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1. INTRODUCTION

The architecture of On-line Analytical Processing (OLAP) is introduced by Codd
in [10]. Its aim is to extract knowledge from data warehouses and to provide users
with the ability to perform dynamic data analytics. The OLAP databases are de-
signed primarily for performing exploratory queries rather than updates. They are
focused on the problem of data analysis. They give rapid answers to complex queries
involving large amounts of data and perform some of the summary calculations be-
fore the user requests them. An OLAP environment can pre-calculate totals and
averages that enable the system to respond quickly to the user. OLAP databases are
normally stored in a multidimensional data structure. The data are arranged into
multiple dimensions. Each dimension have multiple levels of abstraction defined by
concept hierarchies. Navigating through these hierarchies, different types of OLAP
operations can be executed. The basic unit of the OLAP analysis is the cube. A
cube is a storage unit that combines a number of dimensions and their measures
[1, 11, 14, 15, 16, 17, 21].

The Index Matrices (IM) were introduced in 1984 in [2]. The apparatus of 3D-
Extended Index Matrices (3D-EIMs) was defined in a series of papers [3, 22, 24].

For the needs of the present research we will repeat the definition of the 3D-index
matrix and some operations over them in section 2. In section 3 we will recall the
definitions of operations over OLAP-cubes and their properties will be discussed. In
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this section 3 we will discuss applications of the apparatus of the index matrices for
presentation of basic operations in OLAP-cube.

2. SHORT REMARKS ON 3D-EXTENDED INDEX MATRIX

Let us start with a definition of a 3D-extended index matrix from [4, 8], which
was extended in [22].

2.1. Definition of 3D-extended index matrix and some operations
over them.

2.1.1. Definition of 3D-extended index matriz. The Intuitionistic Fuzzy Pair (IFP)
[7] is an object with the form (a, b), where a,b € [0,1] and a+b < 1, which is used to
evaluate objects or processes. Its components (a and b) are interpreted as degrees of
membership and non-membership, or degrees of validity and non-validity, or degrees
of correctness and non-correctness, etc. Let I be a fixed set of indices,

I" = {(t1,92, ..., 0n)|(Vj : 1 < j <m)(i; € I)}
and

Irr= y I

1<n<co
Let X be a fixed set of objects. In particular, they can be either real numbers,
or only the numbers 0 or 1, or logical variables, propositions or predicates, IFPs,
functions etc.

A “3D-extended Index Matrix” (3D-EIM) with index sets K, L and H (K,L,H
C I*) and elements from set X is called the object:

hy I I Iy
ki | Qkiihg 0 Gkilihg oo Gk lhy
[K,L, H, {aki,lj,hg}} _ : : : : | hgeH
ki | ariping oo Gkilihg oo Qhylhy
km | Qi hg oo Qhinlihg o Qi lnshg

where K = {kl,kg,... ,km}, L= {l1,l2,... ,ln},H = {hl,hg,...,hf}, and for 1 <
i<m, 1<j<n, 1<g<fragn€X.

Following [4, 22], let 3D-EIMpg be the set of all 3D-EIMs with elements being real
numbers; 3D-EIMyq 1} be the set of all (0,1)-3D-EIMs with elements being 0 or 1;
3D-EIMp be the set of all 3D-EIMs with elements — predicates; 3D-EIM;rp be the
set of all 3D-EIMs with elements — IFPs and 3D-EIMgg — the set of all 3D-EIMs
with elements — one-argument functions € F 1.

2.1.2. Projection. Let us have 3D-EIM A = [K, L, H,{ay, 1, n,}] and let M C K,
N C L and U C H. Then,

pTM,N,UA = [Ma Na Ua {bki,lj,hg }]7
where for each k; € M, l; € N and hy € U by, 1, n, = Gk, 1, hy-
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2.1.3. Transposition. As we saw in [4, 22], there are 5 (= 3!-1) EIMs, related to this
operation: five transposed EIM. The analytical forms of the separate transposed
3D-EIMs are the following.
[1,3,2]-transposition
[Ka L7 H7 {aki,l]’,hg H 1,32 = [K7 H7 La {aijlg,lj Hv

[2,1, 3]-transposition

[Ka L,H, {aki,l]‘,hg }][2’1731 = [Lv K,H, {al]‘,ki,hg Ha

[2, 3, 1]-transposition

[K7 L, H, {ak‘i,lj,hg” 23.1) = [Lv H, K, {aljah.mki Hv

[3,1,2]-transposition

[K7 L, H, {aki,lj,hg}}[&lg] = [H’ K, L, {ahg7k17lj H’

[3,2, 1]-transposition
K. L, H, {ag, 1, 1% = [H, L, K {an, 0,5, }].

