Proceedings of the Jangjeon Mathematical Society www.jangjeon.or.kr
23 (2020), No. 3, pp. 377 - 383 http://dx.doi.org/10.17777/pjms2020.23.3.377

Some Result on Analogous to Ramanujan’s Remarkable
Product of Theta Function
B. N. Dharmendra and R. Raghavendra*

Post Graduate Department of Mathematics
Maharani’s Science College for Women
J. L. B. Road,Mysore-570 001, India.

*School of Engineering and IT,
Manipal Academy of Higher Education,
Dubai Campus, Dubai, UAE-345050.
bndharma@gmail.com, *raghumaths@gmail.com

Dedicated to Prof. C. Adiga on the occasion of his 62"¢ birthday.
Abstract

In this paper, we study the analogous of Ramanujan’s Remarkable product of
theta-function of degree 9 and their explicit values.
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1. INTRODUCTION

In Chapter 16 of his second notebook [2], Ramanujan develops the theory of
theta-function and is defined by

o0
(1.1) Flab) =3 a"= 75" Jab|< 1,

= (—a; ab) oo (—b; ab) oo (ab; ab)

where (a3q)o = 1 and (a5 q)oo = (1 — a)(1 — ag)(1 — ag?) -
Following Ramanujan, we defined

(1.2) ¢(q) = flg,9) = Zq :753:,
_ o~ nntn) q 7*)oo
(1.3) b(q) = f(g,4°) E:: =
(1.4) f-0) = f—a - = 3 (~1)"" T = (g 0)oo,
and

(1.5) X(@) = (-¢:¢")oo-
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On page 338 in his first notebook [11, p.338], Ramanujan defines
—(n—=1)= m
ne%\/;dﬁ(e—w\/ﬁ)(p?(_e—%r\/ﬁ)
U2 (e V)R (—e TV

He then, on pages 338 and 339, offers a list of eighteen particular values. All these
eighteen values have been established by Berndt, Chan and Zhang [1]. An account
of these can be found in Berndt’s book [3], M. S. Mahadeva Naika and B. N. Dhar-
mendra [4], also established some general theorems for explicit evaluations of the
product of a,, , and found some new explicit values therefrom. Further results on
am,n can be found by Mahadeva Naika, Dharmendra and K. Shivashankar [5], and

Mahadeva Naika and M. C. Mahesh Kumar [6].
In [7], Mahadeva Naika et al. defined the product

(1.6) Ay =

new\/?dﬂ(_e—m/ﬁ)w?(_e—%r\/ﬁ)
U3(—e VR (e TV
They established general theorems for explicit evaluation of b, , and obtained
some particular values. Mahadeva Naika et al. [8] established general formulas for

explicit values of Ramanujan’s cubic continued fraction V(g) in terms of the products
am,n and by, , defined above, where

(1.7) boan =

1/3 2 2, 4 3., .6
q q+q q°t+q q° +q

1.8 Vig) i=— S 1
(1.8) @ =" "1 LT 41 4 <t
and found some particular values of V(q).

In [10], Nipen Saikia defined the product of theta-functions I, ,, as

=geld™) LT

(19) fmn = DR —qmple) 1 vE

where m and n are positive real numbers. They established several properties of
the product I,,,, and proved general formulas for explicit evaluation of I, .

In this paper, we establish several General Theorems and explicit evaluation of
Iy p.

Now we define a modular equation in brief. The ordinary hypergeometric series
oF(a, b; ¢; z) is defined by

?

oF1(a, by c;z) == Z %xn7
n=0 nlto:

where (a)o =1, (a), =ala+1)(a+2)---(a+n— 1) for any positive integer n, and
|z |< 1.

Let

(1.10) z:=z(z) = o4 (1, 1; 1;x>
2°2

and

Fi(3, 5151 -
(111) q:= q(l’) ‘= exp (—71’2 1(2127 ) "L'))’

2Fi(3, 3115 2)
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where 0 < z < 1.
Let r denote a fixed natural number and assume that the following relation holds:

(1.12) r

Then a modular equation of degree r in the classical theory is a relation between «

and 8 induced by (1.12). We often say that 3 is of degree r over o and m := ZE;;
z
is called the multiplier. We also use the notations z; := z(«) and z, := z(8) to

indicate that $ has degree r over a.

