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STABILITY OF GENERAL A-QUARTIC FUNCTIONAL
EQUATIONS IN NON-ARCHIMEDEAN INTUITIONISTIC
FUZZY NORMED SPACES
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ABSTRACT. The aim of this article is to study the Hyers-Ulam-Rassias
stability and generalized Hyers-Ulam-Rassias stability in non-Archimedean
Intuitionistic fuzzy normed spaces. The paper introduces a new A-
quartic functional equation and obtain solution for the same functional
equation. Further, stability problem is investigated for the newly intro-
duced A-quartic functional equation in non-Archimedean intuitionistic
fuzzy normed spaces.
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1. INTRODUCTION

In 1940, at the University of Wisconsin, Ulam [21] raised the first stability
problem. The problem was solved by a number of mathematicians includ-
ing Hyers [6], Aoki [2], Rassias [19], Rassias [17], Gavruta [5] and Rassias
[18]. The Ulam problem garnered world wide attention and led to several
stability problems of functional equations such as the Hyers-Ulam-Rassias
stability, Ulam-Gavruta-Rassias stability, generalized Hyers-Ulam-Rassias
stability and J.M. Rassias stability problems. Several researchers have been
investigating the Hyers-Ulam-Rassias stability in different spaces. Some of
the recent publications relevant to this paper are Bodaghi et al. [1] and Xu
et al. [23].

Starting with Katsaras[8], a lot of researchers such as Wu and Fang [22],
Biswas [3], Cheng and Mordeson [4], Kramosil and Michalek[7] have dealt
with the Hyers-Ulam-Rassias problem using the fuzzy concept.

The idea of intuitionistic fuzzy normed space was introduced in [20] and
further studied in [10]-[16] and [25], to deal with some summability prob-
lems. Some definitions and preliminaries concerning our main results can
also be obtained from Ehsan and Mursaleen [9] and Mohiuddine et al. [11].

In this paper, we obtain the general solution and investigate the gen-
eralized Hyers-Ulam-Rassias and Hyers-Ulam-Rassias stabilities of the new
generalized A-quartic functional equation

(1) flax +y) + flax —y) + f(x + ay) + f(2 — ay)
=20 {f(x+y) + flx —y)} +2(a® = 1)*{f(2) + f(y)}

in non-Archimedean intuitionistic fuzzy normed spaces, where a # 0, +1.
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The paper is organized as follows: In Section-2, we obtain the general so-
lution of the functional equation (1), Section-3 discusses generalized Hyers-
Ulam-Rassias and Hyers-Ulam-Rassias stabilities in non-Archimedean in-
tuitionistic fuzzy normed spaces of the functional equation (1), and the
conclusion is given in section-4.

2. GENERAL SOLUTION OF A-QUARTIC FUNCTIONAL EQUATION

In this section, we obtain a general solution of the functional equation
(1). Throughout this section, let X and Y be vector spaces. Some basic
facts on n-additive symmetric mappings can be found in [24].

Theorem 2.1. A function f: X — Y is a solution of the functional equa-
tion (1) if and only if f is of the form f(x) = A*(x) for all x € X, where
A*(z) is the diagonal of the 4-additive symmetric map Ay : X* =Y.

Proof. Assume f satisfies the functional equation (1). Letting (z,y) by (0,0)
in (1), we get f(0) = 0. Setting y = 0 in (1), we obtain

2) flax) = a* f(z)

for all z € X. Thus f is quartic. Putting z = 0 in (1) and using (2),

we obtain f(—y) = f(y) for all y € X. Thus f is an even function. The
functional equation (1) can rewrite in the form

@) = gl s+ 9) — e —v)

2

- g @ ) + g @)

2(02 2(a
a2
B+ gl = 9~ gy e — )+ ) =

for all z,y € X. By [24, Theorems 3.5 and 3.6], f is a generalized polynomial
function of degree at most 4, that is, f is of the form

(4) fla) = Alx) + A%(2) + A%(2) + Al(a) + A°(2)
for all z € X, where A%(x) = A" is an arbitrary element of Y and A’(z) is
the diagonal of the i-additive symmetric map A; : X" - Y fori =1,2,3,4.
By f(0) = 0 and f(—2) = f(x) for all z € X, we get A%(z) = A° =0
and the function f is even. Thus A3(z) = Al(z) = 0. It follows that
f(z) = A*(x) + A%(z). By (2) and A™(rz) = r"A"(z) whenever z € X
and r € Q, we obtain a?A?(x) = a*A?(x). Hence A?(x) = 0 for all z € X.
Therefore f(x) = A%(z).

