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Abstract

Graphene is a two dimensional material consisting of a single layer of carbon atom
arranged in a honeycomb structure. Its properties include high strength and good
conductivity of heat and electricity. In this paper, we compute some edge degree
based topological indices namely, Generalized Zagreb index, Atom Bond Connectiv-
ity index, Augmented Zagreb Index, Geometric Arithmetic index, Harmonic index,
,Symmetric division degree index, Modified first multiple Zagreb index, second mul-
tiple Zagreb index, first, second and third Zagreb polynomial of Graphene.
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1. Introduction

Graph theory provides simple rules by which chemists may obtain qualitative pre-
dictions about the structure and reactivity of various compounds. It may be used as
a foundation for the representation, classification and categorization of a very large
number of chemical systems. Chemical graph theory is a branch of mathematical
chemistry that is concerned with all aspects of the application of graph theory to
chemistry. A molecular graph is a connected graph whose vertices correspond to
the atoms of the compound and edges correspond to chemical bonds. A topological
index is a real number related to a graph G which is invariant under graph iso-
morphism i.e., it does not depend on the labeling or the pictorial representation of
a graph [16]. The molecular graphs considered in this paper are simple connected
undirected graph. Graphene is an exciting material that is getting a lot of atten-
tion. It is the thinnest material known to man at one atom thick and also incredibly
stronger than steel. Also it is an excellent conductor of heat and electricity and
has interesting light absorption abilities. Researchers all over the world continue to
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constantly investigate to learn its various properties and possible applications. Mo-
tivated by the earlier research work on graphene [15, 10], in this paper we compute
some edge degree based topological indices namely, Generalized Zagreb index, Atom
Bond Connectivity index, Augmented Zagreb Index, Geometric Arithmetic index,
Harmonic index, Symmetric division degree index, Modified first multiple Zagreb
index, second multiple Zagreb index, first, second and third Zagreb polynomial of
Graphene. Since the edge degree of a graph is the vertex degree of its line graph,
we compute the above mentioned topological indices for line graph of graphene.

2. Preliminaries

Let G = (V, E) be a simple graph, where V = V (G) is a non-empty set of ele-
ments called vertices or points and E = E(G) is a set of unordered pairs of distinct
elements of V (G) called edges or lines. The sets V (G) and E(G) are called vertex
set and edge set of G respectively. The degree of a vertex v ∈ V (G) denoted by dv

is the number of edges incident with v. Two vertices u and v of G are adjacent if
there is an edge e = uv between them.The line graph L(G) of a graph G is the graph
each of whose vertex represents an edge of G and two of its vertices are adjacent if
their corresponding edges are adjacent in G.

The generalized Zagreb index [8] is defined as

Mα,β = Mα,β(G) =
∑

e=uv∈E(G)

(du · dv)α

(du + dv)β

Where α and β are arbitrary real numbers.

Remark:
(1) If α = 0 and β = −1, we have the first Zagreb index [7]

M0,−1(G) = M1(G) =
∑

e=uv∈E(G)

(du + dv).

(2) If α = 1 and β = 0, we have the second Zagreb index [7]

M1,0(G) = M2(G) =
∑

e=uv∈E(G)

(du · dv).

(3) If α = −1
2

and β = 0, we have the Randic connectivity index [11]

M− 1
2
,0(G) = χ(G) =

∑
e=uv∈E(G)

1√
(du · dv)

.

(4) If α = 0 and β =
1
2
, we have the Sum connectivity index [20]

M0, 1
2
(G) = SCI(G) =

∑
e=uv∈E(G)

1√
(du + dv)

.

(5) If α = 0 and β = −2, we have the hyper Zagreb index [14]

M0,−2(G) = HM(G) =
∑

e=uv∈E(G)

(du + dv)2.
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(6) If α = 1 and β = 1, we have the second refined Zagreb index [12]

M1,1(G) = ReZG2(G) =
∑

e=uv∈E(G)

(
du · dv

du + dv

)
.

(7) If α = 1 and β = −1, we have the third refined Zagreb index or Inverse sum
index [12]

M1,−1(G) = ReZG3(G) =
∑

e=uv∈E(G)

(du · dv) (du + dv).

The third Zagreb index [4] is defined as

M3 = M3(G) =
∑

e=uv∈E(G)

|du − dv| .

The fourth Zagreb index [13] is defined as

M4 = M4(G) =
∑

e=uv∈E(G)

|d2
u − d2

v| .

The modified first multiple Zagreb index [2] is defined as

Π∗
1(G) =

∏
e=uv∈E(G)

(du + dv) .

The second multiple Zagreb index [9] is defined as

Π2(G) =
∏

e=uv∈E(G)

(du · dv) .

