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SOME MODULAR RELATIONS BETWEEN RAMANUJAN’S
FUNCTION v(q) AND v(q")

B. N. DHARMENDRA AND M. C. MAHESH KUMAR

ABSTRACT. In his ‘lost” notebook, S. Ramanujan introduced the parameter x(q) :=
R(q)R?*(¢*)and v(q) := R? (q% )R(q)/R(q?) related to the Rogers-Ramanujan
continued fraction R(q). In this paper, we establish some new modular relations

connecting x(q) with v(¢™) and v(q) with v(g") forn = 6,8 and 10.

1. INTRODUCTION

The Rogers-Ramanujan continued fraction is defined by

R(q)::qz/o+%+(11_2+ql_3+m’ lal <1, a-b
was first studied by L. J Rogers [18]. Later, this continued fraction was rediscov-
ered by S. Ramanujan and recorded may interesting results involving R(q). For
more details on R(q) one can see, [3], [4], [8], [19], [21], and [22].

In his ‘lost’” notebook Ramanujan [17], introduced the parameters y(q) and x(q)
which are related to Rogers-Ramanujan continued fraction. Ramanujan stated sev-
eral interesting identities involving the parameters p(q) and x(q). These results
were studied in detail by S. -Y. Kang [11]. Kang also introduced a new param-
eter v(g) which is analogous to i(g) and x(q) and established some identities.
Recently, C. Gugg [10] established certain identities of Ramanujan using the pa-
rameter x(q). S. Cooper [9], also systematically studied several results involving
the parameter x(q). M. S. Mahadeva Naika, B. N. Dharmendra and S. Chandanku-
mar [14], [15] established several results involving the parameter y(q), (q) and
v(q").

Recently, Andrews et al. [5] involving combinatorial partition identities associ-

ated with the following general family
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n

o s +in
R(s,t,l,u,v,w) := Zq 2 r(l, u,v,w;n), (1.2)
n=0
where
uv J +(w—ul)j
[n/u] .
r(l,u,v,w;n) = -1y . (1.3)
( ) ;0( ) (¢ Dn—uj(q"3 4");

In particular, we recall the following combinatorial partition identities [5, p.106,

Theorem 3]

R(2,1,1,1,2,2) := (—¢: ¢*) oo, (1.4)
R(2,2,1,1,2,2) := (—¢% ¢*)oos (1.5)
and

R(m,m,1,1,1,2) := (1.6)

(@™":6* )0

Recently, H. M. Srivastava and M. P. Chaudhary, they stated and proved some
theorems associated with the family R(s,t,l,u,v,w) defined by (1.2), which depict
inter-relationships between g-product identities, continued-fraction identities and
combinatorial partition identities.

Putting m = 1 in the (1.6), we get

(¢*:1¢%)
(©:6*)
which is one of the ramanujan’s special case of theta function definition ¢(q).

R(1,1,1,1,1,2) := (1.7

Recently, C. Adiga at al. [2], they established several modular relations for
the Rogers-Ramanujan type functions of order eleven which are analogous to Ra-
manujan’s forty identities for Rogers-Ramanujan functions and also gave interest-
ing partition-theoretic interpretation of some of the modular relations which are

derived.
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In Chapter 16, of his second notebook [16] Ramanujan defined his theta-function

as

o0

fla,b): = Z a"("+1)/2b"("_1)/2, lab| < 1,
nebo (1.8)

(—a;ab)oo(—b; ab) oo (ab; ab)so -

Three special cases of f(a,b) are as follows:

¥(a) = f(a,4") = iq”("“)“ _ i) (1.10)
' ’ — (6%’ '
Z ¢V = (¢;)oc, (1.11)
where
(@ @)oo = [[(1 —ag™), ol <1.
n=0

The ordinary hypergeometric series o F (a, b; ¢; x) is defined by

oF(a,b;c;x) = Z (ac n(b)n ",

nn!

where (a)o = 1, (a), = a(a+1)(a+2)---(a+n— 1) for any positive integer n,

and | z |[< 1.
Let
11

z:=z2(x) = oFy (5,5;1;1) (1.12)
and

(@) 2F1(3, 511 - 2) (L13)

¢ =q(x) =exp| —1T—=2——" ], .
2F1(3, 5:152)

where 0 < x < 1.

