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ON (2,5)-REGULAR BIPARTITIONS WITH ODD PARTS DISTINCT

M. PRASAD

Dedicated to Prof. C. Adiga on the occasion of his 62" birthday.

ABSTRACT. In his work, K. Alladi studied the partition function pod(n), the number of
partitions of an integer n with odd parts distinct (the even parts are unrestricted). He ob-
tained a series expansion for the product generating function of partitions in which the
odd parts do not repeat. Later, Hirschhorn and Sellers obtained some internal congruences
involving the infinite families and Ramanujan-type congruences for pod(n). Let B(n) de-
note the number of (2, 5)-regular bipartitions of a positive integer n with odd parts distinct
(even parts are unrestricted). In this paper, we establish many infinite families of congru-
ences modulo powers of 2 for B(n) For example, for modulo 16,

ZB<16-34“~526-727n+6~34“‘52B-72”+1)q”£8ff,

n=0

where o, 8,v > 0.

1. INTRODUCTION

A partition of a positive integer n is a non-increasing sequence of positive integers \; >
Ag... > A such that \; + A\g + ... + A\ = n. An {-regular partition is a partition in which
none of the parts are divisible by ¢. Let by(n) denote the number of ¢-regular partitions of n
with b,(0) = 1. The generating function for by(n) is

S niﬁ
ngobf(n)q —fl’

o0
where f; := (¢*;¢") 00 = H1(1 —q").
Arithmetic properties of 7z—regular partition functions have been studied by a number of
mathematicians. The congruences for 5-regular partitions modulo 2 and for 13-regular par-
titions modulo 2 and 3 obtained using the theory of modular forms by Calkin et al. [4]. For
more details, one can see [5], [8] and [9].

In his work, K. Alladi [2] studied the partition function pod(n), the number of partitions
of an integer n with odd parts distinct (the even parts are unrestricted). He obtained a series
expansion for the product generating function of partitions in which the odd parts do not
repeat. Later, Hirschhorn and Sellers [7] obtained some internal congruences involving the
infinite families and Ramanujan-type congruences for pod(n). For more details, one can
see [12], [13].
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A bipartition of a positive integer n is an ordered pair of partitions (A, u) such that the
sum of all the parts equals to n. Let By(n) denote the number of /-regular bipartitions of n
and the generating function is given by

ZB" n)q" _M_

(9%

Suppose £, m > 0. A partition is an (¢, m)-regular partitions of a positive integer n if none
of the parts are divisible by ¢ and m. For more details, we can see [1, 11].

Let B(n) denote the number of (2, 5)-regular bipartitions of n with odd parts distinct.
The generating function is given by

f2 f5 f8 f20
B .
Z (" = Fpizip2 (1.1

We prove many congruences of the form, for all o, 5,y > 0,

o0
Y B (16 .30 52 2 4 6. glo . 528 72v 4 1) " =8f° (mod 16).
n=0

2. PRELIMINARY RESULTS
In this section, we record several identities which are useful in proving our main results.
Lemma 2.1. The following 2-dissections hold:

1_ R i ffs

- = +2q (2.1)
7 RR T TRER
and
1 ' Jifs
f_{l f14f4 + 4q o 2.2)
For proofs, see [3, p.40].
Lemma 2.2. We have
fof§ e f3 1%
YA ’ EEIE

For a proof, see [3, p.345].

Lemma 2.3. The following 2-dissections hold:

fs _ fsfsy | fifuofao
h o Ta f2f8f20 @4

and

i fofsf f4f40 (2.5)

5 fafiyfao fsf10

For proofs, see [8].
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Lemma 2.4. We have

L Bl Ao A
Bh - fre e NS T e
05 = BRI oy o sufaiy + 220000
and )
Af3 :fg,fm_qufmfzo 22 fufd — 2 3f4f10f40'
7 fof?

For proofs, see [10].
Lemma 2.5. [3, p.303, Entry 17(v)] We have

B(q") _ Ald") Clg")
1= f49< () qB<q7>‘q2+q5A<q7>)’
where A(q) = f(—¢*,—q"), B(q) = f(=¢*,—¢°) and C(q) = f(~q,—c°).

