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RELATIONS BETWEEN GENERALIZED HERMITE-
BASED APOSTOL-BERNOULLI, EULER AND GENOCCHI
POLYNOMIALS

APARNA CHATURVEDI AND PRAKRITI RAI

ABSTRACT. In this paper, we intimate connection between generalized
Apostol-Hermite-Bernoullli polynomials, Apostol-Hermite-Euler poly-
nomials and Apostol-Hermite-Genocchi polynomials and some implicit
summation formulae by applying the generating functions.These re-
sults extend some known summations and identities of Apostol-Hermite-
Bernoullli, Apostol-Hermite-Euler and Apostol-Hermite-Genocchi poly-
nomials.
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1. INTRODUCTION

Luo and Srivastava [5,6,9-12] introduced the generalized Apostol-Bernoulli
polynomials B,(La) (z; ) of order o € C and the generalized Apostol-Genocchi
polynomials G%a)(a:; A) of order o € C. Luo [4,7,8] also introduced the gen-

eralized Apostol-Euler polynomials Ey(f')(x; M) of order « € C.

Recently [3,15] and [14] defined a new family of generalized Apostol-
Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials of order « and
new classes of generalized Hermite-Based, Apostol-Bernoulli polynomials

B,[,m_l’a] (z; \), Apostol-Euler polynomials E,[lm_l’a] (z; \) and Apostol-Genocchi
polynomials Gkn_l’a](x; A), m € N of order « € C.

Definition 1.1. For arbitrary real or complex parameter o and for a,c €

R*, the generalized Apostol-Hermite-Bernoulli polynomials HBmel‘a] (z,y;a,c,\),

m € N, A € C are defined in a suitable neighborhood of ¢ = 0 with
|tlog(a)| < |log(—A)|, by means of the following generating function:

o0
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(1) AN as 1)) =37 B (1, ya, 0, 0)
n:

n=0

where A (A, a;t) is given by equation

2 (tloga)t -
2) A\ ast) = (Aat -3 %) .

h=0



54

A. Chaturvedi and P. Rai

It is easy to see that if we set y = 0 in (1), we get the result given by [15, p. 3,
Eq. (1.8)] which involves the generalized Apostol-Bernoulli polynomials

(3) tmLAN, a; 1)) %™ ZB[’” Lal(z:a,c, /\)
n=0

for c=ein (1) gives

[ee]
t’l’l
(4) AN, a;t)]“e”””yt? = Z g B (2 yra, e, N)— .
n!
n=0
Moreover if we set y =0, m =1, a = ¢ = e in (1), we arrive at the following
result

T i
- Tt — Blo.al (. [ 9r 19 — 1
(5) [)\@t — 1] € T;) Y (s e e, )\)n!, (|t| < 2, )

which is a generating function for the generalized Apostol-Bernoulli polyno-
mials of order «. Thus we have

(6) BlO(z: ¢ e, \) = BlY(z; \).

Definition 1.2. For arbitrary real or complex parameter « and for a,c €
R*, the generalized Apostol-Hermite-Euler polynomials g B4 (z,v;a,c,N),
m € N, A € C are defined in a suitable neighborhood of ¢t = 0 with
|tlog(a)| < |log(—M)|, by means of the following generating function:

00
n
7 omalp A a;t @ Tt+yt E[mfl,a] . ) —
) PO = 3B e N

where B (), a;t) is given by equation

(8) B(\ at) ()\ +Z “"g“)h)

If we set y = 0 in (7), we get the result given by [15, p. 3, Eq. (2.1)] which
involves the generalized Apostol-Euler polynomials

(9) 2"’“[3()\ at ot ZE[m 1,a] (:L‘ a,c, /\) 5
n=0
for ¢ = e in (7) gives
T 2 - m— "
(10) 2" BN, a; )] = Y g BN @y e )
n=0
It reduces for y =0, m =1, a = ¢ = e in (7) in the following result:

X ,Q . «
(11) [—)\e‘ J ™ = nEZOEn (z;e, e, )\)—n!, (It < m,1*=1)

which is a generating function for the generalized Apostol-Euler polynomials
of order a. Thus we have

(12) ED(zie,e,\) = ElM(;0).
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Definition 1.3. For arbitrary real or complex parameter « and for a,c €

R, the generalized Apostol-Hermite-Genocchi polynomials HGZ" ~Lo] (z,y;a,¢,N),

m € N, A € C are defined in a suitable neighborhood of ¢ = 0 with
|tlog(a)| < |log(—M)|, by means of the following generating function:

oo tn
(13) 2mMB(\, a; t)]o‘c“"'yt2 = Z gGI L (2 yia, e, \) =,

= n!
where B (A, a;t) is given by equation (8). If we put y = 0 in (13), we
have obtained the result given by [15, p. 5, Eq. (2.4)] which involves the
generalized Apostol-Genocchi polynomials

(14) MM B\, a5 t)] ¥t ZG[’” Lel(z;a, ¢, )\)
n=0

for ¢ = e in (7) gives

(15)  2mmeB(, ;)% =N p Gl (@ yrae, N
n=0

’ﬂ
n!’