Let r denote a fixed natural number and assume that the following relation holds:

P55l —a) 2P (5,511 - 6) (L14)

2F1 (5,53130) 2F1 (5, 53158)
Then a modular equation of degree  in the classical theory is a relation between «
and £ induced by (1.14). We often say that 3 is of degree r over o and m := %

is called the multiplier. We also use the notations z; := z(«) and z, := z(,B) to

indicate that 3 has degree r over «.

")
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In [6] and [23], the authors have defined two parameters I, ,, and l;w as follows:

Y(—e VIR

lim = - (1.15)
/e = Ty (—emvik)

and
. (e mV/E) (1.16)
'k = k1/4eiwmw(e—ﬂ'm). .

They have established several properties and some explicit evaluations of [ ,, and
I}, , for different positive rational values of n and k. Recently, M. S. Mahadeva
Naika, S. Chandankumar, K. Sushan Bairy [13, 12] have established several new
modular equations and also established general formulas for explicit evaluations of
the ratios of Ramanujan’s theta function ¢. In [15], Mahadeva Naika, Dharmendra
and Chandankumar have established several new modular equations of degree 5
and established general formulas for the explicit evaluations of /5 ,,

In this paper, in Section 2 we record some preliminary results which are use-
ful for our subsequent sections. In Section 3, we establish several new modular
relations between x(q) and v(¢") for n = 4,6,8,10. In section 4, we establish
some modular relations between v(q) and v(¢™) for n = 6,8, 10 by using section
3. Employing this modular relations we can establish some new modular relations
1/151(/?1) 5 and QQ := % for n = 6, 8,10 and using

the above P — () modular relations of degree 5, we can establish some new general

between P :=

formulas for the explicit evaluations of [ ;,.

2. PRELIMINARY RESULTS

In this section, we collect some identities which are useful in establishing our

main results.
Lemma 2.1. [15, p.16] If k := k(q) and u := v(q), then

(B = Du? + 201 + 2k — EDu+ k2 = 1. @2.1)
Lemma 2.2. [15,p.17] If k := x(q) and u := v(q?), then

(u— 1)k + (u® + Dk +u® = u. 2.2)



Some modular relations between Ramanujan’s function y(q) and y(q") 349
Lemma 2.3. [4, Entry 1.8.1, p. 33] [11] We have

W) _1+le)
Aite) 1= vM)

Lemma 2.4. [15,p. 15] If uw:=v(q) and v :=v(q?), then

(2.3)

V?(ut + 1) + (1= 20 — 20% = 20% + o) (WP + u) + (=20" + 100 — 2)u® = 0.
(2.4)
Lemma 2.5. [15,p. 15] If u:=v(q) and v:=v(q>), then
(3u + 3u? — 3u® + u)v® — 30*(u 4+ v?) + (3u® — 3u+ 3u? + 1)v = 3 + vhu.
2.5)
Lemma 2.6. [15,p. 15] If u:=v(q) and v:=v(q*), then
(0% + 60% + 605 — 407 — dv — 140?) (u” +u) + (3207 — v° + v — 1% — 608
— 6 — 480° — 480? 4 136v1) (u® + u?) + (150° — 1080”7 — 108v + 20205 + 15
+ 800° — 434v" + 20202 + 800°) (v + ) + (16007 — 20 4 160v — 20¢°
—160v% — 160v° — 3200° — 32002 + 7500t ut + v + uSv* + 47 +u=0.
(2.6)
Lemma 2.7. [15,p. 15] If u:=v(q) and v:=v(q®), then
(u® + 10u® 4 6 — 5u? — 5u* — 10u)v* — (6u® — 35u + 2503 — 25u* + 20u°)0®
+ (110 + 25u” — 35u” — 25u 4+ 20u®)v? — (6u° — 5u — 10u" — 5u® + 10u?)v
+o+ud =0’ — 113 + 602 = 0.
2.7
3. MODULAR RELATIONS BETWEEN £(q) AND v(q")

In this section, we establish several new modular relations connecting x(q) with
v(q")

Theorem 3.1. If u:= x(q) and v:=v(q¢*), then

(=14 v)u' + (=1 = v® — v+ 30H)ud + (=0® — v)u?