We prove the following theorems:

Theorem 2.1. Letry € {248,312}, 15 € {40,104, 232, 296, 360, 424}, r5 € {56, 184, 248, 312},

(2.6)

Q2.7

(2.8)

2.9)
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ry € {56,248, 632,824}, r5 € {184, 376,568,952}, rg € {124,156}, r7 € {20, 52,116, 148, 180, 212},
rg € {28,92,124,156}, r9 € {28,124,316,412}, rp € {92,188,284,476}, r1; €
{62, 78}, r12 € {10,26,58,74,90,106}, r13 € {14,46, 62,78}, r14 € {14,62,158,206}
and 15 € {46,94,142,238}. Then for alln > 0 and «, 3,y > 0, we have for modulo 16,

B(16-2%n+1) = B(8n + 1),

oo
> B (645" +56 - 52 + 1) ¢" = 81 fa0 + 85 2,
n=0
oo
> B (64-5% 0 + 2452 1) ¢" = 8f4 f5 + 8qf} fih,
n=0

B (645" n+r -5 +1) =0,

o0
Y B (64'34“-525~727n+24-340‘»525-727+1) ¢ = 8,

n=0
o0
ZB (64 cgla 528 g2+l 4 g gla 52B+1 o2yl 1) 0" = 8¢%f2,
n=0

(64 3la 526 72042, 4 gla 526 727+1+1) =0,

Y B (64 - gle . 526+ g2y, 4 g gda 52641 g2l 1) 7" = 8qf2,
n=0

(64 glo 52642 72y 4 gy 3la 52641 72"/+1) =0,

S B (64 L3latl 526 72, | gR. 3% 526 72y | 1) " = 8faf3,
n=0

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)
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ZB <64 cgdatl 526 w2y, o 150 3da 526 72y 4 1) " = 8f1 13,
n=0

o0
> B (6430t 5241 72 g gl 2L g ) g
n=0

= 8¢° f10.f15

Z B (64 ot 528+ 72y 4184 L 3he 528172y 1) q"
n=0

= 8q3f5f3?0’

B (64- 3101 522 7 gy gl 5207 1) =),

B (64 glatl 52642 727n—|—7'5 gdo 526+1 g2y o 1) =0,

> B(32-5%n+28-5 +1)¢" =81f20 +8/5 12,
n=0

o0
> B (32570 +12. 52 +1) ¢" = 84 f5 + 8qf} £,
n=0

B(32-5"%!n 4165 +1) =0,

Y B (32-346'-525 7P 41230528 72y 4 1) " =8f2,
n=0

o0
ZB (32 Cgda 528 7241, oy gda 52041 g2yl | 1) " = 8¢2f2,

n=0

B (32 cgda 528 72942, + 77 .3t 528 2yl 4 1) =0,
Y B (32 Ll 52841 72y, g gle 52641 g2l 1) " = 8qf2,
n=0

B (323 5742 7 g gl 5270 1 1) =0,
oo

S B (32 L 3latl 528 72y, 4 ogg . 3he 526 72 4 1) " =813,
n=0

o0

23(32 glatl 528 72, 4 76 3la 526 . 72“+1)q =8f, 12,

oo
Z B (32 . 34(1+1 . 525+1 . 72’}/” + 4 . 34(1 . 52[3+1 . 72’y+1 + 1) qn
n=0
= 8¢* fiofi5s
S8 (32 Cglatl g2B+1 g2y, | go . gla 52841 g2y o 1) " = 8¢3f5 f3,

n=0

(2.20)

221

(2.22)
(2.23)

(2.24)

(2.25)

(2.26)

2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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B (32 . 34a+1 . 52/3—0—2 . 72’yn + g - 3405 . 52B+1 . 727 + 1) = 0,