Conversely, assume that f(z) = A%(x) for all z € X, where A%(x) is the
diagonal of the 4-additive symmetric map A4 : X* — Y. From

Al +y) = ANx) + 44 (2,y) + 647 (2, y) + 447 (2, y) + A (),
Al(rz) = r*A'(x),

AP (@, ry) = r A (@, y), A (ra,y) =P A (2, y),

AP (2, ry) = 12 AP (2, y), AP (ra,y) = r° AP (2, y),

AV (@ ry) = P AV (2, y), AV (ray) = rAM (2, y)
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for all z,y € X,r € @, we see that f satisfies (1), which completes the proof
of Theorem 2.1. O
3. STABILITY OF A-QUARTIC FUNCTIONAL EQUATION

In this section, we determine the generalized Hyers-Ulam-Rassias stabil-
ity and Hyers-Ulam-Rassias stability concerning the A-quartic functional
equation (1) in non-Archimedean intuitionistic fuzzy normed space.

Theorem 3.1. Let K be a non-Archimedean field, X a vector space over K
and (Z,7',V') be a non-Archimedean intuitionistic fuzzy normed space over
K. Let ¢ : X x X — Z is a function such that for some o« > 0 and some
positive integer k, k > 2 with |a®| < «,|a| # 1 and a # 0 such that

(5) (o x, a7 y), ) = 7' (Y(2,y), at),
V(e x, a7 y), 1) <V ((x,y), o),

forallz,y € X and t > 0. Let (Y, 7,v) be a non-Archimedean intuitionistic
fuzzy Banach space over K and let f : X — Y be a ¢ — approximately
quartic mapping in the sense that

7(flax +y) + flax —y) + f(x +ay) + f(x — ay)
—2a°{f(z +y) + flz —y)} = 2(a® = D*{f(z) + f(y)},1)
(6) > 7' (¢(z,y), 1),
v(flax +y) + flax —y) + f(x +ay) + f(z — ay)
—2a*{f(z +y) + [z —y)} = 2(a® = )*{f (=) + f(v)}, 1)
<V (Y(x,y),t),

for all z,y € X and t > 0. Then there exists a unique quartic mapping
Q: X —Y such that

(7) 7(f(@) = Q@) t) = M(z, at),
v(f(2) - Qa),t) < Nz, at),
for all x,y € X and t > 0, where
(8) Mz, t) = 7' ((x,0),2t) % 7' (h(ax, 0), 2t) % - - * 7' (p(aF 12, 0), 2t),
N(x, t) = (4(x,0),2t) o/ ((azx,0),2t) o - -- oV (p(a* 12, 0), 21),
forall xz,y € X and t > 0.
Proof. First, we show that by induction on j for all z € Xt > 0 and 57 > 1.
r(f(aiz) — ¥ f(2),0) > M;(z,0)
9) =7/ (¢p(x,0),2t) % -+ 7' (Y(a? 12, 0), 2t),
V(F(@i2) — a¥ f(z),1) < Nyz, )
=1/ ((x,0),2t) o --- oV ((a? " x, 0), 2t),
for all z,y € X and ¢ > 0. Putting y = 0 in (6), we obtain
(10) 7(f(az) —a'f(x),t) > 7'(4(x,0),21),
v(f(az) —a' f(z),t) </ (¥(x,0),2t),
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for all z € X, ¢ > 0. This proves (9) for j = 1. Let (9) hold for some j > 1.
Replacing y by 0 and z by o’z in (6), we get

(11) T(f(a’*la) —a' f(a’x), 1) > 7' (Y(a’2,0),21),
v(f(a? i) —atf(ax), t) <V (¢(a’x,0),2t),

for all x € Xt > 0. Since |a|] < 1, it follows that

T (f(ajﬂx) — Ut f(g), t)

=T (f(ajH:v) —ad*f(d'z) +a*f(d'z) — a0t g, t)
T (f(ajﬂa:) - a4f(a~7x), t) *T (a4(f(aj:v) — a4jf(3:)),t)
> 7' (¢(a’xz,0),2t) * T (f(ajx) —aVf(x), #)