3.1
+ @ =30 v+ vHu— vt o3 =0.
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Proof. Replace q to ¢ in equation (2.4) and using the equation (2.2), we find that

16(1 —v—u— 3v%u® + 302w + v + vu? — vu 4+ vPud 4 vPu?

— v3u + vt 4 otd — vdut) (vu — vt + 0% —ut = 4 30%3 3.2)

—30%u +vut — vud — vu? — v3ud — o3 + Vw4 vte) = 0.
By examining the behavior of the above factors near ¢ = 0, we can find a neigh-
borhood about the origin, where the second factor is zero; whereas other factors
are not zero in this neighborhood. By the Identity Theorem second factor vanishes

identically. This completes the proof. O

Theorem 3.2. If u:=x(q) and v:=v(q®), then

(0% — 4ot + 60° + 07 — %) ud + (=170° + 2102 + 507 — 7o + 270"

—330% + 1+ 30°)u” + (—60° — 2 — 330° — 420 + 290° + 3dv* + 307

+170)u8 + (230° 4+ 0® — 1170" — 30 — 1507 + 490 + 30 + 590°)u®

+ (=30° + 2 + 440° — 21w + 2% — 600 + 440 — 303 — 2107 )ut+

(=305 — 2303 — 1 4+ 1170 + 307 — 590° + 150 — 490%)u® + (290° + 3v

— 208 4+ 34wt + 1707 — 4205 — 3303 — 60?)u? + (170? + 330° — 2108

—30% — 50 —® — 270 + W) u 4 v+ 08 — 40 — 4ot + 603 = 0.

(3.3)

Proof. Replace ¢ to ¢? in equation (2.5) and using the equation (2.2), we arrive at

the equation (3.3). 0O

Theorem 3.3. If u:= k(q) and v:=uv(q®), then

(v* = 0?)ud + (=1 + 60 + 7ot — 100% — 70° + 5v)u” + (8v° + 3v

— 0" 41— 1602 — 120° + 305 + 140" )0’ + (=100 + 1505 + 2502

— 320" — 507 = 303 + 100°)u® + (—2v — 300" + 50% + 130 — 207
+ 50° 4+ 1305)ut 4 (3201 — 150% + 30° — 100® + 50 + 1007 — 250%)u3 G4
+ (—v + 30 — 160° 4 307 + 140" 4 80° + 0% — 120%)u® + (V® + 703

— 70t —60° +100° — 5 u + vt — v = 0.
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Proof. Replace q to ¢ in equation (2.6) and using the equation (2.2), we find that

256(—10vu® + 25020 — 100%u + 30vtu? — 5v3u? — 320 + 2vut — u + Tv'u
— 3vu® + 5ou — 303U — 8v3u? + 6v3u + 12050 — 305u? — 10650 + 100°0®
+ 150%3 +120%u% — u? — vt + 160%u® — 130%u* — 60°u” + 1005u” — 25054°
— 50°ut + 3200 — 801’ + 30°u® — 5uTu” — 307ub + 1007w’ — 130%u?

