 71, as was to be proved.

§ 4. CONCLUDING REMARKS

Using a standard consideration (see, e.g., [6]), one can use the above the-
orem to show the following corollary.
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Corollary. FEvery (not necessarily continuous) locally bounded finite-di-
mensional finally precontinuous irreducible representation of a connected lo-
cally compact group is completely determined by the character of the repre-
sentation, i.e., two locally bounded finite-dimensional irreducible finally pre-
continuous representations of the group are equivalent if and only if their
characters coincide.
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