B (32 glotl 52642 g2y, o o - o 526841 72y 4 1) =0,

ST B(16-5% 0 + 14 5% + 1) " = 81 fa0 + 83 12,

n=0

> B (1652 n 4+ 65T + 1) ¢" = 8£4f5 + 8af fio,

n=0
B (16 -5 n 41y - 5°* 4+ 1) =0,
oo
S B (16-3% 5% . 7 4.6 31 5% 72 1) " = 8],
n=0

ZB (16 Cgda 528 7241, 1 o gda 526+1 72yl | 1) " = 8¢%f2,

n=0
B (16 cgla 528 722 4 g, gla 528 p2v D 1) =

o
Y B (16 3o 52641 g2y 4 g glo 52641 g2yl 1) " = 8qf?,

n=0

B (16 . 34& . 52ﬁ+2 . 72'yn + 73 - 3404 . 52[3+1 . 72’y + 1) = 0’

ZB (16 .gdatl 526 727, 4 99 . gda 526 72y 1) " = 8f2f§’,

n=0

o0
S B (16 L 3latl 526 72y, 4 38 gle 528 72 4 1) " =85 £3,

n=0

Z B (16 . 34a+1 . 52ﬂ+1 . 72’yn + 2 . 340.’ . 52[’3+1 . 72’Y+1 + 1) q’rL

n=0

= 8¢ fio fis,

00

Y B (16 cglatl 52841 72y 4 4G glo . 5264 g2y 4 1) 7"
n=0

= 8q3f5f§05

B (16 . 340t+1 . 52ﬂ+2 . 72’yn + g - 3404 . 52[3+1 . 72’}/ + 1) = 07

0.

B (16 Cglotl 52642 g2y, L gla 52841 72y 1)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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Theorem 2.2. Let rig € {22,38}, ri7 € {34,66}, r15 € {26,42,58,74}, r9 € {44, 76},
T90 € {68, 132}, 91 € {52,84, 116, 148}, T99 € {88, 152}, T93 € {136, 264} and roy €
{104, 168,232,296}. Then for all n > 0 and «, 3, > 0, we have for modulo 4,

Y B (16 .32 528 72, 4 9. g2 526 727 4 1) " = 2f3, (2.53)
n=0
o0
Y B (16 L3200 528 g2l o 3% 526 g2yH2 | 1) " = 213, (2.54)
n=0
B (16 . 32(!-‘1-1 . 52,3 . 72’yn + 2 . 32a . 52[3 . 727 + 1)
_ 2 ifn=k(Bk+1)/2 for somek € Z, 2.55)
- 0 otherwise. ’
o0
Y B (16 .32+l 528 g2, 4 9. 32042 528 g2y 1) " = 2f3, (2.56)
n=0
B (16 . g2l 528 727y 4 34320 . 526 72 4 1) =0, (2.57)
B (16 L3202 526 2y 4o g20] 5260 g2y 1) =0, (2.58)
o0
Y B (16 Lg2a 52841 g2y, 49 g2 52642 g2y 1) " = 2f3, (2.59)
n=0
B (16 L3200 52841 72 e 320 528 727 4 1) =0, (2.60)
B (16 L3200 52042 2y 4o g20 52641 g2y 1) =0, 2.61)
o0
Y B (16 L3200 52041 g2y, 49320 52041 g2y 1) " = 213, (2.62)
n=0

o0
Y B (16 (3% 528+1 g2yl 4 o g2 52641 2042 1) =213, (263

n=0

B (16 A 32a+1 A 5254‘1 . 72’yn + 2 A 32& A 52,3+1 . 72"/ + 1)

_ 2 ifn=k(3k+1)/2 forsomek € Z, 2.64)
o 0  otherwise. ’
o0
Y B (16 .32+l 52841 g2y | 9. 32042 52841 72y | 1) =213, (265
n=0
B (16 320t 52641 72y 34 g2 52841 g2y 1) =) (2.66)
B (16 32042 52841 g2y 4 g o 32081 52641 2y 1) =0, 2.67)
o0
> B (16 320 52042 g2y o9 g2 52643 72y 1) ¢ =2f3, (2.68)
n=0