The first, second [5] and third [1] Zagreb polynomials are respectively defined as

ZG1(G, x) =
∑

e=uv∈E(G)

xdu+dv ,

ZG2(G, x) =
∑

e=uv∈E(G)

xdu·dv and

ZG3(G, x) =
∑

e=uv∈E(G)

x|du−dv | .

The Atom-Bond connectivity index [3] is defined as

ABC(G) =
∑

e=uv∈E(G)

√
du + dv − 2

du · dv
.

The Augmented Zagreb index [6] is defined as

AZI(G) =
∑

e=uv∈E(G)

(
du · dv

du + dv − 2

)3

.

The Geometric-Arithmetic index [17] is defined as

GA(G) =
∑

e=uv∈E(G)

2
√

du · dv

du + dv
.



K. B. Sudhakara, P. S. Guruprasad and M. A. Sriraj256

4 K. B. Sudhakara, P. S. Guruprasad and M. A. Sriraj

The Symmetric Division Degree index [18] is defined as

SDD(G) =
∑

e=uv∈E(G)

(
d2

u + d2
v

du · dv

)
.

The Harmonic index [19] is defined as

H(G) =
∑

e=uv∈E(G)

(
2

du + dv

)
.

3. Main Results

Consider the line graph L(G) of graphene with t rows and s benzene rings in each
row. Let Edi,dj

denote the number of edges connecting the vertices of degree di and
dj . The line graph of 2-D graphene (Figure 1) has only E2,2, E2,3, E3,3, E3,4, E4,4

edges. The number of these edges in each row is mentioned in Table 1.
For t �= 1 and s �= 1 the line graph L(G) of graphene contains

E2,2[L(G)]={e = uv ∈ E[L(G)] | du = 2, dv = 2}
E2,3[L(G)]={e = uv ∈ E[L(G)] | du = 2, dv = 3}
E3,3[L(G)]={e = uv ∈ E[L(G)] | du = 3, dv = 3}
E3,4[L(G)]={e = uv ∈ E[L(G)] | du = 3, dv = 4}
E4,4[L(G)]={e = uv ∈ E[L(G)] | du = 4, dv = 4}

From the Figure 1, we have
| E2,2[L(G)] |= 2, | E2,3[L(G)] |= 2t + 4, | E3,3[L(G)] |= 4s − 4,
| E3,4[L(G)] |= 4t + 4s − 8, | E4,4[L(G)] |= 6ts − 6s − 4t + 2.

Figure 1 - Line Graph of Graphene
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Row | E2,2 | | E2,3 | | E3,3 | | E3,4 | | E4,4 |
1 1 4 2s-2 2s+1 4s-4
2 0 2 0 4 6s-4
3 0 2 0 4 6s-4
4 0 2 0 4 6s-4
...

...
...

...
...

...
t 1 4 2s-2 2s-1 2s-2

total 2 2t+4 4s-4 4t+4s-8 6ts-6s-4t+2
Table - 1

For t = 1 and s �= 1, we have the following edges as shown in Figure 2
| E2,2[L(G)] |= 4, | E2,3[L(G)] |= 4, | E3,3[L(G)] |= 4s − 6 ,
| E3,4[L(G)] |= 4s − 4.

Figure 2

For t �= 1 and s = 1, we have the following edges as shown in Figure 3
| E2,2[L(G)] |= 4, | E2,3[L(G)] |= 2t, | E3,3[L(G)] |= 2,
| E3,4[L(G)] |= 4t − 4, | E4,4[L(G)] |= 2t − 4.

Figure 3

Row | E2,2 | | E2,3 | | E3,3 | | E3,4 | | E4,4 |
1 2 2 1 3 0
2 0 2 0 4 2
3 0 2 0 4 2
4 0 2 0 4 2
...

...
...

...
...

...
t 2 2 1 1 0

total 4 2t 2 4t-4 2t-4
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Table - 2

Theorem 3.1. The Generalized Zagreb index of the line graph L(G) of graphene is

Mα,β [L(G)] =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

41+α−β + 46α

5β + (4s − 6)9α

6β + (4s − 4)12α

7β , for t = 1, s �= 1
21+2α−2β + (2t + 4)6α

5β + (4s − 4)9α

6β + (4t + 4s − 8)12α

7β + (6ts − 6s − 4t + 2)16α

8β ,

for t �= 1, s �= 1
41+α−β + 2t6α

5β + 29α

6β + (4t − 4)12α

7β + (2t − 4)16α

8β , for t �= 1, s = 1
6 · 4α−β , for t = 1, s = 1

where α and β are arbitrary real numbers.