Moreover if we set y =0, m = 1, a = ¢ = e in (13), we have obtained the
following result:

(16) [)\e?—il] et = ZG[O A(z;e,e, /\) (t| < 2m, 1% = 1)
: n=0

which is a generating function for the generalized Apostol-Genocchi polyno-
mials of order «. Thus we have

(17) Gl(z:e,e, M) = Gl (2 ).

2. GENERALIZATION OF HERMITE-BASED APOSTOL-BERNOULLI,
APOSTOL-EULER AND APOSTOL-GENOCCHI POLYNOMIALS
In one of our paper [2] we consider a natural generalization of the Apostol-
Hermite-Bernoulli polynomials HBLm_l’a](a:, y;a,c,\), m € N, X € C, Apostol-
Hermite-Euler polynomials HET[ngl’a] (z,y;a,¢,\), m € N, A € C and
Apostol-Hermite-Genocchi polynomials HG’[T:n_l’a](a:, y;a,c,\),m € N, \ € C.

P s gt 1) = 2RO (1A g )ttt
- 1 tn
=Y aP o az.apik ),

(18) (k,l,m,p € No;x € C)

which are defined in a suitable neighborhood of ¢ = 0 with |tlog(a)| <
[log(—=A)l.
For I =1, k=0 in (18), we define the following:

Definition 2.1. For arbitrary real or complex parameter a and for a,c €
R*, the generalized Apostol-Hermite-Bernoulli polynomials yBIm—bal

(a1,a2...ap; a,c,\), m € N, X € C are defined in a suitable neighborhood
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of t = 0 with [tlog(a)| < |log(—\)|, by means of the following generating
function:

(19)
> = tr
tnz,(x[A()\7 a; t)](xca1t+a2t wtapt? _ Z HBr[mel,a](al’ as...ap;a,c, )‘)ﬁ’
n=0
where A (A, a;t) is given by equation (2). It is clear from (18) that
fr[bm_l‘a] (ar,az...ap;t;0,1) = t"[A(N, a; t)]a0a1t+a2t2"'a”tpa
HPy[:f\fl’a] (a1,a9...ap;0,1) = gBI" (a1, ay. . ap;a, ¢, N).
We get result given by [15, p. 3, Eq. (1.8)] by putting as = az---=ap =0
in (19).
For a3 = a4--- = ap = 0 in (19), we obtained the result given by [14,
p. 158, Eq. (24)].
Ifweputm=1a=c=eand ag = a5--- = ap = 0 in (19), result

reduces to known result [13, p. 3, Definition 2.1].

For l =0, k =1 and replacing A by —X in (18), we define the following:
Definition 2.2. For arbitrary real or complex parameter « and for a,c €
R™, the generalized Apostol-Hermite-Euler polynomials HELm_l’a] (a1,a2 ... ap;

a,c, ), m € N, A € C are defined in a suitable neighborhood of ¢ = 0 with
|tlog(a)| < |log(—A)|, by means of the following generating function:

(20)

o
2 _ t"
2ma[B()\sa;t)]aca1t+a2t ctapt? ZHET[lm 1.04]((11’012 apiac, /\)H’
n=0
where B (), a;t) is given by equation (8). It is clear from (18) that
f,[mel’O‘] (a1,a2...ap;t;1,0) = 2™ [B(\, a3 t)]”‘cm”“?tz“'“”tp,
HPT[Lt'j\fl’a](al, az...ap;1,0) = g B (ay,as .. ap;a, ¢ N).
We get result given by [15, p. 3, Eq. (2.1)] by putting as = ag--- =a, =0
in (20).
If we set a3 = ag--- = a, = 0 in (20), we obtained the result given
by [14, p. 158, Eq. (29)].
Ifweput m=1,a=c=eand ag = a5--- = ap, = 0 in (20), result

reduces to known result of [13, p. 3, Definition 2.2].
For =1, k =1 and replacing A by —X in (18), we define the following:

