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Abstract

In this paper, we establish some new modular equations of Ramanujan’s function
x(—q) of degree 9. Further, we obtain some explicit evaluations of class invariant
gn from them.
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1 Introduction

In Chapter 16 of his second notebook [1, 7], Ramanujan develops the theory of
theta-function and is defined by

f(a,b) Z P | abl< 1, (1.1)
n=—oo
= (—a;ab)oo(—b; ab)oo (ab; ab)co,

where (a;q)o = 1 and (a;¢)s = (1 — a)(1 — aq)(1 — ag?) - - -
Following Ramanujan, we define

)= flaa) = 3 ot = (12)
Ot 2. 2

(q) = f(q,q°) = ;}q% = % (1.3)

[ =g - = 3 (0" = (@:9) (1.4)
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and
X(@) = (=¢:¢°)oo- (1.5)
Now we define a modular equation in brief. The ordinary hypergeometric series
oFi(a,b; c;x) is defined by

oF1(a,byc;x) == Z(a)n O)n ",

where (a)o =1, (a)p, = ala+1)(a+2)---(a+n— 1) for any positive integer n, and

|z |< 1.
Let
v (@) = oB (5 50 (1.6)
Z = Z\X) = oI'1 22,, .
and
2F1(27271»1 )
q:=q(x) =exp|— , (1.7
() ( F](gagalvx) )

where 0 < z < 1.
Let r denote a fixed natural number and assume that the following relation holds:

2F1(2727171 ) 2F1(2727171 ﬁ)
2F1(27271 a) 2F1(2,27 7ﬁ)
Then a modular equation of degree r in the classical theory is a relation between «
(@)
z(P)
is called the multiplier. We also use the notations z1 := z(«) and z, := z(f3) to
indicate that 8 has degree r over a.
The function x(q) [1, Entry 12(v),(vi), p.56] is intimately connected to Ramanujan’s
class invariants Gy, and g, which are defined by

(1.8)

and ( induced by (1.8). We often say that [ is of degree r over a and m :=

Gn =277V (q), gn = 27472\ (—9), (1.9)

where ¢ = e~™", n is a positive rational number,

X(g) = 26 {a(1 — a)g~ 1} /> (1.10)

and
X(_q) :21/6(1_a)1/12a71/24q71/24. (111)

In section 3, we establish some new modular relations between ratio’s of parameter
for Ramanujan’s function y(—¢q) and explicit evaluations from them.

2 Preliminary results

Lemma 2.1. [3] If P = ngg)) and Q = fd)(g;)g)’ then
P Q. . 3
orpTi=ptP (2.1)
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¥(a) U(a®)
Lemma 2.2. [3] If P = 20(¢") and Q = B’ then
3 3\ [Q)°
(-r-3)(-0-0)-(5) @
__Y@v(d’) __v(@¥®)
Lomma 2:3. 3 1f P = G5 my50) “ @ = rgigotgy

Q*+ @—15<Q +Q2>+45(Q+22> (p2+%>+10<P+%>
[2+Q+Q]+5<\/_+—><f+ >+15<\/1_7+%> (2.3)

1
x [( Q3 \/@> +2(\/§+\/—Q) + 40.
_ vl o $@ve®) on
Lemma 2.4. (5] If P = BSY(g) (%) 1Q= 7 59(¢")Y(q")’ "

Q4+%=35(Q3 Q3>+4l3<Q2+@>+1379(Q+$)+1694
(P3+1£1—?;)+7<P2+?,—22> [7+3(Q+§)}+21<P+%>
oo ) os(e ) (7 ) (e
+63[\/1_3+%H <\/_+\/_>+14<f+ ) (\/@‘F\/@)]
+21<\/ﬁ+%) {2( Q3 \/@>+7<\/§+ﬁ) ‘

Lemma 2.5. [8, p.56],[6]

=a*)  ¢*q) [¢(q) —3qv(q”)
™) ) { (@)~ aold) } 25)
Lemma 2.6. [1, Ch. 16, Entry 24(iii), p.39]

_ f(=4")
x(q) = Tt (2.6)

—+

[

Lemma 2.7. [5]
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3 Modular Relation between ¢/ 3L_qg) and ¢"/3 X(_qg)
x(=¢") x(=¢")
(—a) (—4%)
Theorem 3.1. If P := ¢'/3 ;(_qqg) and Q= q2/3 ;((_;18) then
2 2
%+§+%+%:PQ+%. (3.1)
Proof. Replace ¢ by —q and also replace ¢ by —¢° in the lemma (2.6) to obtain
_2
(o) = 150, (32)
_ 18
x(-a) = 100, (33)