Proof. Case 1: for t = 1, s �= 1
The Generalized Zagreb index of the line graph L(G) of graphene is

Mα,β [L(G)] =
�

e=uv∈E[L(G)]

(du · dv)α

(du + dv)β

=| E2,2[L(G)] | (2 · 2)α

(2 + 2)β
+ | E2,3[L(G)] | (2 · 3)α

(2 + 3)β
+ | E3,3[L(G)] | (3 · 3)α

(3 + 3)β

+ | E3,4[L(G)] | (3 · 4)α

(3 + 4)β
+ | E4,4[L(G)] | (4 · 4)α

(4 + 4)β

= 41+α−β + 4
6α

5β
+ (4s − 6)

9α

6β
+ (4s − 4)

12α

7β
.

Case 2: for t �= 1, s �= 1

Mα,β [L(G)] =
�

e=uv∈E[L(G)]

(du · dv)α

(du + dv)β

=| E2,2[L(G)] | (2 · 2)α

(2 + 2)β
+ | E2,3[L(G)] | (2 · 3)α

(2 + 3)β
+ | E3,3[L(G)] | (3 · 3)α

(3 + 3)β

+ | E3,4[L(G)] | (3 · 4)α

(3 + 4)β
+ | E4,4[L(G)] | (4 · 4)α

(4 + 4)β

= 21+2α−2β + (2t + 4)
6α

5β
+ (4s − 4)

9α

6β
+ (4t + 4s − 8)

12α

7β
+ (6ts − 6s − 4t + 2)

16α

8β
.

Case 3: for t �= 1, s = 1

Mα,β [L(G)] =
�

e=uv∈E[L(G)]

(du · dv)α

(du + dv)β

=| E2,2[L(G)] | (2 · 2)α

(2 + 2)β
+ | E2,3[L(G)] | (2 · 3)α

(2 + 3)β
+ | E3,3[L(G)] | (3 · 3)α

(3 + 3)β

+ | E3,4[L(G)] | (3 · 4)α

(3 + 4)β
+ | E4,4[L(G)] | (4 · 4)α

(4 + 4)β

= 41+α−β + 2t
6α

5β
+ 2

9α

6β
+ (4t − 4)

12α

7β
+ (2t − 4)

16α

8β
.
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Case 4: for t = 1, s = 1

Mα,β [L(G)] =
�

e=uv∈E[L(G)]

(du · dv)α

(du + dv)β

=| E2,2[L(G)] | (2 · 2)α

(2 + 2)β

= 6 · 4α−β .
�

Remark:
(1) If α = 0 and β = −1, we get the first Zagreb index M1[L(G)] of the line

graph L(G) of Graphene.
(2) If α = 1 and β = 0, we get the second Zagreb index M2[L(G)] of the line

graph L(G) of Graphene.

(3) If α = −1
2

and β = 0, we get the Randic connectivity index χ[L(G)] of the

line graph L(G) of Graphene.

(4) If α = 0 and β =
1
2
, we get the Sum connectivity index SCI[L(G)] of the

line graph L(G) of Graphene.
(5) If α = 0 and β = −2, we get the hyper Zagreb index of HM1[L(G)] of the

line graph L(G)of Graphene.
(6) If α = 1 and β = 1, we get the second refined Zagreb index of ReZG2[L(G)]

of the line graph L(G) of Graphene.
(7) If α = 1 and β = −1, we get the third refined Zagreb index ReZG3[L(G)]

or Inverse sum index of the line graph L(G) of Graphene.

Theorem 3.2. The Atom-Bond connectivity index of the line graph L(G) of graphene
is

ABC[L(G)] =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(6
√

3+6
√

10−18)t+(8
√

6+6
√

10−27)s+(18
√

3−4
√

6−12
√

10+9)

3
√

6
, for t �= 1, s �= 1

(8
√

3+6
√

5)s+(12
√

6−12
√

3−6
√

5)

3
√

3
, for t = 1, s �= 1

(6
√

3+30
√

2+9)t+(6
√

3+4
√

6−30
√

2−18)

3
√

6
, for t �= 1, s = 1

3
√

2, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The Atom-Bond connectivity index of the line graph L(G) of graphene = ABC[L(G)]

=
�

e=uv∈E[L(G)]

�
du + dv − 2

du · dv

= | E2,2[L(G)] |
�

2 + 2 − 2
2 · 2 + | E2,3[L(G)] |

�
2 + 3 − 2

2 · 3 + | E3,3[L(G)] |
�

3 + 3 − 2
3 · 3

+ | E3,4[L(G)] |
�

3 + 4 − 2
3 · 4 + | E4,4[L(G)] |

�
4 + 4 − 2

4 · 4
=

2√
2

+
(2t + 4)√

2
+ (4s − 4)

2
3

+ (4t + 4s − 8)
√

5
2
√

3
+ (6ts − 6s − 4t + 2)

√
3

2
√

2

=
(6
√

3 + 6
√

10 − 18)t + (8
√

6 + 6
√

10 − 27)s + (18
√

3 − 4
√

6 − 12
√

10 + 9)
3
√

6
.