B (16 L3200 52042 q2vp o g20 52641 g2y 1) =0, (2.69)
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B (16 . 3204 . 52,3+3 A 72'yn + 718 - 3204 X 52,3+2 . 72’7 + 1) = 0’

o0
Y B (32-32‘1-5213-727n+4-320-525-727+1) " = 23,

n=0

(o)
Y B (32 (320 528 72l 4 g 3% 528 g2 1) " =23,

n=0
B (32-8%%0 . 5% . 70 4 4. 82 527 4 1)
_ { 2 if n=k@Bk+1)/2 for somek € Z,

0  otherwise.

> OB (3282001 5% n 4 4. 32042520 1) " = 2,

n=0

B (32 .g20+1 528 72y, 4 g8 .32 526 .72y 4 1) =0,

B (32 A 320c+2 A 52B A 72777/ + 719 - 320!4—1 . 52ﬁ . 72’}/ + 1) = 0’

oo
> B (3232 5L Tn 4 4. 8% 522 1) " = 2,
n=0

B (32 L3200 52641 g2y oo 320 528 72y 1) =0,

B (32 L3200 52642 72y 4 gy 3200 52841 72y o 1) =0,

o0
Y B (32 (320 528+ 72y 4y 320 52641 g2y 1) ¢ =23,

n=0

o0
ZB <32 320 52841 g2+l oy g2 52041 p2942 4 1) " =213,

n=0
B (32 L3201 2841 g2y, 44 g2 g2041 g2y 4 1)
_ { 2 ifn=k@Bk+1)/2 forsomek € Z,

0  otherwise.

o0
> B (323207 5L 7R g B2 L7 ) g = 2,

n=0

B (32 _g2atl 52641 72y 4 6y . g2e . 5264 72y 1) =0,

B (32 . 32042 5241 g2y, 4 r1g - 3201 526+1 72y 4 1) =0,

o0
Y B (32 L3200 52642 72y 4 g 320 52643 72y 4 1) " = 213,

n=0

B (32 . 320 52642 72y | gy . 320 52641 72y 4 1) 0,

B (32 L3200 52843 72y o320 52042 p2y 1) = 0.

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)
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> B (64-3% 5% P48 3% 527 1 1) " = 2,

n=0

oo
S5 (64-3% 5% 0 4 8. 3% 52 P20 " = 2,
n=0

B (64 Lg2a+1 528 72y, 4 g g2 526 72y o 1)

_ 2 if n=k(Bk+1)/2 for somek € Z,
- 0  otherwise.

Y B (64 .32+l 526 2, 4 g 32042 528 72y 4 1) " = 218,

n=0

B (64 Lg20+1 528 727, 4 136,320 . 5268 L 727 o 1) =0,

B (64 . 32a+2 ) 52;3 ) 727774 + Tog - 32a+1 . 525 ) 72’)/ + 1) = 0’

oo
> B (64-3% 5241 7 8. 320 5227 1) g = 2,

n=0

B (64 L3200 52041 72y 4 gy 320526 720 4 1) =0,

B (64-3% - 57742 70 g - 320 52417 1) = 0,

o0
Y B (64 L3200 52041 g2y 4 g 320 526+ g2y 1) " = 213,

n=0

o0
ZB (64 320 B26+1 g2yl | g a2 52641 n2v+2 4 1) " = 2f3,

n=0
B (64 3 32a+1 . 5254—1 . 72’yn + 8. 32() . 52ﬂ+1 3 72"/ 4 1)

_ {2 if n=k(3k+1)/2 forsomek € Z,

0  otherwise.

o0
ZB (64 Cg20b1 5261 92y, 4 g 32042 52841 g2y 4 1) " = 243,

n=0

B (64 .32+l 52641 72y 4 136. 320 526+ 72y | 1) =0,

B (64 L3202 52641 g2y 4 3200l 52641 g2y 1) =
o0

ZB (64 _320 52642 72y, | g 320 52643 72y 4 1) " = 2f3,
n=0

B (64 . 3201 . 52ﬁ+2 X 72’*/n + 193 - 3201 A 52B+1 . 72’)’ + 1) = 07

B (64 L3200 52043 72y L3200 52042 p2y 1) = 0.