Divide the equation (3.2) by (3.3), we get
x(=0) _ v(@) J(=*)
x(=¢°)  ¥(q) f(=q")

Raising the power on both sides by three and also multiplying ¢ on both sides of the
above equation, we get

(3.4)

(—q) 3 [ F(—4?)
)~ B {qf3<—q18>}‘ 3.5)

Using the equations (2.5) and (3.5), we obtain

ba? —ba —a+3 =0, (3.6)
¥(q) xX*(—q)
h = b:= .
W () =)

Solving (3.6) for a, we get

b+1++vb2—10b+1
a = .
2b

Using (3.7) and (2.1), we obtain

(PQ4+Q3 —PQ_ Q3P3+P3+P4Q)(P2Q8 +P4Q7 _ PQ7+P6Q6
—2Q°P? + Q5 +2P5Q% — 2P2%Q° + PTQ* — 3P*Q* + PQ* — 2Q3P° (3.8)
+2Q3P% + P3Q? — 2P°Q% + P2Q*> — P"Q + P*Q + P%) =0,
by examining the behavior of the above factors near ¢ = 0, we can find a neighborhood
about the origin, where the first factor is zero; whereas other factor is not zero in

this neighborhood. By the Identity Theorem first factor vanishes identically. This
completes the proof. O
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Remark 1. Using (1.9), P and Q in the above theorem can also be written as

P = gn and Q= gan
g81n g324n

(—g3
Theorem 3.2. If P := 1/3 X(( 9)) nd Q:= q;(_;w)) then

9 QG Q3 Q6 QQ
{WQ—}‘g{W—}‘%{@*—}‘{W—*@*—}
3 QQ Q3 Q6 1
%@*Q St }“7{Q3 Q6+—}:{P6Q6+P6—@6}
+ 28 {P3Q3+ P31Q3} +10{P6Q3+ P61Q3 + P3Q5 + PngG} +19{P6+ %}

+19{Q6+$}46{P3+%}46{(23—%@}—1—74.

(3.9)
Proof. Employing the equation (3.7) and equation (2.2), we obtain (3.9). |
4
Theorem 3.3. If P := 1/3 x(=q) and Q= 4/3 x(= q36) then
x(=4%) x(=¢*)
Q° Q° P Q
{Q3 g }+7{Q2 + 5} +ul{g+ 3]
ptoQ P Q4 _ J p3ns 1
+{a+ﬁ+@+—}+16—{PQ +P3Q3} (3.10)

5P gt PO |- P ) - 1{@ 4 )

Proof. The equation (2.1) can be deduced to b*> + (—a® + 2a — 3)b + a*>=0, where

2
= ?/J(qz) , b= ;/}(q 1)8 . Solving the above quadratic equation for b, we obtain
qy(q”) *P(q'®)
—12a — 4a? 4
b:—a+2+7+\/60 = @ r9tal (3.11)

Replacing ¢ by ¢ in equation (2.1) and using (3.11), we obtain

27¢ — 2762 — a* — 36¢a + 18ca® — 8ca® + 3ca® + 36c%a — 24c2a®

+12¢2a® — 3%a* + 630 — 8%a + Aat — 4Pa® — F + 9 = 0,
¢(q)

q* (%)

From the equations (3.7) and (3.12), we obtain (3.10). |

(3.12)

where ¢ =
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o 5
Theorem 3.4. If P := q1/3L(19) and Q = q5/3 X( ‘145)
x(=¢”) x(=4¢®)

3 2
Q3+Q +5{Q 1?2+Q +@}+10

1 1
=< P2Q? PQ+ —
\P@"+ paga} - 5{Pa+ g
Proof. Employing the equations (3.7) and (2.3), we obtain

(—P°Q°+ Q% +5P'Q" + 5P°Q° + 5P°Q* + 10P°Q* + P° — PQ
+5P'Q +5PQ" +5P°Q%)(PPQM — 10P°Q° — 5P°Q° — 10P°Q°
+35P*Q* — 5P1°Q — 10P1°Q7 + P1°Q' + 20P1°Q* + 20P%Q®
—5P2QM + Q2 —10P?Q° + P2Q? — 5P°Q% + 5P3Q°® — 5P3Q)°
—20P%Q° — 20P°Q° — 20P3Q% — 20P5Q3 — 5P Q? + 35P%Q°
+5P7Q° +26P°Q° — 5P'Q" +20P'Q" — 5PQ" + P + P Q°
—10P"Q" —10P7Q° — 5PTQ* — 5P3Q° +20P8Q%* + PTQ + PQ") =
by examining the behavior of the above factors near ¢ = 0, we can find a neighborhood

about the origin, where the first factor is zero; whereas other factor is not zero in

this neighborhood. By the Identity Theorem first factor vanishes identically. This
completes the proof.

