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Abstract

n n
For a,b € R we study some binomial sums of the form Z <Z) akb"‘kxjk+m, Z <:> akb"‘kyijrm,
k=0 k=0

n n
Z <n> a"o"* 2y and Z <Z> " 0" *wjp . where {0}, {yn}, {zn} and {wy} are the

k
k=0 k=0
balancing-like, lucas balancing-like, cobalancing-like and lucas-cobalancing-like sequences

respectively. Moreover, we express these sums in a different combinatorial way and also

provide some closed form solutions of many forms of these sums.

1. Introduction

Several generalizations and variations of balancing numbers is available in literature [?, ?,
?,7,2,7,?2, 7, 7. For each A > 2, Panda and Rout [?] studied recurrence sequences
{zy,} defined by xp4+1 = Az, — 2,1 with initial terms 2o = 0 and 27 = 1 which are
subsequently known as balancing-like sequences. They proved that if x is a balancing-like

number with respect to a given A, then Dz? + 1, where D = A24_4 is a perfect rational




422

S. S. Pradhan and G. K. Panda

square (a perfect integral square only if A is even) and its square root is known as a Lucas-
balancing-like number. The Lucas-balancing-like sequence corresponding to BL(A, —1) is
denoted by {y,} and satisfy an identical recurrence relation as that of balancing-like num-
bers with initial terms yo = 1 and y; = 4. Further Panda and Pradhan [?] introduced
two associates of the balancing-like sequences called the cobalancing-like sequences {2z, }22 ,
having the recurrence relation z,41 = Az, — z,_1 with initial terms 2z = z; = 0 and lucas-
cobalancing-like sequences {wy, }52, satisfying the recurrence relation w1 = Aw, — wp_1
with wg = —1, wy = 1 for a fixed A, the balancing-like and/or the Lucas-balancing-like
numbers with their above associates satisfy all properties of balancing and Lucas-balancing

numbers for A = 6.7, 7, 7]

The Binet forms derived from the recurrence relations of balancing-like numbers, lucas
balancing-like numbers, cobalancing-like sequences and lucas-cobalancing-like sequences for
a fixed A are

an_ﬁn
n = —F—, 1
T P (1)
Yn = B 5 (2)

1 1 . 1 1 2
Z"‘(A—zf A274)“ +(A_2+ A274)B T A2 (3)
and . .

w, =L P (4)

AZ_1

for n=1,2, - where @ = 4+vA*-4 V2AL4 and = 4-vA*4 V2AL4. Clearly, a + f = A and aff = 1.

One can derive the following expression by the help of binet forms as

n n n n (Y2k+m o /32k+m
> (1) =2 (1) (=)

k=0 k=0

1 m " (n m " (n

-——a > <k> o gm Y <k> 5%
' k=0 k=0

L e
-1 FICACEAR Ol
e (ha K )
=A"x

n+m



Sums of balancing-like sequences with binomial coefficients 423

Similar to the above identity we can obtain the subsequent identities,
" /n

Z (k) Yortm = A" Ynim

k=0

and
n

n
n " A" _ n
Z (k}) 22k+4+m = A Zn+m + 7 —-2" 17 Z (k) W2k+m = Anwner

k=0 k=0
In this paper we will discuss these four parameter sums

Sn(m) = Sn(xa a,b, j, m) = Z (Z) akbn_kfﬁjk-&-ma

k=0

‘ " (n e
Sn(y) = Sn(y;a,b,j,m) = ()akb Y ikt

and

Sn(Z) = Sn(z7 a,b, j, m) = Z <Z> akbnikzjk+m7

Sn(w) = S'ﬂ(wv a, b7 ja m) = <n> akbnik’w]']g+m

where a,b € R and j,m € N.

2. Results

We establish some lemmas to support the question: For two integers p and ¢ with p # q.

For what value of a and b does the identity

n
N\ kyn—k
Z (k>a V" Taktm = Tpnim

k=0

hold? We also find out the same for y,, 2z, and w,.