— 7uTvt — 14050 + 2070t — Bt + 160548 — 3ub0? — 15650 + 0 + uSo

+ 5uSv + Tu 0 + uBv® — Todu — 50Tud + 0Tu? — 14vtu® — ¥ub 4 vBu")
(50u® — 150%u® — 300t + 5vPut + 32013 — 200 — Tty — vu® — 100343

— 12030 + T*u + 8ubu® — 16054% — 3uPv® + 3v°u® — 25050 + 8vPu? 4 vt
+ 302 + 1307t — T0u” 4+ 15054° + 5vPut — vPud — 32015 — 120508

+ 100°u’ — v7ub — 507U’ + 1308u* 4+ Tu vt 4+ 14uS0? — 207t + B0t

— 0% 4+ 30568 — 16650 + 25u°0? + u® — o7 + 3uSv — 104V + 5uTv — 106"V
+6u7v® — 607w + 100%u + 1007u® + 307u? — 507w + v¥u? 4+ v¥u + 140%?) = 0.

(3.5)

By examining the behavior of the above factors near ¢ = 0, we can find a neigh-
borhood about the origin, where the second factor is zero; whereas other factors

are not zero in this neighborhood. By the Identity Theorem second factor vanishes

identically. This completes the proof. 0O

Theorem 3.4. If u:=x(q) and v:=v(q'%), then

(50% 4 3v + v + 140° + 130° — 308 — 507 — 140 — 1303 — 1)u!® + (1007 — 350°

— 150 — 1507 + 10v% + 150% + 1100° + 50° — 900 + 5)u® 4+ (=5100° + 350° — 20002

+ 45v — 1450% + 28501 + 20507 + 22507 + 700° — 10)u® + (—2200° + 4507 — 10700°

+ 11700* + 10 + 57002 + 600° — 1050 — 15300° + 107007)u” + (1600 — 5 — 200° + 650°
+ 65007 + 27900 — 58200* — 34400° + 64200° — 800v%)u’ + (6190° + 438805

— 1270 — 1270° — 249607 + 1 + 4388v* — 24960° + v'0 — 47380° + 6190%)u® + (50'°
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— 6502 + 8000 + 200 — 64200° — 65003 — 160v” — 279007 + 582005 + 3440v*)u'+
(—2200° + 57008 4 450 + 117008 — 1050° — 107007 + 107003 + 600° — 15300*

+ 100943 + (—4507 + 100 — 700* + 14502 — 2250% + 2000° — 350 — 20507
+5100° — 2850%)u? + (—150° 4+ 1100? — 150° + 1507 + 10v — 9005 + 50° — 3502

+ 5010 +100%)u 4+ 1307 4 30% — 130! — 508 4+ 010 4 1405 — 30 — v — 140° + 5% = 0.

(3.6)

Proof. Replace q to ¢2 in equation (2.7) and using the equation (2.2), we arrive at

the equation (3.6). O

4. MODULAR RELATIONS BETWEEN v/(q) AND v(q")
In this section, we establish several new modular relations connecting v(q) with
v(q")

Theorem 4.1. If u:=v(q) and v:=v(q®), then

280° — 5607 4 (578207 — 14v — 179060° + 522605 — 140" + 20920 + 20920
+ 52260 4+ 104400% + 578207 — 17906010 + 3540 — 177803 + 35402
—17780%)u® — 560° + (—4200% — 260802 4 178003 — 76520° — 92440°

— 924407 + 196040 + 17800° + 120" — 2608v* + 1960400 — 4200
—172800% — 76520 + 120)u” + 700° + 28010 + (55060° + 1 — 34282¢°
+921460° + 76602 + 67820 — 120220° — 38500™3 + 55060 — 3428207

— 12022010 — 140" — 14w + 7660 + 6782012 — 385003 + v10)u® + (578207
— 14v — 179060° + 52260° — 140" + 209202 + 20920 + 52260!! + 104400°
+57820° — 1790600 + 3540 — 177803 + 35402 — 17780%)ut! + (1843707
—1050% + 403v* + 4030° — 375010 + 1009v® + 184370° — 37505 — 2870008
— 90 — 142602 + 100903 — 1050 — 90'® — 14260*)u® + (640!t — 1760°

— 8t + 19207 — 17601° — 1440% — 8012 + 640° + 1920°)u + (—24500° — 6010
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+ 1780 + 6602 — 28203 + 69840° — 6v — 15220° — 245007 — 152200 + 5240

