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Abstract:A curling subsequence is a maximal subsequence C of the degree
sequence of a simple connected graph G for which the curling number cn(G)
corresponds to the curling number of the degree sequence and hence the curl-
ing number of the graph G. The curling number of a graph G may be defined
as the number of times an element in the degree sequence of G appears the
most and compound curling number of G is the product of multiplicities of
the degrees of vertices in G. In this paper we establish the bounds for curling
number and find Compound curling number of rooted product graph GoH.
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1 .Introduction: For general notation and basic concepts of graph theory
we refer to Harary [7].For different types of product graphs, we refer to [6,
11]. All graphs mentioned in this paper are simple, non-trivial, connected,
and finite graphs unless mentioned otherwise.

B. Chaffin [2] introduced curling number of a sequence of integers.
Extending the concept of curling number of sequence to the degree
sequence of graphs, Kok et al[9]

1.1 Definition of Curling number: LetS = 575,55+« -- S,, be a
finite string. Write S in the form XYYY ...... = XY* consisting of a
prefix X, followed by k-copies of a non empty string Y.Pick one with the
greatest value of k. Then this integer k is called the curling number of S
and is denoted by cn(S).



210 S. B. Rashmi and I. P. Kelkar

Kok et al[9] also defined the notion of the curling number and compound
curling number of a graph G as follows,

1.2 Definition of Curling number of a graph: Given a finite non
-empty graph G with the degree sequence S = (a1, as, a3+ an), a;€Np.
This degree sequence S can be written as a string of subsequences S = d’fl,
dé”, d’;", d’j“ --------- ,df‘, then the curling number of G is defined to be
en(G) = maz{k;},where 1 <i <1

In other words the curling number of a graph G is defined as the number of
times an element in the degree sequence of G appears the most [ 9].

1.3 Definition of Compound curling number of a graph :Let the
degree sequence of the graph G be written as a string of identity curling
subsequence say,al’f1 , d’f, d§3 --------- ,df".The compound curling number of
G,denoted cn(G) is defined as en®(G)= Hézl k;where 1 <4 <1

1.4 Definition of Rooted product graph : The rooted product of two
graphs of G; and G5 denoted by G10G, ,is the graph obtained by choosing
one vertex of G5 as root and then attaching the root vertex of copy of G5 to
each of the vertices of G.

In this paper, we investigate the curling number of rooted product of
general graph with bi-regular graph.

2. Curling Number of Rooted product graph

LetV(G) = {v1, v2,v3, ...... U} and V(H) = {uy, ug, gy ceven... up }be the
vertex sets of G and H respectively.Let d (v;) = d; be the degree of a vertex
of graph G.Let r; = d (u;) be the degree of the root vertex of u; of H which
is attached to every vertex of G. Then all

m vertices of G in GoH has degree (r; + d;) and the degree sequence of GoH is

{(dl + Ti) ) (dQ + Ti) ) (d3 + 7’7;) T (dn + Ti) ) (Tl)m ) (TZ)m T (rifl)m ) (ri—&—l)m y (rn)m}

Lemma 2.1:Let G be any graph on n vertices with degree sequence
{rit ry2 rg? e rit} where ny +ng +ng+ — — — —ny =n and
T > Ty > Ty > r, and H is a d-regular graph on m vertices then
en (GoH) = |V(G)|(en(H) — 1)

Proof:Let G be any graph on n vertices with degree sequence
{T?la,rgQﬂngsa """ 7";“} where ny +ng +n3+ — — — —n;, = n and
(&1 > T9 > 7"3 ...... > rt_
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Suppose H is a regular graph on m vertices with degree d. Let us choose
one root vertex of H and attach the root vertex of each copy of H to every
vertex of G to get the rooted product graph GoH.