> T'(1/)(aj:c, 0),2t) x T (f(ajr) - a4jf(a:), t)
> T’(’L/}(ajili, 0),2t) * Mj(x,t) = Mjt1(z, t),

(12) v (f@ ) = TV f(a) 1)
=v (f(aij) —adf(dx) +atflddx) — a0t t)
=v (f(aj'Hx) —a'f(dx), t) 7 ((L4(f(ajr) —a¥ f(x)), 1‘,)
<V (p(a’x,0),2t) o v <f(aja:) —aYf(x), #)

<Yz, 0),2t) ov (j(aJ»L) — a4jf(;L'), t)
<V (Pp(alx,0),2t) o Mj(x,t) = Mjy1(x,t),

for all z € X and ¢ > 0. Thus (9) holds for all j > 1. In particular, we have

(13) T(f(akx) — a4kf(x),t) > M(z,t),
v(f(a*z) - a® f(2),t) < N(z.1),

for all # € X and t > 0. Replacing z by a~ "%z in (13) and using
inequality (5), we obtain

(14) (f (U%) gtk (akf+k) ,t) > M ((szﬁt) > M (x,0"t)

0 G -1 () )< () <
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forall z € X, t >0, n > 0, and so

(s (i) -0 ()

forall z € X, t >0, n > 0. Since

m+1 m+1
(16) lim A <z |El—t> 1, lim N(x, a t> = 0.

et AP @) T e T

Therefore (15) shows that {(a4k)n I (G’a:)_"> } is a Cauchy sequence in non-

Archimedean intuitionistic fuzzy Banach space (Y, 7,v). Hence, we can de-
fine a mapping Q : X — Y by Q(z) = (r,v) — lim {(a4k)nf (ﬁ)}
n—oo

Therefore
(e () )
-0

v (@ (G

forall z € X and t > 0. Next, for all n > 1,2 € X and ¢t > 0, we have

285
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where [[}_; = a1 xazx---xay and [[}_; = a10a20---0ay. From (17) and
(18), we obtain

T(f(z) - Q(x), 1)

(19 (F(e) ~ Q) 1)
<o (- ()" () 1)
() () )

< N(z,at)

for each x € X, t > 0 and for sufficiently large n; that is, (7) holds. Also,
replacing x,y by a ¥z, a"*"y in equations (6) and using (5), we get

(@) f(a™ (azx + y)) + (a®*)" f(a™" (az — y))
+(a@*®)" (a2 + ay)) + (a*)" f (e (z — ay))
~20?[(a )" f(a (e + ) + (@) (a7 )]
—2(a® = 1)*[(a®)" f(a™""z) + (a®)" f(a™P"y)], [a*]" ¢
> 7 (1/1 (a”mx,a’k"y) ,t) Ve X, t>0,

T( Q(az +y) + Qlaz —y) + Q(z + ay) + Q(z — ay) >
—20*[Q(z +y) + Qz — y)] - 2(a® — 1)’[Q(x) + Q(y)]. ¢

20 >t Y(z,y), == |,V €X, t>0
|at¥]

27 (e ).
similarly

(@)™ f(a™*(az +y)) + ()" fla™ " (az — y))
+(a¥)" fla™ (@ + ay)) + ()" f(a™ " (x — ay))
—2a*[(a™)" f(a™*(x + y)) + (a**)" fa™*" (2 — y))] .
“2(a? — 12[(a™)" f(a ) + ()" fla ), o]
> (v (a’k"z, a’]‘my) ,t) Ve X, t>0,

V( Qlaz +y) + Qax — y) + Q(z + ay) + Q(z — ay) )
—2a°[Q(z +y) + Q(z — y)] — 2(a* — 1)*[Q(z) + Q(y)], ¢

(21) SV’(t/)(:v,y),aTiﬁ),vxeX, t>0

<V <¢(w,y),|j—:trr) :
for all z € X, t > 0 and for large n. Since

n TLt
22)  dim 7 (@) St ) =1, tim o (e y), St ) =0,
[aF] o]

n—oo n—o0
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which shows that Q is quartic. For the uniqueness of Q, let Q' : X — Y be
another quartic mapping such that

(23)  7(Q'(z) = f(2),t) > M(z,1), v(Q'(z) — f(2),t) < N(x,1),

for all z € X,t > 0. Then we have, for all z € X, 1 > 0,
7(Q(z) — Q'(2).1)

> (Q(w) - (a4k)n f ((az)"> ,t>
. ((a4k)nf <#> - Q'(m),t)
> 7 (@) ~ ()1 (i ) 1)
.t ((a‘“f)" f < ( ﬁ)n> - (a4k)"Q'(ak%),t>

_kn t n+1t
S )
(24) v(Q(z) — Q'(x),t)

o (1 () - e

at a1t
<N a_k":c, —— | < Nl|z,— | .
- < Ia4kl"> B ( ‘ Ia’“l")

Therefore, from (16), we conclude that Q@ = @Q’. This completes the proof.