2. PRELIMINARY RESULTS

U(—q) 40 = ¢(q) then

Lemma 2.1. [9] If P := P ) an = )
(2.1) Q+PQ=3+P

2
Lemma 2.2. [9] If P := gf((qqg)) and @ = w((;s))’ then

(—4Q® +6Q% + Q* —4Q + 1)P* + (8Q% — 8Q — 4Q* —12)P?
(2.2) + (—12Q% + 54 + 6Q1) P? + (72Q — 4Q* — 8Q* — 108)P
—108Q + 54Q* + Q* + 81 — 12Q°.

LAC) RRICY)

, then
©(q%) ©(q*7)

Lemma 2.3. 9] If P =

(2.3) 9P?Q —3P%Q* —9P? —3P3Q + P3Q? +3P% —9PQ +3PQ*+9P — Q* = 0.

¢(q) ~ pld”) on
() and Q= th

Lemma 2.4. 9] If P= s
o e(g*)

PO 4+ (—Q° —15Q — 10Q* + 5Q* + 15Q%) P°

—45Q% +5Q° — 20Q* + 30Q* + 45Q)P*

30Q* — 40Q* — 90Q + 90Q? — 10Q°)P3

90Q3 + 15Q° — 45Q* — 180Q* + 135Q) P?

45Q" — 81Q — 15Q° — 90Q> + 135Q%)P + Q°® = 0.

(
(2.4) (
(
(
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Lemma 2.5. [9] If P == ;f((qq% and Q := L‘IQ, then

2.5

( P)8 (—21Q° — 63Q% + 42Q* + 7Q° — 35Q — Q7 + 63Q*)P”

147Q° — 49Q° + 189Q + 7Q" — 413Q? — 294Q* + 441Q%) P8
1379Q3 — 567Q — 441Q° — 21Q7 + 147Q° + 1323Q? + 882Q*) P°
294Q° + 2646Q° + 1134Q — 2646Q* + 882Q° — 1694Q* + 42Q") P*
3969Q3 — 1701Q + 441Q° + 3969Q% + 2646Q* — 63Q" — 1379Q°) P3

n
i
i
n
+ (1701Q — 2646Q* + 63Q7 + 3969Q> — 413Q° — 3969Q? + 1323Q°) P?

(
(=
(=
(=
(
+(

Lemma 2.6. [10] We have

(2.6) Iy =1.
Lemma 2.7. [10] We have
(2.7) Lol = 1.

3. GENERAL THEOREMS AND EXPLICIT EVALUATIONS OF Ig,,

Theorem 3.1. If X := Iy, and Y :=Ig4y then
2By5 + (16t — y7 — 645 + 12y% 4+ y + 305> + 12°)27

+ (=30y2 — 132y* — 19¢° + 12y — 96y° — 79y° — 672"

+ (60y> + 12y" — 963° — 19y* + 30y + y® — 7dy® — 78y*)a®
+ (- 132y% — 78y% + 16y7 — 1325 + 16y — 172y* — 78y )9:4
+ (12y + 30y" — 78yt — T4y® + 60y° +1 — 1955 — 964°) 2>
+ (—19y° — 79y* — 96y + 127 — 3045 — 6y — 132y*)2>

+ (y7 +12° +30y° + 16y + 124 — y — 6y%)z + ¢ = 0.
Proof. Employing the definition of I, , (1.9) with m =9, we obtain

_ Y=eld®)
(32 fon = e &

By using lemma (2.1), we obtain

|
of3

_3-@
(3.3) P = o1
Combining (3.2) and (3.3), we can be write
3-Q
(3.4) Iy, = 2-q

where Q = ,p((qg))’ solve (3.4) for @ to obtain
Pa

1701Q% — 729Q + 1134Q* + 189Q° — 567Q° — 35Q" — 1701Q*)P + Q® = 0.
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(a—1)++Va?+10a+1

3.5 =

(35) Q L ,
where a = Ig .
Employing the equation (3.5) in (2.2), we obtain (3.1) O

Corollary 3.1. We have

(3.6) Tos = (9+5\/§)\/'2— 2(5+3\/§)’
(3.7) Toas — (9 — 5\/5)\/52— 2(5 — 3\/§)’
(3.8)
(9 +5vV3)v/2 -2 <(16 +9v3) + 2\/1197 +693v/3 — (837 + 483\/5)\5)
]9 4 = )
’ 4
(3.9)
(945V3)V2 -2 ((16 +9v3) — 2\/1197 +693/3 — (837 + 483\/§)\/§>
Iy1/4 = 1 .

Proof. Setting n =1/2 in Theorem (3.1) and using the Lemma (2.7), we obtain

(3.10) (Ig5 + 20135 — 6013 + 20Ig + 1)(I§5 + To2 + 1)* = 0.