— 28203 + 52402 4 6601 + 1780%)u'3 + (86103 — 31850° — 922012 — 178707

— 9220 + 150 — 20702 + 150" — 31850t — 20701 + 1012701° + 101270° + 86103
— 95480% — 17870%)u!? + (178! — 24500° — 60" + 660> — 2820 + 660 — 6v
+ 698408 — 152205 — 245007 — 1522010 + 5240 — 28203 4 524012 + 1780°)u® + v*
—80° + (v — 134v'% + 370 + 235010 4 55013 + 550% — 14600° — 1340 + 23500
+ o1 — 1102 + 370° + 54707 + 5470° — 110M)u® + (17800 — 42002 — 260802

— 76520° — 924407 — 924407 4 1960405 4 17800 + 120" — 2608v" 4 19604v1°

— 4200™ — 172800% — 76520 + 120)u® + (v — 1340*2 + 370!t + 235010 + 10

+ 55013 + 5470° + 550% — 14600® — 1340 + 2350° — 1102 + 370° 4 54707

— 110"t — 8u!t + v!2 + (4030 — 10502 + 1843707 + 403v° — 375010

+ 10090 + 184370° — 3750°% — 287000 — 1426v'2 + 100903 — 9v — 10504

— 14260* — 90%)ut0 4+ (=5607 + v* — 5607 — 8vM + 012 4+ 700° + 28010

+ 2805 — 80°)ul® + (8610 — 31850° — 922012 — 178707 — 9220 + 150 — 20702

+ 15015 — 3185011 — 2070 + 10127010 + 101270 + 86103 — 95480° — 17870%)u?
+ (=1760° — 8v* + 64v™ 4+ 19207 — 176010 — 1440°® — 8v'% + 640° + 1920°)u!® = 0.

4.1)

Proof. Using the equations (2.1) and (3.3), we arrive at the equation (4.1). O

Theorem 4.2. If u:=v(q) and v:=v(q®), then

3003v7 — 20020° + 3003v° — 34320% — 200200 + v + (1057143600 + 76360°

+ 76360 4+ 105714360° — 6v — 359829401 — 2044573007 + 2556482205 — 6v'°
+ 010 — 2044573007 + 813108v* — 114178v% — 1141780!3 — 35982944 + 1

+ 813108v'2)u® + (8v1° — 6169280010 + 1163509607 — 49235202 — 416002

— 144065280° + 2158888v1! — 49235201 + 6687207 + 21588881° 4 66872013

+ 8v — 61692801° + 1163509617 — 41600')u” + (—1168v'* — 43767040°
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+ 160320° — 480"° — 981120 — 48v — 155441605 + 458816v!! + 336724807

+ 4588160° — 155441600 + 160320 — 9811202 + 33672480 — 1168v?)ub
+ (—=92077520° + 37632002 — 920775207 + 400'° 4 114493440 + 288001

— 5088803 4 482016000 + 3763200 + 400 + 48201600° — 16654320!!

— 16654320° + 288002 — 5088803 )u® + (633400207 — 343203200 4 220

— 20800 + 633400207 + 12277340 + 12277340 — 77697920° — 3432032¢°
+ 3632203 4 3632203 — 20800 + 2201° — 279072012 — 2790720 )u?

+ (1114880v'2 — 23714720 — 480368v™ — 237147207 + 115201 + 288384008
— 4803680° 4+ 1114880 + 115202 — 480"° — 48y — 1531203 + 13126400°

— 153120° 4 13126400')0® + (280" + 1115960 — 6260480 — 280960

— 4960% — 2809612 + 11159607 + 51861207 — 2932640° + 464403 + 28

+ 46440° + 5186120° — 29326400 — 49601 )u? + (733440° — 8v'® + 12802

— 615920° 4 3648000 — 952¢° — 952013 + 4544012 — 152720° — 1527201 — 8u
+ 3648005 — 6159207 + 45440 + 1280 )u + (300307 — 364v* — 20020°