The degree sequence of GoH is

d(GOH) - {(Tl + d)n17 (TZ + d)nz’ """ (Tt + d>nt’ dn(m—l)}

en (GoH) = max {ny,ng, — — — — — ng,n(m — 1)

As ny +ng +ns3+ — — —ny, = n each of ny, ny, n3, — — —ny < n so when
m > 2

en (GoH) = n(m — 1) = [V(G)| (|V(H)| - 1)

As H is a d-regular graph on m vertices, degree sequence of H is {d"}
giving curling number of H as cn(H) = m, so we can write cn (GoH) =
V(G| (en(H) — 1)

Lemma 2.2: G is a regular graph of degree d on n vertices and H is a
biregular graph on m vertices with mqvertices of degree d; and myvertices
of degree ds. Then the Curling number of rooted product GoH with k be
the number of vertices in H of degree equal to the degree of the root vertex
is en (GoH) =max {n(k — 1),n(m — k + s)} where s=0 if d + dy # d; and
s=1if d+dy =dy and n(en(H) — 1) < en(GoH) < n(en(H) + 1)

Proof:Let G be a d- regular graph on n vertices. Let H be a bi regular
graph on m vertices with m; vertices of degree d; and my vertices of degree
dy, where mq, + mo = m and dy > dy , with degree sequence of H as
{d"*,dy?} then cn(H) = max{mq,msy} .

There are two possibilities of the root vertex for the rooted product graph
GoH

Case (i):The root vertex is of degree d;

The root vertex of degree d; is attached to every vertex of G in GoH hence
degree of all n vertices of G in GoH is {d + d;} and there are n copies of H
in GoH giving (my — 1) vertices of degree d; and my vertices of degree dy in
each copy.
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Therefore, the degree sequence of GoH is
d(GoH) = {(d+ )", dimY), dgmz} asdy > dy 5o d+dy > dy

Curling number of GoH as c¢n (GoH)=max{n,n(m; — 1),nms}.
Case(ii) : The root vertex is of degree dy

The root vertex of degree ds is attached to every vertex of G, now the
degree of all n vertices of G in GoH becomes(d + dy) and n copies of H in
GoH giving (ms — 1) vertices of degree dy and my vertices of degree d.

Therefore, the degree sequence of GoH

d(GoH) = {(d +dy)", dimeY, d;““l}

Curling number of GoHas

en (GoH)=max{n,n(my — 1), nmy }ifd+ds # d;

en (GoH) = max {n(mg — 1),n(my + 1) }if d+ dy = d;

Considering then combining of results of case(i) and (ii) we can write
As d(root)=d; let k =m; and m-k =my gives

en (GoH)=maz {n,n(k — 1),n(m — k)}

As d(root)=ds let k =mgy and m-k =m, gives

RCEEES AR
Hence,

en (GoH)=maz {n(k —1),n(m — k+s)}

when s=0 if d + dy # d; and s=1if d+ dy = d;

Suppose my < my then en(H) = maxz {my, ms}=ms then in either case we
can write
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n(mq —1) =n(en(H) — 1) < en (GoH)

Suppose my < my then en(H)=max {m1, my}=m; then in either case we
can write

en (GoH)<n(m; + 1) = n(en(H)+1)

We can combine the two results to get the bound on curling number of
rooted product as,

n(cn(H)-1)<en(GoH)< n(en(H) + 1)

Corollary 2.3 :For a regular graph G and Bi regular graph H | the
Compound curling number is

enl (GoH) =n%(k — 1)(m — k + s) s=0 if d + dy # dy1and s=1if d + dy = d,
and k is the number of vertices in H of degree equal to the degree of the
root.

Lemma 2.4:G is a bi regular graph on n vertices with n; vertices of degree
r1 and ny vertices of degree ro with ny < ny and H is a biregular graph on
m vertices with m; vertices of degree d; and ms vertices of degree d,. Then
the Curling number of rooted product GoH with k be the number of
vertices in H of degree equal to the degree of the root vertex is

en (GoH) = max{n(k —1),n(m —k +s)}

s=0 if ; + dg(root) # dg(non — root)

s=n; if r; + dg(root) = dgy(non — root) for i=1,2
and n(cn(H)-1)<cen(GoH)<(n cn(H)+ny)

Proof:Let G be a bi regular graph on n vertices with n; vertices of degree
r1 and ny vertices of degree o with nqy + ns = n and r; > r5.Let H be bi
regular graph on m vertices with m,vertices of degree d; and msyvertices of
degree dy with my + ms = m and dy > ds then there are two possibilities of
the root vertex .