Since the root of the second factor is imaginary and Iys < 1, we deduce that

(3.11) Iy + 20135 — 60155 + 20192 + 1 = 0.
On solving the above equation (3.11), we arrive at the equations (3.6) and (3.7).
Setting n = 1 in Theorem (3.1) and using the Lemma (2.6), we obtain

(3.12)
1+ 641y 4 + 6415 4 — 35015, — 16413 , — 56015 4 + I 4 — 16415, — 35015 , = 0,

by above equation (3.12) can be written as

(3.13) 2+ 642 — 3542° — 3562+ 142 =0, z=1Ioa+ I .

On solving the above equation (3.13), we arrive at the equations (3.8) and (3.9).
O

Theorem 3.2. If X := Iy, and Y :=Igg, then
(y? + 14+ y)2® + (—17y* — 105" — 19y +1 — /° — 8y)a®
+ (—=10y° — 28y* — 46y° — 17y + 1 — 359>z + (—195°
(3.14) — 19y — 46y° — T4y> — 46y1) 2> + (—28y% — 17y° — 464>
+ 5% — 10y — 35y")2? + (y° — 17y* — 8y° — y — 101> — 199%)2
+y%+yt+y5 =0.
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Proof. Employing the equation (3.5) in (2.3), we obtain (3.14) O
Corollary 3.2. We have
(3.15) Tz =23 4213 11,
(3.16) Igis =23 -1,
13[(11+ 7v/3)z + 13(3 4+ 2v/3)] + (51 + 23V/3)2?

(3.17) Igg = 5 ,

13 [(15 — 7v/3)z + 13(3 — 2v/3)] + (43 — 27/3)2?
(3.18) Iy 19 = 169 ,

where x = (47 + 2v/3)1/3.

Proof. Employing Theorem (3.2), Lemma (2.7) and (2.6), solving the resulting equa-
tion for Ig 3, Iy 9 and nothing that Ig3 < 1 and Igg < 1, we arrive (3.15)-(3.18). O

Theorem 3.3. If X := Iy, and Y := Ig25, then
2% 4+ (—45y — 60y> — 65y% — 15y* — y°)z®
+ (=65y + 75y% + 60y° — 15y° + 140y*)z*
(3.19) + (=60y + 60y> — 204> — 60y° + 60y*)2>
+ (—651° + 60y> + 140y — 15y + 75y*)2?
+ (—y — 60y> — 15y — 65y* — 45y°)z +¢® = 0.
Proof. Employing the equation (3.5) in (2.4), we obtain (3.19). O
Corollary 3.3. We have
(3.20) Igs =4+ V15,
(3.21) Iyyys =4 — V15,

(3.22) Toos = 2(23 4+ 6V/5) + 1/3(1425 + 368V/5),
(3.23) Iy 125 = 2(23 + 6V/5) — \/3(1425 + 368V/5).

Proof. Employing Theorem (3.3), Lemma (2.7) and (2.6), solving the resulting equa-
tion for Iy 5, 1925 and nothing that Ios <1 and Ig o5 < 1, we arrive (3.20)—(3.23). O

Theorem 3.4. If X1:= Iy, and Y := Ig49, then
2® 4+ (—406y* — 357y — 214° — 147y° — 483> — 105y — y7)a”
+ (—=21y" — 1134y* — 241543 + 903y — 1757y> — 357y + 273y )a"

+ (—6930y* — 7889y> + 273y° — 5145y° — 483y — 2415y — 147y")2®
(3.24) 4 (—406y — 113435 — 7182y* — 6930y° — 406y" — 6930y> — 1134y?)z*
+ (—6930y* + 273y — 483y" — 2415y° — 5145y3 — 147y — 7889y°)2>
+ (273y® — 357y" — 21y — 1757y + 903y% — 1134y — 2415y°)22
(

+ (—y — 406y* — 483y° — 21y% — 357y% — 105y" — 147y%)z + 5 = 0.
Proof. Employing the equation (3.5) in (2.5), we obtain (3.24). O
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Corollary 3.4. We have

(325 (13 4 3v/21) + 4/6(57 + 13v/21)

19,7 == 4 k]
(13 + 3v21) — /6(57 + 13v/21)
(3.26) Iy 7 = 1 .
Proof. Employing Theorem (3.4), Lemma (2.7), solving the resulting equation for
Iy 7 and nothing that Iy 7 < 1, we arrive (3.25)-(3.25). O
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