K. B. Sudhakara, P. S. Guruprasad and M. A. Sriraj260

8 K. B. Sudhakara, P. S. Guruprasad and M. A. Sriraj

Case 2: for t = 1, s �= 1
ABC[L(G)]

=
�

e=uv∈E[L(G)]

�
du + dv − 2

du · dv

= | E2,2[L(G)] |
�

2 + 2 − 2
2 · 2 + | E2,3[L(G)] |

�
2 + 3 − 2

2 · 3 + | E3,3[L(G)] |
�

3 + 3 − 2
3 · 3

+ | E3,4[L(G)] |
�

3 + 4 − 2
3 · 4

=
4√
2

+
4√
2

+ (4s − 6)
2
3

+ (4s − 4)
√

5
2
√

3

=
(8
√

3 + 6
√

5)s + (12
√

6 − 12
√

3 − 6
√

5)
3
√

3
.

Case 3: for t �= 1, s = 1
ABC[L(G)]

=
�

e=uv∈E[L(G)]

�
du + dv − 2

du · dv

= | E2,2[L(G)] |
�

2 + 2 − 2
2 · 2 + | E2,3[L(G)] |

�
2 + 3 − 2

2 · 3 + | E3,3[L(G)] |
�

3 + 3 − 2
3 · 3

+ | E3,4[L(G)] |
�

3 + 4 − 2
3 · 4 + | E4,4[L(G)] |

�
4 + 4 − 2

4 · 4
=

4√
2

+
(2t)√

2
+

4
3

+ (2t − 2)
5√
3

+ (t − 2)
√

3√
2

=
(6
√

3 + 30
√

2 + 9)t + (12
√

3 + 4
√

6 − 30
√

2 − 18)
3
√

6
.

Case 4: for t = 1, s = 1
ABC[L(G)]

=
�

e=uv∈E[L(G)]

�
du + dv − 2

du · dv

= | E2,2[L(G)] |
�

2 + 2 − 2
2 · 2

=
6√
2

= 3
√

2.

�

Theorem 3.3. The Augmented Zagreb index of the line graph L(G) of graphene is

AZI[L(G)] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(6144000s−246016)t−697641s−3792343
54000 , for t �= 1, s �= 1

(403434s−238559)
4000 , for t = 1, s �= 1

(11795968t−8247593)
108000 , for t �= 1, s = 1

48, for t = 1, s = 1
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Proof. Case 1: for t �= 1, s �= 1
The Augmented Zagreb index of the line graph L(G) of graphene = AZI[L(G)]

=
∑

e=uv∈E[L(G)]

(
du · dv

du + dv − 2

)3

= | E2,2[L(G)] |
(

2 · 2
2 + 2 − 2

)3

+ | E2,3[L(G)] |
(

2 · 3
2 + 3 − 2

)3

+ | E3,3[L(G)] |
(

3 · 3
3 + 3 − 2

)3

+ | E3,4[L(G)] |
(

3 · 4
3 + 4 − 2

)3

+ | E4,4[L(G)] |
(

4 · 4
4 + 4 − 2

)3

= 16 + (2t + 4)8 + (4s − 4)
729
64

+ (4t + 4s − 8)
1728
125

+ (6ts − 6s − 4t + 2)
512
27

=
(6144000s − 246016)t − 697

54000

Case 2: for t = 1, s �= 1
AZI[L(G)]

=
∑

e=uv∈E[L(G)]

(
du · dv

du + dv − 2

)3

= | E2,2[L(G)] |
(

2 · 2
2 + 2 − 2

)3

+ | E2,3[L(G)] |
(

2 · 3
2 + 3 − 2

)3

+ | E3,3[L(G)] |
(

3 · 3
3 + 3 − 2

)3

+ | E3,4[L(G)] |
(

3 · 4
3 + 4 − 2

)3

= 64 + (2s − 3)
729
32

+ (4s − 4)
1728
125

=
(403434s − 238559)

4000
.

Case 3: for t �= 1, s = 1
AZI[L(G)]

=
∑

e=uv∈E[L(G)]

(
du · dv

du + dv − 2

)3

= | E2,2[L(G)] |
(

2 · 2
2 + 2 − 2

)3

+ | E2,3[L(G)] |
(

2 · 3
2 + 3 − 2

)3

+ | E3,3[L(G)] |
(

3 · 3
3 + 3 − 2

)3

+ | E3,4[L(G)] |
(

3 · 4
3 + 4 − 2

)3

+ | E4,4[L(G)] |
(

4 · 4
4 + 4 − 2

)3

= 32 + 16t +
729
32

+ (4t − 4)
1728
125

+ (2t − 4)
512
27

=
(11795968t − 8247593)

108000
.