Case (i) : The root vertex is of degree d;
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In GoH ,the root vertex of degree d; is attached to all vertices of G ,so the
degree of n; vertices of G in GoH becomes (11 + d1) and degree of ngy
vertices becomes (ry + dp).As there are n copies of H in GoH with each
copy having (m; — 1) vertices of degree d; and msy vertices of degree dy

We get the degree sequence of GoH as, Degree sequence =
{(Tl + dl)nl, (7”2 + dl)nQ’ d;l(rm—l)’ dng}

Curling number of GoH

en (GoH) =max {n1,nz,n(my — 1), nms} = mazx {n(m; — 1), nmy} as
Ny, Ny <N

Case(ii) : The root vertex is of degree dy

As explained in case (i) for root vertex of degree dy we get the degree
sequence of GoH as

A(GoH)={ (ry + da)™, (1 + do), ™ 5™V}
Curling number of GoH as

en (GoH) =max {nq1,ng,n(ms — 1),nmy } = max {n(mg — 1),nm, } as
Ny, Ny <N

Considering k is equal to number of vertices in H of degree equal to the
degree of the root then combining of results case(i) and (ii) we can write

As d(root) = d; , let k = my and m-k = my gives
en (GoH) = max {n(k —1),n(m — k)}

As d(root) = dy , let k = my and m-k = my gives

n(k-1),n(m-k) ifry+dy #difori=1,2

GoH) =
en(GoH) { n(k-1),n(m-k)+n; ifri+dy=difori=1,2

Hence,
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en (GoH) =maz {n(k —1),n(m —k +s)}
s=0 if ; + dg (root) # dg(non — root)
s=n; if r; + dy(root) = dgy(non — root) for i=1,2

Suppose m; < mgy then en(H) = max {my, ma} =msy then in either case we
can write

n(msy — 1)=n(cn(H)-1)<cn(GoH)

Suppose my < my then en(H) = max {mq, me} =m; and assume n; < ngy
then in either case we can write

en (GoH)<(nmy + ng) = (nen(H)+no)

We can combine the two results to get the bound on curling number of
rooted product as,

n(en(H)-1)<en(GoH) <(nen(H)+ny).

Corollary 2.5: For a Bi regular graph G and Bi regular graph H , the
compound curling number is

en'® (GoH) =n?(k — 1)[(m — k) + 3]

Theorem 2.6: Curling number of rooted product of any graph G with
bi-regular graph H is cn'® (GoH)= max {n(k — 1),n(m — k) + n;)} if
ri +dg(root) = dg(non —root)and n(cn(H) —1)<cn(GoH) <(n cn(H)+n,).

Proof:Let G be a graph on n vertices with degree sequence
{r o ry? rgs e rpt} with ny +ng +ng + -+« - + n; = nand
Ty >Tg >Tge----- T

Suppose H is a biregular graph on m vertices with degree sequences
{d",dy"*} with my +mg = m and d; > dy there are two possibilities of the
root vertex ,

Case (i): The root vertex is of degree dy

The root vertex of degree d; is attached to every vertex of G in GoH, hence
degree of all n vertices of G in GoH is (r; +d;) , 1 <i <t and there are n
copies of H in GoH giving (m; — 1) vertices of degree d; and my vertices of
degree dy in each copy.
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Therefore the degree sequence of GoH is

d(GoH) = {(rl Hdy)™, (g dy)"2, (re 4 dy)m, dp ™Y, d’g’"“}
en (GoH) = max {n(my — 1),nma} as dy > dy so r; + dy # dy

Case (ii): The root vertex is of degree ds

The root vertex of degree dy is attached to every vertex of G in GoH ,hence
degree of all n vertices of G in GoH is (r; +dy) , 1 < i <t and there are n
copies of H in GoH giving (my — 1) vertices of degree dy and m; vertices of
degree d; in each copy.