Definition 2.3. For arbitrary real or complex parameter « and for a,c €
R*, the generalized Apostol-Hermite-Genocchi polynomials HGR” ~Lo]
(a1,a2...ap; a,c,X), m € N, X € C are defined in a suitable neighborhood
of t = 0 with [tlog(a)| < |log(—\)|, by means of the following generating
function:

(21)

> n
MM B(\, a; t)]acalt+a2t2"'+a1’tp _ Z Hngfl,a] (a1,az.. Lap;a,c, )\)_"
n:
n=0
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where B (), a;t) is given by equation (8). It is clear from (18) that
f7[Lm—1A04](a17 as. .. ap; t; 1’ 1) — gmayma [B(/\, a; t)]aca1t+a2t2,_.aptp’

HPLT\_LQ] (a1,a2...ap;1,1) = HGZ"*L‘X](al, as...apia,c,N).

It is easy to see that if we set az = az--- = a, = 0 in (21), we obtained the
result of [15, p. 5, Eq. (2.4)].
It we set a3 = as--- = a, = 0 in (21), we obtained the result given
by [14, p. 158, Eq. (34)].
oo t"
tMOLA(N, a3 )]tV = Z gBM (2 g a, e, A)—-
n!
n=0
Form=1,a=c=eand as = as--- = ap = 0 in (21), the result reduces to

known result of [13, p. 3, Definition 2.3].

Theorem 2.1. For each n € N, the following relation

n

S (“)HBL’";L“] (a1, 0. ..ap;a,c, N).gE 0 by, by .. byia, ¢, \)
.
r=0

(22) =27 Bm-1al (‘“ thoath wth,. )\2)

holds true between the Hermite-based generalized Apostol-Bernoulli and Eu-
ler polynomials.
Proof. We have

& n
[m—1,a] {01 +b1 as+ by ap + by ) 9 (2t)
ZHB" ( 5 T 4 T o ;a,C A -

n=0
— (20 [A (W2, a320)] el (F2) ()20t (B ooy

= 1M [A (A, a3 t)]* clartFaat®otapt?) gma (B () g )] o(rt+bat?tbpt?)

BIm=1el (g1, q a'ac/\)ﬁ~i EMm=1el () b b'oLc)\)ﬁ
H T 1s 2---p7 ] 7'! H n 152"'p1 )y & n!7

e

ﬁ
Il
<)

n=0

tn+r
HBLm_l’a] (a1,a2...ap;a,c,N) - HEJT”_L”‘] (b1,b2...bpia, ¢, N) — -
nlr!

M
WE

Il
=)
3
Il
<)

n

Replacing n by (n — r) in RHS of above equation, we get

n
n [m—1l,a] [ @1+ b1 as + by ap + bp_ 9
2 E HBn < 2 5 1 e op ,a,c,/\ —n'

n=0

n

- Z Z <7‘> HBLTTLO‘] (a1,a2...ap;a,¢,\) - HET[m_l’a] (b1,by...byia,c,N) —
n=0 !

r=0
Comparing the coefficient of Z—T: on both sides, we get the result (22). ]

Remark 2.1. If we set m =1, a=c=¢e and ay = as--- = ap = 0 and
by =bs---=b, =0 in (22), the result reduces to the known result of [13].

57



58

A. Chaturvedi and P. Rai

Theorem 2.2. The generalized Apostol-Hermite-Bernoulli polynomials
HB[nm_l'a] (a1,az2...ap;a,c, X) and the generalized Apostol-Hermite-Euler poly-
nomials HELm_l’a](al,ag co.apia,c, ), m,a € No, A € C are related by

HBLm_l’“](al, as...ap;a,c,—A\)

(=1)on! 1
(23) = m E,[meaa](al, az...ap;a,c, /\)
or equivalently by

HELfnfl’“](al, as...ap;a,c,—A)

(=2)n! 1,
(24) = mHB,[ﬁ_maa] (al, az...ap;a,c, /\)
Proof. Considering the generating function (19)
t"l

[o¢]
—1
Z HBL’" o] (a1,a2...ap;0a,c, _/\)ﬁ

n=0
— ¢ma [A(—/\ a t)]aca1t+a2t2..‘+apt7’

_ (_1)&2ma pme [B()\ a: t)]aca1t+a2t2..‘+apt7’
2ma b b

= (2ma Z Em Lel(ay ay. S Qpi A, CN) ———

tn+ma
n!