O

Corollary 3.2. Let K be a non-Archimedean field, X a linear space over

K and (Y,|| - ||) a non-Archimedean normed space. Let 1 : X x X — R*
satisfies

(25) Y(az,a y) < a7 y(z,y),

287
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for all z,y € X, where a > 0 and k is an integer with |a*| < o. If a map
f: X =Y satisfies

(26)  ||flaz+y) + flax —y) + f(z + ay) + f(z — ay)
—2a°{f(x+y) + flx—y)} —2(a® = 1)*{f(x) + f(0)}]
< P(x,y),

for all x,y € X, then there exists a unique quartic mapping @ : X — Y
satisfies

@7 lf@)-Q@)| < émaX{w(%O) *P(az, 0) % - xyp(a" 'z, 0)}
forallx € X.

Proof. Consider the non-Archimedean intuitionistic fuzzy norm

L ift > 0; Wl ift > 0
(y,t) :{ t%‘?’“ ift<o, v(y,t) = tﬂy” Z.}.;f<0

on Y. Let Z = R and let the function 7,2/ : R x R — [0, 1] be defined by

t . . 2] : .
T/(z,t)—{ w0 V/(z,t)—{ e >0

0 ,ift<o, 1 ift<o,

Then (7/,v') is a non-Archimedean intuitionistic fuzzy norm on R. The
result follows from the fact that (25), (26) and (27) are equivalent to (5),
(6) and (7), respectively. O

Now, we give an example to validate the main result as follows:

Example 3.3. Let K be a non-Archimedean field, X a linear space over
K and (Y,| - ||) a non-Archimedean normed space. If a map f: X — Y
satisfies

(28)  [|f(az +y) + flaz —y) + f(z +ay) + f(z — ay)

—2a*{f(z +y) + fz = y)} = 20 = D)*{f(2) + F ()}
< lz[” + llyll”,

for all z,y € X and p € [0,1). Suppose that there exists an integer k with
la¥| < 1. Sincep < 1, by applying Corollary 3.2 for (x,y) = ||z|[P+|y|P, we
observe that (25) holds for o = |a®[P. Inequality (27) assures the existence
of a unique quartic mapping Q : X — 'Y such that

1 -
(29)  If(®) - Q@I < — max{|la” x az|x - x[|a* "z ]}
alk= ak=1p
P < P
< " = =zl

forallz e X.
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4. CONCLUSION

In this paper, we introduced a new generalized A-quartic functional equa-
tion in order to obtain its general solution, and also investigated its general-
ized Hyers-Ulam-Rassias and Hyers-Ulam-Rassias stabilities in non-Archimedean
intuitionistic fuzzy normed spaces with a suitable example. Compared to
some other investigations already done on the Hyers-Ulam-Rassias stabil-
ity of functional equations, the results of this paper seem to provide better
results on fuzzy normed spaces.

REFERENCES

[1] A.Bodaghi, C. Park, and J.M. Rassias, Fundamental Stabilities of the Nonic functional
Equation in Intuitionistic fuzzy normed space, Commun. Korean Math. Soc., 31(4)
(2016), 729743.

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math . Soc.
Japan, 2 (1950), 64-66.

[3] R. Biswas, Fuzzy inner product space and fuzzy norm functions, Inform. Sci., 53 (1991),
185-190.

[4] S.C. Cheng and J.N.Mordeson, Fuzzy linear operator and fuzzy normed linear spaces,
Bull. Calcutta Math. Soc., 86 (1994), 429-436.

[5] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approzimately ad-
ditive mappings, J. Math. Anal. Appl., 184 (1994) 431-436.

[6] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci.,
27 (1941), 222-224.

[7] 1. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica,
11 (1975), 326-334.