O

Theorem 3.5. If P := 1/3 X(( q)) and Q= q7/3 ;((__‘161))

Q! Q? P_Q
(G} u{Ge i) = {e-7)

+7{P3+%} +7{Q3+ %} = {P3Q3+ P31Q3}

—21{P2Q+ + PQ? + P52}+42

then

1
P2Q
Proof. Employing the equations (3.7) and (2.4), we obtain

(Q® — 14P%Q? + 21 P3Q* — 35P3Q° + 7QP* + 21P°Q° — Q"P" + 7Q"P* + P*®
+7Q'P +7Q'PT — 42Q*P* — 35Q* P + 21Q3P% 4+ 21Q%P° — 14Q°P? — QP)
(QVPT +21P2Q" + P° 4 98PQ7 — 70P3Q" + 140P°Q" + Q'° — 161P3Q7
+238P12Q* — 7Q1 P* — 350P2Q* + 49Q* P® — TQP'? — 14Q*P° — 21Q* P!
—21Q1 P? +14Q%*P™ + QP° — 224P°Q7 — 161P°Q"® — 350P12Q7 + 21 P3(Q*

+ PPQ7 4+ 427Q% P° + 427Q% P! + 49Q% P? + 49Q% P — 70Q*P"® — 342Q°% P®
+259P12Q10 + 140P3Q° — 7P Q* — 7Q12P + QM PM 4+ 259P%Q* + 315P0 Q10
+140Q% P10 — 161Q3P™ 4+ Q?P? + 21Q"2 P + 21Q3 P* + 259Q2 P10 — 350Q'2P7
—21Q™ P +98Q°P" + 14Q™ P? — 14Q" P + 427Q" P8 — 21Q° P + 427Q° P®
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+140Q° P13 + QP + 49Q™ P® — 224Q° P™ + 259Q° P* — 259Q° P° — 14Q° P*
—14QM P! —161Q°P" — 224Q° P10 — 350Q° P* — 357Q" P® — 259Q" P!
—224P%Q" — 357Q° PM + 238Q"* P* + 315Q°P'?) = 0.

by examining the behavior of the above factors near ¢ = 0, we can find a neighborhood
about the origin, where the first factor is zero; whereas other factor is not zero in
this neighborhood. By the Identity Theorem first factor vanishes identically. This
completes the proof. O

4 Explicit evaluation of g,

Theorem 4.1.

(VE+1) (VB+va) {(wa—zz) (VE+va)* ¢35¢§+28¢§+1}Z

gr2 = /2 )
(4.1)

gs = {9\f 22) (V3+v2)’ \/35\/_—1—28\/_—1—1} : (4.2)

Proof. Setting n = % in Theorem 3.1 and using the fact that gong2 = 1, we obtain
biab + b3a® — ba® — bPa® + a® + b =0, (4.3)

gs

where a = g15 = (V2 + \/5)1/3 and b = —%. Solve the above equation (4.3) for b to
gr2

get

% (VB-v) (VB-1) (VB+vD)' o
972 V2 '

Employing the equation (2.7) with n = %, we obtain

4
gs\*4 12

4 <—9> +(g%8> :(leyg) : (4.5)
918 g§

Using (4.4), (4.5) and a = g1 = (\/§+ \/3)1/3, we obtain (4.1) and (4.2). |

Theorem 4.2.

1

3
gsa =425+ (3x25r2 —2x 252 V2L 1)1+ V2Y (4.6)
g

1
{15000 — 2760k? + 1140v/6k? + 1000k + 6000/6 }® (4.7)
10 ’

where 7 = (7v2+ 10) (W) = (13144 + 5366\/—>%

9162 =
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Proof. Setting n = % in Theorem 3.2 and using the fact that g2,,g2 = 1, we obtain

(m™¥n1® — 18m5n + 27m 0! — 52mn® 4+ 27m®n® — 18m3n® + 1) (48)

(=1 +mn)?(m*n* +mn +1)2 = 0, .
1

where m = g = (1 +v/2)% and n = gs4.

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood

about the origin, where the first factor is zero; whereas other factor are not zero in

this neighborhood. By the Identity Theorem first factor vanishes identically. Solving

the first factor for n, we obtain (4.6).

Again setting n = % in Theorem 3.2 and using the fact that g2,g2 = 1, we obtain

h — 4515 — 18h°V/6 + 45h% + 18h>V/6 — 20v/6 — 49 = 0, (4.9)
where h = gig2. Solve the above equation to obtain (4.7). O
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