Replacing n by n — ma in RHS of the above equation

Lol ( "
m ,Q .
E al,ag...ap,a,c,—/\)n'

-1 i
:( a Z E1[zmmlaa](a1’az...ap;a,c,/\)

ame L~ n—mal!’
n=
Comparing the coefficient of t™ on both sides of the above equation, we
obtain the result (23). O
Remark 2.2. If we set a3 = as--- = ap = 0 in (23), the result reduces to
the known result given by [14, p. 161, Eq. (39)].
Remark 2.3. Foras =a3z =a4--- = ap, =0 in (23), we obtained the result

of [15].

For proving the second part of the theorem, we consider the generating
function (20)

00 m
Z HELm—l,a](al, az...ap;a,c, )\)—'
=0 n:

= 2M%[B(\, a; t)]aca1t+a2t2...+a,,tp

_ (=1)gme 2 A(N, a; t)]aca1t+a2t2...+apt1’
tma b )
gn—ma

_ (_9\ [m—1,a] . .
2) ZOHBn (a1,a2...ap;a,c, N) o
n—
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Replacing n by n + ma in RHS of the above equation, we get

o0 tn
Z HE,[lm_l""] (a1,0a2...ap;0,c, _)\)H

n=0

o
= (=2 B Na1,0z. . ap;a,c, )

n=0

tn
n+mal!’

Comparing the coefficient of t” on both sides of the above equation, we
obtain the result (24).

Remark 2.4. If we set a3 = a4 --- = ap = 0 in (24), we obtained the known
result of [14, p. 161, Eq. (40)].
Remark 2.5. If we set ay = a3 = a4 --- = ap, = 0 in (24), the result reduces

to the result of [15].

Theorem 2.3. The generalized Apostol-Hermite-Genocchi polynomials
[m—lﬁal(
n

nomials HB,[zm_l’a](al, as...ap;a,c,\) and the generalized Apostol-Hermite-

Euler polynomials HE,[ngl’a](

a1,as...ap;a,c, ), are related by
HG',[ln_l’o‘](al, as...ap;a,c,—A)

(25) = (2™ g BI" (a1, ay. . ap;a, ¢, )

or equivalently by

-1, .
HGZ" o (a1,a2...ap;a,c,\)

n! -1,
(26) = mHET[ZT_Imaa] ((ll ;@2 ... Qpj A, C, )\),

(m,n,a € Ng, A € C and n > ma).

Proof. Considering the generating function (19)
AN, a; t)}aca1t+a2t2...+apt7’

n

o0
= Z HB,[lm‘l’“](al, as...ap;a,c, /\)ﬁ’

n=0
fma [B(—/\, a t)]aca1t+a2t2...+aptp
myo - [m—1,a] "
= (-2™) nZ:OHBn , (al,ag...ap;a,c,/\)m,
e n
Z Hng_l’o‘](al, az...ap;a,c, —)\)%
n=0 .
= (=2 uBI" a4y, a5 . apia,c, \).
n=0
Comparing the coefficient of % on both sides of the above equation, we
obtain the result (25). O
Remark 2.6. If we set a3 = as--- = ap = 0 in (25), the result reduces to

the known result of [14, p. 164, Eq. (48)].

ai,az...ap;a,c, ), the generalized Apostol-Hermite-Bernoulli poly-
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Remark 2.7. For the setting as = a3 = a4 --- = ap = 0 in (25), we obtained
the known result of [15].

For proving the second part of the theorem, we consider the generating
function (21)

2matma [B ()\’ a; t)}a ca1t+a2t2...+aptp

o0 tn
= Z HGmel'“] (a1,a2...ap;a,c,\) =
n=0 n
i 1 ntma
Z HE,[:”_ o (a1,a2...ap;a,c,\) .
n=0 ’
® n
_ G[mfl,a] A 3
_ZH 4 (a1,a2...ap;a,c, )n'
n=0 ’

Replacing n by n — ma in LHS of the above equation, we get

Z E[m 1a] . "
e (a1,a3...ap;a,¢,\) ———

n — ma!

n=mauo
N Glm-Lal t
:ZHG,;“ “ (a1,a2...ap;a,c,/\)ﬁ.

n=0
Comparing the coefficient of t” on both sides of the above equation, we
obtain the result (26).

Remark 2.8. If we put az = a4 --- = ap, = 0 in (26), we obtained the known
result given [14, p. 164, Eq. (49)].
Remark 2.9. If we put as = a3 = a4 --- = ap, = 0 in (26), the result reduces

to the result of [15].