Case 4: for t = 1, s = 1
AZI[L(G)]

=
∑

e=uv∈E[L(G)]

(
du · dv

du + dv − 2

)3

= | E2,2[L(G)] |
(

2 · 2
2 + 2 − 2

)3

= 48.
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�

Theorem 3.4. The Geometric-Arithmetic index of the line graph L(G) of graphene
is

GA[L(G)] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(80
√

3−70)s+(210s+80
√

3+28
√

6−140)t+(56
√

6−160
√

3)
35 , for t �= 1, s �= 1

(80
√

3+140)s+(56
√

6−80
√

3−70)
35 , for t = 1, s �= 1

(28
√

6+80
√

3+70)t−80
√

3+70
35 , for t �= 1, s = 1

6, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The Geometric-Arithmetic index of the line graph L(G) of graphene
= GA[L(G)]

=
�

e=uv∈E[L(G)]

2
√

du · dv

du + dv

= | E2,2[L(G)] | 2
√

2 · 2
2 + 2

+ | E2,3[L(G)] | 2
√

2 · 3
2 + 3

+ | E3,3[L(G)] | 2
√

3 · 3
3 + 3

+ | E3,4[L(G)] | 2
√

3 · 4
3 + 4

+ | E4,4[L(G)] | 2
√

4 · 4
4 + 4

= 2 + (4t + 8)
√

6
5

+ (4s − 4) + (16t + 16s − 32)
√

3
7

+ (6ts − 6s − 4t + 2)

=
(80

√
3 − 70)s + (210s + 80

√
3 + 28

√
6 − 140)t + (56

√
6 − 160

√
3)

35
.

Case 2: for t = 1, s �= 1
GA[L(G)]

=
�

e=uv∈E[L(G)]

2
√

du · dv

du + dv

= | E2,2[L(G)] | 2
√

2 · 2
2 + 2

+ | E2,3[L(G)] | 2
√

2 · 3
2 + 3

+ | E3,3[L(G)] | 2
√

3 · 3
3 + 3

+ | E3,4[L(G)] | 2
√

3 · 4
3 + 4

= 4 + 8
√

6
5

+ 4s − 6 + (16s − 16)
√

3
7

=
(80

√
3 + 140)s + (56

√
6 − 80

√
3 − 70)

35
.

Case 3: for t �= 1, s = 1
GA[L(G)]

=
�

e=uv∈E[L(G)]

2
√

du · dv

du + dv

= | E2,2[L(G)] | 2
√

2 · 2
2 + 2

+ | E2,3[L(G)] | 2
√

2 · 3
2 + 3

+ | E3,3[L(G)] | 2
√

3 · 3
3 + 3

+ | E3,4[L(G)] | 2
√

3 · 4
3 + 4

+ | E4,4[L(G)] | 2
√

4 · 4
4 + 4
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= 4t

√
6

5
+ (4t − 4)

4
√

3
7

+ 2t + 2

=
(28

√
6 + 80

√
3 + 70)t − 80

√
3 + 70

35
.

Case 4: for t = 1, s = 1
GA[L(G)]

=
�

e=uv∈E[L(G)]

2
√

du · dv

du + dv

= | E2,2[L(G)] | 2
√

2 · 2
2 + 2

= 6. �

Theorem 3.5. The Harmonic index of L(G) is

H[L(G)] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(315s+198)t+205s−109
210 , for t �= 1, s > 1

260s+48
105 , for t = 1, s > 1

513t+110
210 , for t �= 1, s = 1

3, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The Harmonic index of the line graph L(G) of graphene = H[L(G)]

=
�

e=uv∈E[L(G)]

�
2

du + dv

�

= | E2,2[L(G)] |
�

2
2 + 2

�
+ | E2,3[L(G)] |

�
2

2 + 3

�
+ | E3,3[L(G)] |

�
2

3 + 3

�

+ | E3,4[L(G)] |
�

2
3 + 4

�
+ | E4,4[L(G)] |

�
2

4 + 4

�

= 1 + (2t + 4)
2
5

+ (4s − 4)
1
3

+ (4t + 4s − 8)
2
7

+ (6ts − 6s − 4t + 2)
1
4

=
(315s + 198)t + 205s − 109

210
.