— 140" 4+ 10010° — 343208 4 10010 — 2002010 + 300307 + v — 140% — 364012
+ 910" + 9103 4+ v12)u'0 + (733440° — 80° + 128v% — 615920° + 36480010
—9520% — 952013 + 4544012 — 152720° — 152720 — 8uv + 364800° — 6159207
+ 45440% + 1280wl + (11148801% — 237147207 — 480368v!! — 237147207
+ 11520 + 28838400 — 4803680 + 111488v* + 115202 — 4801 — 15312013
— 48v + 13126400 — 153120° + 13126400'%)u'® + (63340020° — 343203201°
— 208002 + 633400207 + 12277340° + 12277340t — 77697920° — 34320320°
+ 220 + 363220 + 363220% — 20800 + 22015 — 2790720'% — 2790720 )u'?
+ (—92077520° + 37632002 — 920775207 + 40v'® + 114493444° + 28800

— 5088803 + 482016000 + 3763200 + 48201600° — 16654320 + 40v

— 16654320° + 288002 — 5088803 )ul! + (—1168v1* — 43767040° 4 160320°

— 480" — 98112v* — 48v — 155441605 + 458816v!'" 4 336724807 + 4588161°

— 15544160'° + 1603203 — 981120'2 + 3367248v° — 1168v%)u!'® + (8015
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— 61692800'° 4 1163509607 — 49235202 — 416002 — 144065280° + 2158888v1!
— 4923520 4 668720% 4 21588881° + 6687203 4 8v — 61692800° + 116350961°
—4160v)u® 4 (280" + 11159601 — 6260480° — 28096v* — 49602 — 28096012
+ 11159605 + 51861207 — 2932640° + 464403 + 280 + 464403 4 5186120°

— 293264010 — 4960 + 10010 + 91013 — 364012 + o5 — 1401 — 1447

— 364v* 4+ 91v® + 10014° = 0.

4.2)

Proof. Using the equations (2.1) and (3.4), we arrive at the equation (4.2). O

Theorem 4.3. If u:=v(q) and v:=v(q'?), then

(11747405 + 1174740 + 3816400% + 15027400° — 29510500 — 12316008

+ 217300 + 150274002 — 6140200 + 15562000 — 168002 + 23416300°

— 295105007 — 61402006 + 217300 — 4437408v'° — 12316002 + 15562000°

+ 38164007 + 23416300 — 1680)u!® + (61025007 + 2096002 — 5477601°

+ 260 — 34291002 + 1255700 + 209600'® — 4786450 — 35050 — 4786450°

— 2733500 + 260020 — 35050 — 547760° — 6974007 — 3429100° + 12557001°
— 697400° 4 61025003 + 874428010 — 27335005)u!6 + (133460'° — 218008 + 3400
+ 291600° 4 874400° + 80400 + 696200° — 170200 — 19188000 + 6962002

— 24 — 2180v% — 9227007 + 133460° + 804007 + 3400 + 291600 + 874400™
— 24020 — 922700 — 170200'6)u!” + (553502 + 25490010 — 37750° + 10700
+ 553507 4 10508 — 450017 — 377501 + 130001¢ — 150 — 15017 + 107008 + v
+ 10502 — 23190 — 45003 — 23190° — 11125012 + 13000* + 1 — 111250%)u!®

+ (=260 + 2400 — 195201° + 2400° — 580v! — 58007 + 17600° — 930013

+ 176002 — 93007 — 260°)u'® 4 (4507 — 120012 — 1008 + 2100° — 252010

+ o1 — 1200 + 45013 4 21001 + 0° — 1001420 + (153918000° — 2625345007

— 139972002 — 414728000 — 581420 — 21672020 — 56684200'% + 39826400°
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+ 2230939007 + 2648100 + 121446200° + 2648100 — 139972008 — 56684200
— 21672 + 223093900 + 1214462002 + 398264007 + 153918000 — 2625345003
— 581420° )u'3 4+ 4507 — 100! + (72100%° — 902550 — 8298680v° — 56266200
— 82986800 4 1596247400 + 49133502 + 995089007 + 491335018 — 144786503
— 1647780 + 216557000 — 56266200° — 9025501 — 48441400° — 48441400'2
+ 21655700 — 164778v° — 144786507 + 99508900 + 7210)u!* + (—548975800™
+ 86515070 4 8963031007 4 20319460'° + 523993008 — 10277900 — 1027790017
+ 86515 — 548975800° + 523993002 — 394267800° + 14148118800 + 20319460°
— 3942678002 + 896303100 — 1430922007 — 769509100 — 1430922043