Lemma 2.1. The generating function of the sequences {Tjnimtn>0 and {Yjntm}n>0 are
given by
T+ TjmT

—_— 5
1—2y;r+ 12 (5)

oo
frjn+m (T) = Z xjn-i—mrn =
n=0

and

o0
B ] n__ Ym — Yj—mT
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Proof.
o0 1 o0
_ _ jn+ jn+
o) = nzzjowmr" =g - ™)
o0 [e o]
[am Zajnrn Zﬁjnrn}
n=0 n=0
am m
[1 —ar 1-— BJT]
o™ — ﬂm + CY7 my. Bj—m
[ 1—(ad +pm) +1r2 }
. xm + x],mr
1= 2y + 72
The similar result for the lucas balancing sequence can be acquired accordingly. ]

Lemma 2.2. The generating function of the sequences {zjntm}n>0 and {Wjntmn>o0 are

given by
o0
2Ym — 2Yj—mT Tm + Tj—mT 2
' — ) n _ — : — 8
Fopem (1) = 2 Tinimt™ = oy ey T T gy v T (A= O
and
> n Tm A+ Tmo1+ (Tjom F Tt
i (r) = Z Wintm?™ = 1 —2y;r + 12 ©)
Proof. The proof is similar to that of Lemma??. a

Lemma 2.3. The generating functions for Sy(z), Sn(y) and Sp(z), Sp(w) are

o0
B 0 T + (aj_pm — b))
Fsu@)(r) = Z Sn(@)r" = 1 — (2b + 2ay;)r + (a® + 2yjab + b*)r?’ (10)

Ym — (ayj—m + bym)r
11
Fsa(r) ZS T1- (20 + 2ay;)r + (a? + 2y;ab + b?) (11)

and

2ym — (2ayj—m + 2bym)r

_— n __

Tsuo(r) = 2 Sul2)r T(A—2){1— (2b+ 2ay;)r + (a2 + 2y;ab + b2)r?}

3 T — (aTj—m — bTp,) 3 2
1—(2b+ 2ay;)r + (a® + 2y;ab+ b2)  (A—=2)(1—(a+Db)r)

(12)

n TmF Tmo1 (0T jom + AT jomg1 — bTp — bTiy—1)
= n = 1
T (r) Z Sn(w)r 1— (2b+ 2ay;)r + (a? + 2y;ab + b)r? (13)
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Proof. Applying Theorem 1 from [?] it follows that for a integer sequence {ey},>0,

1 ar
fsne)(r) = 1-— brfefﬁm (1 — br)'

So using the above relation and the equations from Lemma 1 and Lemma 2 this Lemma

can be proved. O

Theorem 2.4. We have

n
Z akbnikqunhm = Tpntm (14)
k=0

n

>V Fykim = Ypnim (15)
k=0

and

n
Z akbnikwaﬂ—m = Wpnt+m (16)
k=0

if and only if a = xp/xq and b= x4,/ 4.
Proof. Comparing (??) and (??) we get the following system of equations

Yp = b+ ayy,
Tp—m = ATg—m — OTpy,
1 = a* + 2yjab + b*.

The above equations gives
o= Tp—m T YpTm Zp

Tqg—m T YqgTm Tq

and
x Tq—
b=yp— yq_p =2
Tq Tq
The proofs of second and third parts are similar so it can be easily inferred. |

The cobalancing-like sequences however have some different results regarding the Theo-

rem ?7 which we can find out through the following theorem

Theorem 2.5. The sum

n

Z akbniquk_Fm = Zpntm (17)
k=0

has no solutions.
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Proof. Analogous to the Theorem ?? we compare the equations (??) and (??) and can

_ Tp _ ZTg-p
produce a = ze and b = o

ZTg—p = Tq — xp which is only possible if p = ¢ which is trivial or p

But we can also see that here a + b = 1 which gives

0 and ¢ be any

integer. O
Now, we look into some special binomial sums.
Theorem 2.6. For n be any positive integer, the sums
n n
(%)%}m(ﬁ_) , if n is even
TL n k 1 k v
(1) 04 () wwim = (18)
k=0 k Yi A2 O o
(&) 7 ym (ﬁ) , if n is odd
and i
A2_4\72 zj\"n . .
o, . (%5 )Zym(ﬁ) , if n is even
(1) 04 () wrem = (19)
k=0 J ntl n
—(A24 4) 2 mm(;—j) , if n is odd
holds.