Case 2: for t = 1, s �= 1
H[L(G)]

=
�

e=uv∈E[L(G)]

�
2

du + dv

�

= | E2,2[L(G)] |
�

2
2 + 2

�
+ | E2,3[L(G)] |

�
2

2 + 3

�
+ | E3,3[L(G)] |

�
2

3 + 3

�

+ | E3,4[L(G)] |
�

2
3 + 4

�

= 2 +
8
5

+ (4s − 6)
1
3

+ (4s − 4)
2
7

=
260s + 48

105
.
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Case 3: for t �= 1, s = 1
H[L(G)]

=
�

e=uv∈E[L(G)]

�
2

du + dv

�

= | E2,2[L(G)] |
�

2
2 + 2

�
+ | E2,3[L(G)] |

�
2

2 + 3

�
+ | E3,3[L(G)] |

�
2

3 + 3

�

+ | E3,4[L(G)] |
�

2
3 + 4

�
+ | E4,4[L(G)] |

�
2

4 + 4

�

= 2 +
4t

5
+

2
3

+
8t − 8

7
+

t − 2
2

=
513t + 110

210
.

Case 4: for t = 1, s = 1
H[L(G)]

=
�

e=uv∈E[L(G)]

�
2

du + dv

�

= | E2,2[L(G)] |
�

2
2 + 2

�

= 3.
�

Theorem 3.6. The Symmetric Division Degree index of the line graph L(G) of
graphene is

SDD[L(G)] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

14t+13s+36ts−24
3 , for t �= 1, s �= 1

49s−11
3 , for t = 1, s �= 1

50t−13
3 , for t �= 1, s = 1

12, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The Symmetric Division Degree index of the line graph L(G) of graphene = SDD[L(G)]

=
�

e=uv∈E[L(G)]

�
d2

u + d2
v

du · dv

�

= | E2,2[L(G)] |
�

22 + 22

2 · 2
�

+ | E2,3[L(G)] |
�

22 + 32

2 · 3
�

+ | E3,3[L(G)] |
�

32 + 32

3 · 3
�

+ | E3,4[L(G)] |
�

32 + 42

3 · 4
�

+ | E4,4[L(G)] |
�

42 + 42

4 · 4
�

= 4 + (t + 2)
13
3

+ (8s − 8) + (t + s − 2)
25
3

+ (12ts − 12s − 8t + 4)

=
14t + 13s + 36ts − 24

3
.

Case 2: for t = 1, s �= 1
SDD[L(G)]
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=
�

e=uv∈E[L(G)]

�
d2

u + d2
v

du · dv

�

= | E2,2[L(G)] |
�

22 + 22

2 · 2
�

+ | E2,3[L(G)] |
�

22 + 32

2 · 3
�

+ | E3,3[L(G)] |
�

32 + 32

3 · 3
�

+ | E3,4[L(G)] |
�

32 + 42

3 · 4
�

= 8 +
26
3

+ (8s − 12) + (s − 1)
25
3

=
49s − 11

3
.

Case 3: for t �= 1, s = 1
SDD[L(G)]

=
�

e=uv∈E[L(G)]

�
d2

u + d2
v

du · dv

�

= | E2,2[L(G)] |
�

22 + 22

2 · 2
�

+ | E2,3[L(G)] |
�

22 + 32

2 · 3
�

+ | E3,3[L(G)] |
�

32 + 32

3 · 3
�

+ | E3,4[L(G)] |
�

32 + 42

3 · 4
�

+ | E4,4[L(G)] |
�

42 + 42

4 · 4
�

= 8 +
13t

3
+ 4 + (t − 1)

25
3

+ (4t − 8)

=
50t − 13

3
.

Case 4: for t = 1, s = 1
SDD[L(G)]

=
�

e=uv∈E[L(G)]

�
d2

u + d2
v

du · dv

�

= | E2,2[L(G)] |
�

22 + 22

2 · 2
�

= 12.
�

Theorem 3.7. The modified first multiple Zagreb index of the line graph L(G) of
graphene is

Π∗
1[L(G)] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

42 · 52t+4 · 64s−4 · 74t+4s−8 · 86ts−6s−4t+2, for t �= 1, s �= 1
44 · 54 · 64s−6 · 74s−4, for t = 1, s �= 1
44 · 52t · 62 · 74t−4 · 82t−4, for t �= 1, s = 1
4096, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The modified first multiple Zagreb index of the line graph L(G) of graphene =
Π∗

1[L(G)]
=

�
e=uv∈E[L(G)]

(du + dv)
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=
�

e=uv∈E2,2[L(G)]

(du + dv) ·
�

e=uv∈E2,3[L(G)]

(du + dv) ·
�

e=uv∈E3,3[L(G)]

(du + dv)

·
�

e=uv∈E3,4[L(G)]

(du + dv) ·
�

e=uv∈E4,4[L(G)]

(du + dv)

= 42 · 52t+4 · 64s−4 · 74t+4s−8 · 86ts−6s−4t+2.

Case 2: for t = 1, s �= 1
Π∗

1[L(G)]
=

�
e=uv∈E[L(G)]

(du + dv)

=
�

e=uv∈E2,2[L(G)]

(du + dv) ·
�

e=uv∈E2,3[L(G)]

(du + dv) ·
�

e=uv∈E3,3[L(G)]

(du + dv)

·
�

e=uv∈E3,4[L(G)]

(du + dv)

= 44 · 54 · 64s−6 · 74s−4.