Theorem 2.4. The generalized Apostol-Hermite-Euler polynomials HEmel‘a]
(a1,a2...ap;a,c,N) satisfy the following recurrence relation:

/\HE,[lmfl’o‘] (a1 +1,a2...ap;a,¢,\) +H Er[l'”*l’a](al, as...ap;a,c,\)
(27) = 22 (n)HEr[Lml‘a] (a1,a2...ap;0,c, )\)En Lol (0,a,\)
r=0 r

Proof. Let
)\HE,[lmfl’a](al +1,a2...ap5a,¢,\) +1 Emel"’] (a1,a2...ap;a,c,\)

_ (zm)a[B(/\’ a t)]acalt+a2t2...+apt”()\at + 1)

(=1)
_ 2.2ma[B(/\’a; t)]azca1t+a2t2...+apt1’ ( 2 )

Aat +1

00 P
:2.ZHE7[Lm_1’“](a1,a2...ap;a,c,/\ o ZE[ 1] (0, a, /\)—

r=0 n=0

n+r

o0
=2. Z ZHET[Lm_l’a](al,ag ...apya,c, \).E E-1(0, a, )\)

nlrl
n=0r=0
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Replacing n by n — r in the above equation, we get

o t"
Z(AHELZ”A’“] (a1 +1,a2...ap;a,¢,\) +5 Ey[lmfl’a] (a1,a2...ap;0,c, )\))—
n=0

=> (2'ZHE£"”’“](G17@2 apia, e N).Ey ) (0,0,0) rw)
n=0 r=0

Comparing the coefficient of ﬁl—n, on both sides of the above equation, we
obtain the result (27). O

Remark 2.10. If we set a3 = aq4--- = a, = 0 in (27), we obtained the
known result given by [14, p. 162, Eq. (43)].

Remark 2.11. For the setting a; = a3 = a4 --- = ap = 0 in (27), the result
reduces to the result of [15].

Theorem 2.5. The generalized Apostol-Hermite-Genocchi polynomials
HG[Tfn_l‘a](al, as...ap;a,c,\) satisfy the following recurrence relation:

)\HGE;”’L“] (a1 +1,a2...ap;a,¢,\) +u ng*l’a] (a1,a2...ap;a,c,\)
- -1
(28) = 2”2 (n . >HG[T7L"1’°‘](al,ag ...apia,c, )\)GL lla]T(O a, ).

Proof. Let
)\HGLTJ’“] (a1 +1,az...ap5a,¢,A) +1 G%’“l’a] (a1,a2...ap;a,¢,\)

= (2™™)¥[B(\, a; t)]aca1t+a2t2"'+artp()\at +1)

(-1
— 9. 9mayma [B()\ a;t)}aca1t+a2t2...+aptp 2t
’ Aat + 1

0 m
= 2t.ZHG[TZ”71’”](a1,a2...ap;a,c,)\ ZG (0,a, ) —'

r=0

00 0o el 1] g+l
=2 ZZHGAW MNay,az...ap;a,¢,)).GL (0,0, \)——— e

n=0r=0

Replacing n by (n — r — 1) in the above equation, we get

o0

Z(AHGLanl*a](al +1,a2...ap5a,¢,A) +n Gknfl’o‘] (a1,a2...ap;a,¢,N))
n=0

tn
n!

n—1—rlr!

= Z (Qn. Z HGLm_l’O‘] (a1,a2...ap;a,c, \) .Gb_lr_l (0,a, ) t7> .
n=0 r=0

Comparing the coefficient of % on both sides of the above equation, we
obtain the result (28). O

Remark 2.12. If we set a3 = aq4--- = a, = 0 in (28), we obtained the
known result given by [14, p. 162, Eq. (51)].

Remark 2.13. For putting ag = a3 = a4+ = a, = 0 in (28), the result
reduces to the known result of [15].
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3. CONCLUSION

In this paper we found number of interesting applications of Generalised
Apostol Hermite-Bernoulli, Generalised Apostol-Hermite-Euler polynomials
and Generalised Apostol Gennochi Polynomials. The polynomials found in
this paper can be further taken into the consideration for more properties
and applications with the use of linear positive operators in real and complex
domain given by Aral et al [1] and Gupta and Agarwal [3]. The concepts
discussed by them can be extended to few more interesting polynomials.

Acknowledgement: The authors are grateful to Professor M. A. Pathan
for his valuable comments and suggestions for the improvement of this paper.
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