Proof. If we choose a = —b/y;, then (2b + 2ay;)r = 0 from (?7). Again we can see that

2
b2 (1— y]2) _ (A4 4):17]2-
v; v;

a® + 2y;ab + v =

and
LjYm
Yj

aTj_m — by = —

Hence,

Yj Yj

o 2_ n 00 2_ n
Fsu)(r) = me<(A4 ;1)“3?> p2ng2n _ Z ZjYm ((A4 :)“:?) p2n+1,2n+1
n=0

Yj

n=0

comparing the coefficients of 2™ from (??) proves the stated identity. Similarly equation

(??7) can be inferred without proof.

O

The companion result for cobalancing-like numbers and lucas-cobalancing-like numbers

are stated in the following theorem
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Theorem 2.7. For n be any positive integer, the sums

n o [t e e
> (1)) swen =
o k Yj A+2 A2_4 nTil Tj\" 2 yi—1\" 1 )
(ym —2m (452))(45) * ()" — a2 (%), ifnis odd
(20)
and

(Tm + Tm—1) (#) 2 (m—]) , if n is even

—(Ym + Ym-1) (#) = (‘”—J)n if n is odd
holds.

Proof. We have already seen that taking a = —b/y;, then

(22
1
a® + 2yjab + v = —bZTj
J
aTj_m — bxy = ﬁbw.
Yj
and 2
— AN\ Ty
- bm:b( )u
ayj—m + 0y, 1 v
So,
- 2Ym = A2 — 4" Zj n 2n,_.2n
Fowo) = (25 = =) 22 (=) (57) ¥
A2 XA\ a2 Sy 1T
+y — ( )(_) bn+,rn+7 ( )bnrn7
(m m( 2 ))T;) 4 Y; A_2T;) Y;

and thus comparing the coefficients we get the proof. In the case of lucas cobalancing-like

sequences applying the similar conditions we have
=3

aTj—m + ATj_mi1 — 0Ty — DTt = =b—=(Ym + Ym—1)

Yj
which leads to

ISn(w)(r) = (Tm+Tm_1) i (A24_ 4)" (;—j)zan"TQ"—(ym+ym_1) 2 (A24_ 4>n (%>2n+1b2n+lr2n+l

n=0

and the proof can be inferred. O
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Theorem 2.8. Forn > 1 the following identities are valid:

n n—1 .
(Z) Yootk jppm = (—1)" (VA2 —4)" oI tmgn (22)
=0
& n ik 2 n-1 Jn—+m,.n
Z K B w]k+m:_( A _4) B €T (23)
k=0
- n 1 k ik _ _1)n A2 4 Jjn+m_.n 4
k (—1)"« Yjk+m = D) ( ) «@ T (24)
k=0
n n . 1 n .
(1) 0 s = 5 (VA= 2) gy (25)
k=0

Proof.

Y , 1 . |
. (Z) (—l)ka]kxjk+m = ( (Z) (_1)ka]k(a]k+m - 5]k+m)

5 (o

gyl 1o ")

,.\,.\
v

*1)" min(ad — g9
(= 5)

= (-1)"(a = B

which concludes the proof for the Equation(??). The proofs of Equations(??), (?7) and

(??) can similarly be obtained. O

Corollary 2.9. Forn > 1 we have

n—2 .
n T Yjntms n s even
Z -T]k-rjk+m = n 9 (26)
—0 z. Tintm, n s odd
" /n L(VA?T 4 a: Tint n is even
2 Jjn+m;
<k>( 1) yjkxjk+m = 1 ) (27)
k=0 7Y jntms n is odd
" /n L(VAT 4 a: Tint n is even
2 Jn+m;
(3) 0 o = ) , (28)
k=0 ;rj Yintm, n s odd
" /n L(VAZ 4 :c Yint n is even
2 jn+m;
(1) 0 s = i, (29)
k=0 — ﬂcj Tjntm, n is odd
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3. Combinatorial Identities for S,(z), S,(y), Sn(z) and S, (w)