[8] A.K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets Syst., 12 (1984), 143-154.

[9] E. Movahednia and M. Mursaleen, Stability of a generalized quadratic functional equa-
tion in intuitionistic fuzzy 2-normed space, Filomat 30:2 (2016), 449-457.

[10] S.A. Mohiuddine and Q.M.D. Lohani, On generalized statistical convergence in intu-
itionistic fuzzy normed space, Chaos Solitons Fractals, 42(3) (2009), 1731-1737.

[11] S.A. Mohiuddine, A. Alotaibi and M. Obaid, Stability of various functional equa-
tions in non-Archimedean intuitionistic fuzzy normed spaces, Discrete Dyn. Nat. Soc.,
Article ID 234727 (2012), 16 pages.

[12] M. Mursaleen and S.A. Mohiuddine, Statistical convergence of double sequences in
intuitionistic fuzzy normed spaces, Chaos Solitons Fractals, 41(5) (2009), 2414-2421.

[13] M. Mursaleen and S. A. Mohiuddine, On lacunary statistical convergence with respect
to the intuitionistic fuzzy normed space, J. Comput. Appl. Math., 233(2) (2009), 142-
149.

[14] M. Mursaleen and S. A.Mohiuddine, Nonlinear operators between intuitionistic fuzzy
normed spaces and Frechet derivative, Chaos Solitons Fractals, 42(2) (2009), 1010-1015.

[15] M. Mursaleen, S. A.Mohiuddine and O.H.H. Edely, On the ideal convergence of double
sequences in intuitionistic fuzzy normed spaces, Comput. Math. Appl., 59(2) (2010),
603-611.

[16] M. Mursaleen, V. Karakaya, and S.A. Mohiuddine, Schauder basis, separability, and
approzimation property in intuitionistic fuzzy normed space, Abstr. Appl. Anal., Article
ID 131868 (2010), 14 pages.

[17] J.M. Rassias, On approzimately of approzimately linear mappings by linear mappings,
J. Funct. Anal. USA, 46(1982), 126-130.

[18] K. Ravi, M. Arunkumar and J.M. Rassias, Ulam stability for the orthogonally general
Euler-Lagrange type functional equation, Int. J. Math. Stat., 3(08) (Autumn 2008),
36-47.

[19] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc., 72 (1978) 297-300.

[20] R.Saadatiand J.H. Park, On the intuitionistic fuzzy topological spaces, Chaos Solitons
Fractals, 27(2) (2006), 331-344.



290

J. M. Rassias, H. Dutta and N. Pasupathi

[21] S.M. Ulam, A Collection of the Mathematical Problems, Interscience Publ., New York,
1960.

[22] C. Wu and J. Fang, Fuzzy generalization of Kolmogoroff’s theorem, J. Harbin Inst.
Technol., 1 (1984), 1-7.

[23] T. Z. Xu, M.J. Rassias, W.X. Xu and J.M. Rassias, A fized point approach to the
Intuitionistic fuzzy stability of Quintic and Sextic functional equations, Iran. J. Fuzzy
Syst, 9(5) (2012), 21-40.

[24] T.Z. Xu, J.M. Rassias and W.X. Xu, A generalized mized quadratic-quartic functional
equation, Bull. Malays. Math. Sci. Soc., 35(3)(2012), 633-649.

[25] Y. Yilmaz, On some basic properties of differentiation in intuitionistic fuzzy normed
spaces, Math. Comput. Modelling, 52(3-4) (2010), 448-458.

PEDAGOGICAL DEPARTMENT E.E., SECTION OF MATHEMATICS AND INFORMATICS,
NATIONAL AND CAPODISTRIAN UNIVERSITY OF ATHENS, 4, AGAMEMNONOS STR., AGHIA
PARASKEVI, ATHENS 15342, GREECE

E-mail address: jrassias@primedu.uoa.gr

DEPARTMENT OF MATHEMATICS, GAUHATI UNIVERSITY, GUWAHATI-781014, ASSAM,
INDIA
E-mail address: hemen_dutta08@rediffmail.com

DEPARTMENT OF MATHEMATICS, THIRUVALLUVAR UNIVERSITY COLLEGE OF ARTS
AND SCIENCE, KARIYAMPATTI, TIRUPATTUR-635 901, TAMILNADU, INDIA
E-mail address: drpnarasimman@gmail.com