Case 3: for t �= 1, s = 1
Π∗

1[L(G)]
=

�
e=uv∈E[L(G)]

(du + dv)

=
�

e=uv∈E2,2[L(G)]

(du + dv) ·
�

e=uv∈E2,3[L(G)]

(du + dv) ·
�

e=uv∈E3,3[L(G)]

(du + dv)

·
�

e=uv∈E3,4[L(G)]

(du + dv) ·
�

e=uv∈E4,4[L(G)]

(du + dv)

= 44 · 52t · 62 · 74t−4 · 82t−4.

Case 4: for t = 1, s = 1
Π∗

1[L(G)]
=

�
e=uv∈E[L(G)]

(du + dv)

=
�

e=uv∈E2,2[L(G)]

(du + dv)

= 4096. �

Theorem 3.8. The second multiple Zagreb index of the line graph L(G) of graphene
is

Π2[L(G)] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

42 · 62t+4 · 94s−4 · 124t+4s−8 · 166ts−6s−4t+2, for t �= 1, s �= 1
44 · 64 · 94s−6 · 164s−4, for t = 1, s �= 1
44 · 62t · 92 · 124t−4 · 162t−4, for t �= 1, s = 1
4096, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The second multiple Zagreb index of the line graph L(G) of graphene = Π2[L(G)]
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=
�

e=uv∈E[L(G)]

(du · dv)

=
�

e=uv∈E2,2[L(G)]

(du · dv) ·
�

e=uv∈E2,3[L(G)]

(du · dv) ·
�

e=uv∈E3,3[L(G)]

(du · dv)

·
�

e=uv∈E3,4[L(G)]

(du · dv) ·
�

e=uv∈E4,4[L(G)]

(du · dv)

= 42 · 62t+4 · 94s−4 · 124t+4s−8 · 166ts−6s−4t+2.

Case 2: for t = 1, s �= 1
Π2[L(G)]
=

�
e=uv∈E[L(G)]

(du · dv)

=
�

e=uv∈E2,2[L(G)]

(du · dv) ·
�

e=uv∈E2,3[L(G)]

(du · dv) ·
�

e=uv∈E3,3[L(G)]

(du · dv)

·
�

e=uv∈E3,4[L(G)]

(du · dv)

= 44 · 64 · 94s−6 · 164s−4.

Case 3: for t �= 1, s = 1
Π2[L(G)]
=

�
e=uv∈E[L(G)]

(du · dv)

=
�

e=uv∈E2,2[L(G)]

(du · dv) ·
�

e=uv∈E2,3[L(G)]

(du · dv) ·
�

e=uv∈E3,3[L(G)]

(du · dv)

·
�

e=uv∈E3,4[L(G)]

(du · dv) ·
�

e=uv∈E4,4[L(G)]

(du · dv)

= 44 · 62t · 92 · 124t−4 · 162t−4.

Case 4: for t = 1, s = 1
Π2[L(G)]
=

�
e=uv∈E[L(G)]

(du · dv)

=
�

e=uv∈E2,2[L(G)]

(du · dv)

= 4096. �

Theorem 3.9. The first Zagreb polynomial of the line graph L(G) of graphene is

ZG1(L(G), x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2x4 + (2t + 4)x5 + (4s − 4)x6 + (4t + 4s − 8)x7 + (6ts − 6s − 4t + 2)x8,

for t �= 1, s �= 1
4x4 + 4x5 + (4s − 6)x6 + (4s − 4)x7, for t = 1, s �= 1
4x4 + 2tx5 + 2x6 + (4t − 4)x7 + (2t − 4)x8, for t �= 1, s = 1
6x4, for t = 1, s = 1
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Proof. Case 1: for t �= 1, s �= 1
The first Zagreb polynomial of the line graph L(G) of graphene = ZG1(L(G), x)
=

�
e=uv∈E[L(G)]

xdu+dv

= | E2,2[L(G)] | x2+2+ | E2,3[L(G)] | x2+3+ | E3,3[L(G)] | x3+3+ | E3,4[L(G)] | x3+4+ | E4,4[L(G)] | x4+4

= 2x4 + (2t + 4)x5 + (4s − 4)x6 + (4t + 4s − 8)x7 + (6ts − 6s − 4t + 2)x8.

Case 2: for t = 1, s �= 1
ZG1(L(G), x)
=

�
e=uv∈E[L(G)]

xdu+dv

= | E2,2[L(G)] | x2+2+ | E2,3[L(G)] | x2+3+ | E3,3[L(G)] | x3+3+ | E3,4[L(G)] | x3+4

= 4x4 + 4x5 + (4s − 6)x6 + (4s − 4)x7.