Therefore the degree sequence of GoH is

A(GoH) = {(r +da)™, (2 + o)™, -+ (o + )™, &3V, )
en (GoH) = max {n(mg — 1),nmq } if r; + da#dy

en (GoH) = max {n(mg — 1),nmy + n;} if 7, + do= d4

Considering k to be the number of vertices in H of degree equal to the
degree of the root then combining results of case(i) and(ii) we can write

As d(root) = d; , let k = my and m-k = my gives
en (GoH) = max {n(k — 1),n(m — k)} for r; + dy # ds

As d(root) = dy , let k = my and m-k = m, gives

n(k-1),n(m-k) if ri +dy #dy
n(k-1),n(m-k)+ n; if 7, + dy = d; for some i=1,2...t

en(GoH) = {

Hence,
en (GoH) =maz {n(k — 1),n(m — k) + s}
s=0 if 7; + dg (root) # dg(non — root)

s=n; if r; + dg (root) = dy(non — root) for i=1 to t
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Suppose my < my then en(H) = max {my, ma} =msy then in either case we
can write

n(msy — 1)=n(cn(H)-1)<cn(GoH)

Suppose my < my then en(H) = maxz {my, my} =m; and assume
Nmaz = Max {nq,na, N3, .....n;} then in either case we can write

en (GoH)<(nmy + ng) = (nen(H) + Nz

We can combine the two results to get the bound on curling number of
rooted product as,

n(cn(H)-1)<cen(GoH)<(n cn(H)41n4.)-

Corollary 2.7: Compound curling number of rooted product of any graph
G with biregular graph H is

en() (GoH) =n?(k — 1)[(m — k) + 5]
s=0 if ; + dy (root) # dg(non — root)
s=n; if r; + dy(root) = dy(non — root) for i=1,2

Theorem 2.8: Curling number of rooted product of a graph G on n
vertices with a graph H on m vertices satisfies

nx[en(H) — 1]<en(GoH)< n * en(H)4n,,0,

Proof: Let G be a graph on n vertices with degree sequence

{rit re? rgs e ryt} where ny +ng+ng+---- - + ny = n with
ng<ng<ng<-..... < n; and H be a graph on m vertices with degree
sequence {d", dy?, dg® -+ d™} where my +mo +mg+ -+ +mg=m
with m; <my <mg <------ < my

Giving en(G) = n; and cn(H)=m;
Consider rooted product graph GoH ,suppose root vertex is such that
Case (i): The root vertex is of degree dj

The root vertex of degree d; is attached to every vertex of G in GoH, hence
degree of all n vertices of G in GoH is (r; +ds) , 1 < i <t and there are n
copies of H in GoH giving the degree sequence of rooted product as,

217
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d(GoH) =

{(ﬁ F )™, (ry +dg)"2, e (ry + dy)™, ™ 272 dg(ms—l)}
Subcase (i): if ms_1 < my then

en (GoH)> n(my — 1) = n * [en(H)-1] if r; + d; # d;

en (GoH)< max {n(ms; — 1),nm; + n;} ifr, + ds = d;

Subcase (ii) if ms;_1 = m, then

en (GoH)> n(my_q) = nx* [en(H)] if r; +ds # d;

en (GoH)< max {n(ms — 1),nm; +n;} if r; + ds = d;

Case (ii): The root vertex is of degree #d;

The root vertex of degree d; is attached to every vertex of G in GoH jhence
degree of all n vertices of G in GoH is (r; +d;) , 1 <1i <t and there are n
copies of H in GoH giving the degree sequence of rooted product as,

d(GoH) =

{(7«1 Fd)m, (4 d)2, e (r 4 dj)™, d™  dim Y d”;(ms)}
Subcase (i)if m,_1 < mg then

en (GoH)> n(ms — 1) =n * [en(H)-1] if v; + ds # d;

en (GoH)< max{n(ms; — 1),nm; + n;} if v, + ds = d

Subcase (ii)if ms_; = my then

en (GoH)> n(my_q) = nx* [en(H)] if r; +ds # d;

en (GoH)< max {n(ms; — 1),nm; +n;} if r; + ds = d;