— 769509100° + 192925850 + 192925850%)1'0 + (345549400° 4- 124242700°

— 452958008 + 478760400° + 3455494002 — 45295800 — 7853418007

— 1684386006 + 478760400 + 6662638007 + 1242427007 + 666263800

+ 8849900 — 7853418003 — 1639028v'° — 12142789600 — 16390281°

— 74280070 4 884990v — 168438600t — 74280)u!! + (764523015 — 44191895011
+ 7645230° — 314863600 + 292237008 + 46928 — 812449507 + 292237002

+ 524112450™3 — 5642100 — 44191895v° — 23299010v'% + 8002158000

— 81244950° + 46928020 — 5642100 — 3148636005 + 5241124507

— 232990100% + 11207010v* + 112070100%)u*? — 100° + (61025007

+ 2096002 — 547760 + 260 — 342910012 + 1255700* + 2096008 — 478645011
— 35050 — 4786450° — 2733500 + 2600%° — 350500 — 547760v° — 6974007

— 3429100% 4 1255700'% — 697400 + 61025003 4 874428v'° — 27335005 )u*

+ (1174740° + 1174740"5 + 3816400® + 15027400 — 295105003 — 12316008

+ 217300 + 150274002 — 6140200* + 15562000 — 16800%° + 23416300°

— 295105007 — 61402006 + 217300 — 44374080'° — 12316002 + 15562000°

+ 38164007 + 23416300 — 1680)u® + (72100%° — 902550 — 8298680¢°

— 56266200 — 82986800 + 1596247410 4+ 49133502 + 995089007

+ 49133508 — 14478650 — 1647780 + 21655700'° — 562662005

— 902550 — 48441400°% — 4844140012 + 21655700 — 16477805

— 144786507 + 99508900 + 7210)u8 + (1539180005 — 2625345007

— 139972002 — 41472800010 — 5814201% — 21672020 — 5668420116
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+ (7645230 — 441918950 + 7645230° — 314863600 + 292237008

+ 46928 — 8124495017 + 292237007 + 524112450 — 5642100 — 44191895¢°
— 2329901002 + 80021580010 — 812449503 + 46928v%° — 564210017

— 314863600° 4 5241124507 — 232990100% + 11207010v* + 112070100648

+ (345549400° + 124242700° — 452958008 + 478760400° + 3455494002

— 452958002 — 7853418007 — 16843860v'® + 478760400 4 66626380v°

+ 12424270017 + 666263800! ! + 8849900 — 7853418001 — 1639028110

— 121427896010 — 16390281° — 7428002 + 8849900 — 168438600 — 74280)u°
+ (=260 + 2400 — 195201° + 2400° — 5800 — 58007 + 17600° — 930013
+ 176002 — 93007 — 260°)u + (553503 + 25490010 — 37750% 4+ 107001

+ 553507 + 10508 — 450017 — 37750 + 130001% — 150 — 1501% 4 10502
+10700% — 23190 + 0% — 4500° — 23190° — 1112502 + 13000 + 1
—111250%)u? + 0° + 0" + (133460'% — 21800'® + 291600° + 874400° 4 80400°
+ 3400 + 696200° — 17020v* — 191880010 + 69620012 — 240%° — 24 — 21800°
— 9227007 + 133460° + 8040017 + 3400 4 2916004 + 874400 — 92270013
—170200%)u3 + 2100° — 12008 — 2520'° + 21001t = 0.

43)

Proof. Using the equations (2.1) and (3.6), we arrive at the equation (4.3). O
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