Theorem 3.1. The following combinatorial identity is valid

=, .
Sp(z) =d(n)+ Z (n f 1) (=) (v + bu)lu"%l*l(m(b+ayj)xm+aymxj), (30)
1=0

where u = 2(b+ ay;), v = a® — b and

Tm(—1 5] v+ bu L%J, if nis even
5(n) = m(=1)L2( ) f (31)
0, if mis odd.
Proof. We set h = axj_y, — bxp,. Then, again from (??) we have
o0
Fsn(@)(r) = (xm + hr) Z ™ (u — (v —bu)r)"
=0
o0 n " n
=T, Z Z ( ) (=1)° (v + bu)Fun—spnts
n=0 s=0 s
o0 n n
_1)\8 s, n—s, n+s+1
—I—hz <s>( 1)°(v + bu)*u"°r
n=0 s=0
o |2
5,
=T Z Z ( ; > (=)' (v + bu) b2k
k=0 1=0
5]
2~ (k—1—-1 . .
+h Z ( ; )(—1) (v + bu) uF=2 =1k,
k=1 (=0
Comparing the coefficients gives the relation
LnT_lJ l ! n—1 n—[01-1
Sp(z) = 8(n) + Z (=) (v + bu) w21 uxm< ) + h< ) ,
= l l
where 6(n) is defined above. We have h = f%uzm + aymz;. The statement now follows
since
n—=0\ _ n—-1l/n-1-1
1) n-2 l '
and

() )- w1

The analogue result for S, (y) is stated without proof O
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Theorem 3.2. The following combinatorial identity is valid

Suly) = 5 (n)+ ZJ ") 1o a2 (L ag g (Pt aty)
w(y) =0 (n 2 ; v+ bu)u o (0T ay;)Ym 1 aTm; ),
(32)
where u = 2(b + ay;), v =a® — b* and
m(—1 15] v+ bu L%J, if nis even
sy = 1Y (=Dtzi( ) f (33)
0, if nis odd.
Similarly, in the case of cobalancing-like numbers we have the following result
Theorem 3.3. The following combinatorial identity is valid
=2
S =am+ 3 (M7 T
1=0 y
n—I 2 2g 2 n
() G o0) - (525 1) ) = 2yt w
where g = ayj—m + byYm, h = ax;_, — bry, and
(st 7 — )
(2, —plzl 1%] ifni 34
v(n) T5Ym — Tm ) (=1)L2 (v + bu)L 2], if nis even (34)
0, if mis odd.
Proof. Let h = axj_m — bxy, and g = ayj_m + bym, and then by (??), we have
3 (=2 2 = 13 3o+ w3
fsn(z)(r) —; ((A 2ym mm) + (Af 2ym mm)( L%J )(—1) 2)(v+ bu)l2
n;lj
n—l—=1\, 1, n—20-1 n—1 2 29
N l; < z >( D'+ o' (=g ) (g =gum —om) = (775 + 1)}
2 2 n n
“A—3 A—3th )
Thus, the proof follows O

Likewise, for the lucas cobalancing-like numbers we can state the following theorem

without proof.
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Theorem 3.4.
I-WEIJ n—1-—1 1 1 20—1 n—1
S, (w) =~*(n) + < l >(—1) (v 4 bu)u" =~ u(mm+:€m—1)m+t
=0
(35)
where t = axj_m + axj_my1 — by, — b1 and
T+ Tm_1)(—1 L%jv+bu L%J, if nis even
) = (@m + 2m-1)(=1)L2( ) f (36)
0, if nis odd.
The following examples demonstrate some identities which can be derived from the above
results.
From Sy, (x;1,1,2,0) we get the identity
n—1
e n—1-1 I gn—21-1
— n—20—
me 3 (M)

. Likewise, S, (y;1,1,2,0) gives

where
-1 L%J, if nis even
s D i
0, if nis odd
From, S2,(z;1,1,2,0) we have the identity

n—1
_L o\ 2n —1—1 N g2n-21-2 242 9 —1 B A2 -
Ereria 1)+§< l )( D4 A—2(2n—21) 12 4

and similarly from So,41(z;1,1,2,0) we have

N~ (2n -1 Uono1 [ 242 r2n+1—1 A? 2
=3 (M Yt () -4 4) - ()

. Now from Sa,(w;1,1,2,0) we have

n—1

n 2n—1—1 "2l 2n —1
w,, = (—1) +1+Z< z )(—1)1,42 212<—A2(2n_21)+A2+A>

=0

and from So,4+1(w;1,1,2,0), we get

N~ (2= et | g 2011 2
w’-’"+1_z< I >( b4 A(2n+1—2l)+A A

=0
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