Combining all above cases we can state that the curling number of rooted
product of a graph G on n vertices with n,,,, as the largest number of
vertices of one degree with a graph H on m vertices satisfies

n * {cn(H) — 1]§CD(GOH) <n* CD(H)‘Hlmaz
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Corollary 2.9: Compound curling number of rooted product of any graph
G with H is

9 (GoH) <IT;_yni xu™ IT;_ m;
3. Results and Conclusion :

The following results are established for the curling number of rooted
product of two graphs

G-regular, H-Bi regular

GoH d(root) degree sequence curling number

C,oP,, 1 [non(m=2)3n n(m-2)

C,oP,, 2 12nn(m=3)4n n(m-3)

K,oP,, 1 prrim=2)m n(m-2)

K,oP,, 2 (n + 1)monim=3)12n n(m-3)

Cr0Sp 41 m (m+2)"1mm nm

Cr0Smi1 1 1Um=1)3ngn n(m-1)
G-Biregular, H- regular

GoH d(root) degree sequence curling number

Kinn0Spi1 b (m+b)™ (n + b)m100mEn) (m+mn)b

Kopn0Sy1 1 [(m 4 1)+ )bt 1o @D (1) (b — 1)

Ky, 0P, 1 [(m+1)"(n+ 1)m2@=2Dmtmmnfl - (4 n)(a —2)

KypnoP, 1 [(m +1)"(n + 1)m2(e=3)mim2mid] - (4 n)(a — 3)
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Sudev and Sushanth in their paper some new results of curling number of
graphs [14] , have given results for curling number of standard graphs as,
en(Cy,) =n,cen(P,) =n2,cen(K,) =n,cn(S41) =10, cn(Ky,) =
max {m,n}. From these results and the above table we observe following
results.

Let G be a graph and H be a bi-regular graph on m vertices with m,
vertices of degree ki and msy vertices of degree ko ,where my 4+ my = m and
curling number of b-regular graph H is cn (H) =maxz {m1, my},Suppose in
GoH the root vertex chosen is of degree k;, with m; not equal to cn (H)
then in such cases from above table we have

Den(ChoPy,)= |V (Cy)| xen(P,y,)
2)en(K 0Py, )= |V(K,)| xen(P,,)
4

cn

Jen(
Jen(
3)en(CpoSmi1)=cn(CroKy ) = |V(Cy)| xen(Pyy,)
)en (Ko n0Sps1)= |V (Kmn)| xcn(Spi1)

Jen(

5)cn( K noPy)=|V (K n)| xen(Py,)
Thus in general for such choice of root we get cn (GoH) =|V(G)| xcen(H)

Next suppose in GoH the root vertex chosen is of degree k; ,with m; not
equal to cn (H) then in such cases from above table we have

e
2)en(K,0P,)= |V (K,)| x[en(Py,) — 1]

CnoPp)= |V (C,)| x[en(P,,) — 1]

mn05b+1): |V(Km,n)’ X[Cn(sb-i-l) - 1]
Ko n0Fa)=|V (K )| x[en(Pg) — 1]

n(
Jen(
3)en(Cro0Spm41)=cn(CroKy ) = |V(C,)| x[en(P,,) — 1]
4)en(
5)en(
Thus in general for such choice of root we get cn (GoH) =|V(G)| x [en(H)-1]

Hence for any graph G and bi-regular graph H the curling number of GoH
depends on the choice of root vertex being the one with number of such
vertices equal to cn (H)
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Thus for any graph G with n,,, as the maximum number of vertices of
same degree and a bi-regular graph H we can write the bounds for curling
number GoH as

[V(G)| x[en(H)-1]<en(GoH) < |V(G)| xen(H) 41,0,
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