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)
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3. PROOF OF THE THEOREM (2.1)

Using (2.4) in (1.1) and then collecting the terms involving ¢>* ! from both sides, we arrive

at
fifo
B2n+1)q" =2—S1— 3.1
Z fafsfif
From the binomial theorem, 1t is easy to see that for any positive integers k and m,
i" = f3 (mod 2), 3.2)
,;*m = f2"  (mod 4), (3.3)
sm = f3m (mod 8). (3.4)
Employing (2.2) and (2.4) along with (3.2) and (3.4) in (3.1), we get, for modulo 16,
o0 2 £2
> Bn+1)q" = % +8¢% fof Ty (3.5)
= 20/i 5
and
=~ 15 fa0
Y B(n+3)q" = 25270 +8¢° 3 fio f1f3. (3.6)
Z fifiofd
Utilizing (2.2) and (2.5) in (3.5), we arrive at
[e.o]
S B@Bn+1)q" pf1fifho | 843 f1o 3.7)
f ofif5
and -
f4 13 fa0
B(8n+5)q¢" -2 +8qf3 fifs. (3.8)
nZ ( T 10T
Using (2.2) and (2.5) in (3.7), we get
B(16n+1) = B(8n+1). 3.9

By induction on «, we obtain (2.10).
Employing (2.2) and (2.5) in (3.7) and then collecting the coefficients ¢>"*! from both
sides, we get

- n _— f215 f25f20
B(16n+9 = -2 +8 . 3.10
g (160 +9) 4" = 8770 — 255 5 + 8f3 /7 (3.10)
Using (2.2), (2.6) and (2.7) in (3.10), we get
- _ f3 J2f10
B(32n+9)q" =8f; +8-5% —2 3.11
and -
> B (32n+25) " = 8f10fi fs + 8f5 fifs + 8fsfro- (3.12)
n=0
Utilizing (2.7), the equation (3.12) reduces to
> B(64n+25)q" = 8f} (3.13)

n=0
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and

o0
> B (64n+57) q" = 8f1 fa0 + 813 f3. (3.14)
n=0
The equation (3.14) is & = 0 case of (2.11). Suppose that the congruence (2.11) is true for
a > 0.
Ramanujan recorded the following identity in his notebooks without proof:

fi = fos(R(¢°) ' = ¢ = *R(a")), (3.15)
A
where R(q) = 7}"(_;2, _‘23) .
For a proof of (3.15), (;ne can see [6], [14].
Using (3.15) in (2.11) and then collecting the coefficients of q5"+1, we get
> B (6457 n 42452 £1) ¢" = 81, f5 + 8qf} £, (3.16)

n=0
which proves (2.12). Again, using (3.15) in (3.16) and then collecting the coefficients of
q5”+4 from the resultant equation, we obtain

o0
Z B (645220 4+ 56 - 52072 +- 1) ¢" = 8f1 fa0 + 815 f2, (3.17)
n=0
which implies that the congruence (2.11) is true for o + 1. By mathematical induction, the
congruence (2.11) is true for all integers o > 0.
Collecting the coefficients of ¢°*** for i = 3,4 from (2.11) along with (3.15), we obtain
(2.13).
The congruence (3.13) is &« = = 7 = 0 case of (2.14). Suppose that the congruence
(2.14) holds for o > 0 with 5 =y = 0. From (2.3), the congruence (2.14) with § =~y =0
becomes

o0
> B (64-3"n+24-3' +1) " =8f]. (3.18)
n=0

Using (2.3) in (3.18) and then collecting the coefficients of ¢°", we get

o0
> B (64-3% 042430 4 1) "

n=0

=817 +8qf5 = 8f; + 8qf§ +8af;, (3.19)