Case 3: for t �= 1, s = 1
ZG1(L(G), x)
= | E2,2[L(G)] | x2+2+ | E2,3[L(G)] | x2+3+ | E3,3[L(G)] | x3+3

+ | E3,4[L(G)] | x3+4+ | E4,4[L(G)] | x4+4

= 4x4 + 2tx5 + 2x6 + (4t − 4)x7 + (2t − 4)x8.

Case 4: for t = 1, s = 1
ZG1(L(G), x)
= | E2,2[L(G)] | x2+2

= 6x4. �

Theorem 3.10. The second Zagreb polynomial of the line graph L(G) of graphene
is

ZG2(L(G), x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2x4 + (2t + 4)x6 + (4s − 4)x9 + (4t + 4s − 8)x12 + (6ts − 6s − 4t + 2)x16,

for t �= 1, s �= 1
4x4 + 4x6 + (4s − 6)x9 + (4s − 4)x12, for t = 1, s �= 1
4x4 + 2tx6 + 2x9 + (4t − 4)x12 + (2t − 4)x16, for t �= 1, s = 1
6x4, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The second Zagreb polynomial of the line graph L(G) of graphene = ZG2(L(G), x)
=

�
e=uv∈E[L(G)]

xdu·dv

= | E2,2[L(G)] | x2·2+ | E2,3[L(G)] | x2·3+ | E3,3[L(G)] | x3·3

+ | E3,4[L(G)] | x3·4+ | E4,4[L(G)] | x4·4

= 2x4 + (2t + 4)x6 + (4s − 4)x9 + (4t + 4s − 8)x12 + (6ts − 6s − 4t + 2)x16.

Case 2: for t = 1, s �= 1
ZG2(L(G), x)
=

�
e=uv∈E[L(G)]

xdu·dv
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= | E2,2[L(G)] | x2·2+ | E2,3[L(G)] | x2·3+ | E3,3[L(G)] | x3·3

+ | E3,4[L(G)] | x3·4

= 4x4 + 4x6 + (4s − 6)x9 + (4s − 4)x12.

Case 3: for t �= 1, s = 1
ZG2(L(G), x)
=

�
e=uv∈E[L(G)]

xdu·dv

= | E2,2[L(G)] | x2·2+ | E2,3[L(G)] | x2·3+ | E3,3[L(G)] | x3·3

+ | E3,4[L(G)] | x3·4+ | E4,4[L(G)] | x4·4

= 4x4 + 2tx6 + 2x9 + (4t − 4)x12 + (2t − 4)x16.

Case 4: for t = 1, s = 1
ZG2(L(G), x)
=

�
e=uv∈E[L(G)]

xdu·dv

= | E2,2[L(G)] | x2·2

= 6x4.
�

Theorem 3.11. The third Zagreb polynomial of the line graph L(G) of graphene is

ZG3(L(G), x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(6t + 4s − 4)x + 6ts − 2s − 4t, for t �= 1, s �= 1
4sx + 4s − 2, for t = 1, s �= 1
(6t − 4)x + 2t + 2, for t �= 1, s = 1
6, for t = 1, s = 1

Proof. Case 1: for t �= 1, s �= 1
The third Zagreb polynomial of the line graph L(G) of graphene = ZG3(L(G), x)
=

�
e=uv∈E[L(G)]

x|du−dv |

= | E2,2[L(G)] | x|2−2|+ | E2,3[L(G)] | x|2−3|+ | E3,3[L(G)] | x|3−3|

+ | E3,4[L(G)] | x|3−4|+ | E4,4[L(G)] | x|4−4|

= (6t + 4s − 4)x + 6ts − 2s − 4t.

Case 2: for t = 1, s �= 1
ZG3(L(G), x)
=

�
e=uv∈E[L(G)]

x|du−dv |

= | E2,2[L(G)] | x|2−2|+ | E2,3[L(G)] | x|2−3|+ | E3,3[L(G)] | x|3−3|

+ | E3,4[L(G)] | x|3−4|

= 4sx + 4s − 2.

Case 3: for t �= 1, s = 1
ZG3(L(G), x)
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=
∑

e=uv∈E[L(G)]

x|du−dv |

= | E2,2[L(G)] | x|2−2|+ | E2,3[L(G)] | x|2−3|+ | E3,3[L(G)] | x|3−3|

+ | E3,4[L(G)] | x|3−4|+ | E4,4[L(G)] | x|4−4|

= (6t − 4)x + 2t + 2.

Case 4: for t = 1, s = 1
ZG3(L(G), x)
=

∑
e=uv∈E[L(G)]

x|du−dv |

= | E2,2[L(G)] | x|2−2|

= 6. �
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