which implies

o0
ZB (64 . 34a+2n + 8 . 340{+3 + 1) qn

n=0
=8f) + 813 = 8qfsfs + 8 f318 + 84 £y, (3.20)
which yields
oo
> B (64-3%n +8.3%F5 £ 1) ¢" = 8¢, (3.21)

n=0
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which reduces to

oo

> B (64-3%n 424 300 4 1) " = 87, (3.22)

n=0
which implies that the congruence (2.14) is true for o + 1. By mathematical induction,
the congruence (2.14) is true for all integers o« > 0 with 5 = ~ = 0. Suppose that the
congruence (2.14) is true for o, 5 > 0 with v = 0. From the equation (2.14) with v = 0
and employing (3.15), we get

o0
3B (64 . 3la 528+l 4 5. gla 52641 4 1) " = 8qf2, (3.23)
n=0
which implies
o0
Y B (64 L3l 52642, | 9y . 3ha 52642 | 1) " = 8?9, (3.24)
n=0

which implies that the congruence (2.14) with v = 0 is true for 5 + 1. So, by induction, the
congruence (2.14) with y = 0 is true for all integers «, 3 > 0. Suppose that the congruence
(2.14) is true for v, B, > 0 and utilizing (2.9) in (2.14), we arrive at

o0
Y B (64 cgla 5268 g2l 4 g gla 528+l g2+l 1) =82, (325

n=0

which proves (2.15). Collecting the coefficients of g™+ from (3.25), we obtain

o0
> B (64 3l 528 722y 4 og . gl 520 7042 1) q" =87, (3.26)
n=0
which implies that the congruence (2.14) is true for v + 1. By induction, the congruence
(2.14) is true for all integers «, 3, v > 0.
From the equation (2.15), we obtain (2.16).
Using (3.15) in (2.14), we obtain (2.17).
From the congruence (2.17), we obtain (2.18).
Using (2.3) in (2.14) and then collecting the coefficients of ¢
resultant equation, we obtain (2.19) and (2.20) respectively.
Utilizing (3.15) in (2.19) and (2.20), we obtain (2.21) and (2.22) respectively.
From the congruences (2.21) and (2.22), we obtain (2.23) and (2.24) respectively.
Employing (2.2), (2.6) and (2.8) in (3.8), we obtain

3n+1 and ¢***2 from the

iB(l6n+5)q"ESf—27+8qff’0—2f2fw (3.27)
= fifs fifs
and -
> B(16n+13)q" = 8fsfio+ 83 f1 f5 + 8 fr0fi fs. (3.28)
n=0
Using (2.7) in (3.28), we get
> B(32n+13)¢" = 8f} (3.29)

n=0
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and

o0
> B(32n+29)q" = 8f1f0 + 8f5f5. (3.30)
n=0
The equation (3.30) is & = 0 case of (2.25). The rest of the proofs of the identities (2.25)-
(2.27) are similar to the proofs of the identities (2.11)-(2.13). So, we omit the details.

The congruence (3.29) is « = 8 = v = 0 case of (2.28). The rest of the proofs of the
identities (2.28)-(2.38) are similar to the proofs of the identities (2.14)-(2.24). So, we omit
the details.

Employing (2.2) and (2.8) in (3.6), we get

> B@En+3)q" = 2];2f10 +8qfafbf3 f5 (3.31)
o 1[5
and
> B(8n+7)q" = 8f3 fi f5 + 8afafio- (332)
n=0
Using (2.7) in (3.32), we obtain
> B(16n+7)q" = 8f] (3.33)
n=0
and
> B (16n+15)¢" = 81 fa0 + 8f3 f5. (3.34)

n=0
The equation (3.34) is & = 0 case of (2.39). The rest of the proofs of the identities (2.39)-
(2.41) are similar to the proofs of the identities (2.11)-(2.13). So, we omit the details.
The congruence (3.33) is « = 8 = v = 0 case of (2.42). The rest of the proofs of the
identities (2.42)-(2.52) are similar to the identities (2.14)-(2.24). So, we omit the details.

4. PROOF OF THE THEOREM (2.2)

From (3.31), we have, modulo 4,

© 3
> B@n+3)q" = o155
0 fio
= 2f] +2qf}, (4.1)
which implies
o0
> B (16n+3)q" = 2f} (4.2)
n=0
and
> B(16n+11)q" = 2f2. (4.3)

n=0
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The equation (4.2) is « = 8 = v = 0 case of (2.53). Suppose that the congruence (2.53) is
true for o > 0 with 8 =~ = 0. From (2.53) with 8 = v = 0, we have

ZB(16~32“n+2~320‘+1) " =2f;. (4.4)
n=0

Utilizing (2.3), the equation (4.4) reduces to

o0
ZB (16 . 320[-‘1‘1” + 2 . 320[-‘1‘2 + 1) qn = Qfg’a (45)
n=0

which yields
o0
S B (1632720 423202 4 1) ¢" = 2, (4.6)
n=0

which implies that the congruence (2.53) is true for v+ 1 with = v = 0. By mathematical
induction, the congruence (2.53) is true for all « > 0. Suppose that the congruence (2.53)
holds for «, 5 > 0 with v = 0. Employing (3.15) in (2.53) with v = 0, we get

o0
Nz (16 32052041y 4 9. 320 52642 4 1) q" =2f3, (4.7)
n=0

which implies
o0
Y B (16 L3200 52642, | 9. 320 52042 | 1) " = 2f3, (4.8)
n=0

which implies that the congruence (2.53) is true for 8 + 1 with v = 0. By mathematical
induction, the congruence (2.53) is true for all non-negative integers «, 8 with v = 0.
Suppose that the congruence (2.53) holds for v, 5,y > 0. Employing (2.9) in (2.53), we get

o0
d'B (16 320 528 72ty 9. 320 528 7202 1) q" =2f3, (4.9)
n=0

which proves (2.54). The congruence (4.9) reduces to

Y B (16 L3200 528 722y, 49 320 526 p2r+2 1) " =213, (4.10)
n=0
which implies that the congruence (2.53) is true for v + 1. By mathematical induction, the
congruence (2.53) is true for all integers o, 3,y > 0.
Using (2.3) in (2.53) and then collecting the coefficients of ¢, ¢3! and ¢3" 12, we
obtain (2.55), (2.56) and (2.57) respectively.
Collecting the coefficients of ¢3"*! and ¢®"*2 from (2.56), we get (2.58).
Employing (3.15) in (2.53) and then collecting the coefficients of ¢°"*3, we obtain (2.59).
Collecting the coefficients of ¢°**2 and ¢°*** from (2.53) along with (3.15), we obtain
(2.60).
Collecting the coefficients of ¢°"1 for i = 1,2, 3, 4 from (2.59), we arrive at (2.61).
From (4.3), we deduce

> B(80n+11)¢" = 2f}. (4.11)

n=0
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The congruence (4.11) is « = 8 = v = 0 case of (2.62). The rest of the proofs of the
identities (2.62)-(2.70) are similar to the proofs of the identities (2.53)-(2.61). So, we omit
the details.
From (3.27), we arrived at
0 3
> B(16n+5)q" zzf}i. (4.12)
10

n=0

Employing (2.8) in (4.12), we get

o0
> B(32n+5)q" =2f} (4.13)
n=0
and
[ee]
> B(32n+21)q" = 2f3. (4.14)
n=0

The rest of the proofs of the identities (2.71)-(2.88) are similar to the proofs of the identities
(2.53)-(2.61). So, we omit the details.
From the equation (3.11), we have

[e.e]
> B(@32n+9)q" = o 1110
~ f5
= 2f] +24fi, (4.15)
which yields
> B (64n+9)q" =2f} (4.16)
n=0
and
o0
> B(64n+41)q" = 2f3. (4.17)
n=0

The rest of the proofs of the identities (2.89)-(2.106) are similar to the proofs of the identities
(2.53)-(2.61). So, we omit the details.
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