2.1.4. Aggregation operations. Let the 3D-EIM A = [K, L, H, {ay, 1,1, }|(K, L, H C

I*) be given and let for 1 <i<m,1<j<n,1<g<f, {kioko} ¢ K,{ljo,lo} ¢
L,{hgo,ho} & H and ay, 1, n,€ X. Let 0: X x X — X and +: X x X — X.

Let
{“+7,%%x 7, “average”, “maz”, “min”}, if A€ 3D — EIMp
or A€ 3D — EIMpg;
o€ “max”, “min” }, if A€3D— EIM,

{“/\”,“\/”}, if Ae3D — FEIMp
or Ae 3D — EIM;rp

In the case of 3D-EIM;pp, in aggregation operations can participate aggregating
pair operations (o, *) whose elements are applied respectively to the first and second
elements of IFP, where

(0, %) € {(min, maz), (min, average), (min, min), (average, average),

(average, min), (mazx, min)}.

The aggregation operations have the forms following [23]:
(o) — ax-aggregation

a(k.0) (A ko)

hy | I Iy L
=4 ko O Gkilihg O Gkilaphg - O Gkil,hy |hg € H 5
1<i<m 1<i<m 1<i<m
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(o) — az-aggregation

L0y (A, o) =

(o) — ay-aggregation

(H,0)(As ho) =

(o) = a(g,r)-aggregation

hg lo
k1 O Uy ljhy
1<j<n
ko O Gkyljh
1<j<n 2;b551g |thH
km O Qky,lj,hg
1<j<n
L ho
ki O Qky ly,hy
1<g<f
k2 O Qky,la,h )
L<gey Rrlrho | 1j €L
km O Qkypyln,hg
1<g<f

(K, L,0) (A, (o, lo))

‘ hy ho hf
[9) 1o} 5 .
= <k07 l(]> 1<i<m akiyljvhl 1<i<m Qi 1 ho 1<i<m Ay b5,k
1<j<n 1<j<n 12j<n
(0) — a(K,H)-aggregation
o(x,H,0)(A; (Ko, ho))
‘ i lo ln
S) 5 5
= <k03 h0> 1<i<m akull;hq 1<i<m aki,lz,hg 1<i<m aki,ln,hg ;
1<g<f 1<g<f 1<g<yf
(o) = a(r,H)-aggregation
o(z,H,0) (4, (lo; ho))
‘ k1 ko ko,
[9) 5 S
= <l0,h0> 1<j<n a’k17l]7h 1<j<n kQ,lj,hg 1<j<n akm,lj,hg .
1<g< 1<g< 1<g<
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2.1.5. Generalized aggregation operations over 3D-EIMs. Let us recall the general-
ized aggregation operations from [24] as follows:
Let 3D-EIM A be given, that

[Kv L, H, {aki,dvlj,bvhg,n}]

H, Ly L, l;; Ly
Kyl axy B, 0 Gkl Hg oo OKy g Hg o cce o Ky Ly H,
]{7'1 Q.+ [1.H, vee Qkoqli1.H ceo Ak 415 7. H, oo Qk. . L, H
— (N 1,17. 1,41g 1,17'],1> g 71,17:7,JV g z,l;. n, g‘Hq e H ,
ki,l Qk; r,L1,Hg -+ Ok;plj1,Hg -+ Qkipljs,Hg -+ Ok Ln,Hg
K| 0Ky Ly Hy - QK ljaHy o OKpljgHy v+ QKo Ln,Hg
where

K= {Kl,KQ,...,Ki,...,Km},KZ': {ki71,ki72,...,ki71} for 1 Szgm,
L= {Ll,LQ,...,L]‘,...,Ln},LJ‘ = {ljyl,lj,g,...,lj“]} for 1 <j<n,
H= {H1,H2,...,Hq,...,Hf},Hq :{hgyl,hgyg,...,hgyg} for 1 Sg < f
and (K,L,HCI*),andfor 1<i<m, 1<j<n, 1<g<f 1<d<I, 1<b<
J, 1<c<G: aki,dvlj,byhg,ce X.
The generalized aggregation operations over the given matrix A have the forms:
(0) — a(k K, -aggregation — it is aggregation of index K; of dimension K

(K, K,,0) (A, Kip)

H, L L; L,
Ky AK,,L1,Hg - aK,,L;,Hg - Ky, Ly, Hg
= |Hy € H 5,
Ko O Gk LyHy - O Gk LiHg --- °  Qk;L,,H,
i,1<i<i,] i,1<i<i, I i,1<i<i,I
K, Ky, L1, Hy . QK Ly, Hg s QK Lo H,

where K; C Kand 1 <i<m

Let index set K, C K be given and K, = {K,,,..., Ky,,..., Ky, },1 < v, <m
for 1 <o <t Vi={Kp0, - Kuy0s- s Kuy0}, Koy0¢ K for 1 <z <t

Let us recall the following definitions: (o) — a(x x,)-aggregation

a(K,K*,OJ(Aa V:k) = O‘(K,K*,o)(Av <Kv1,oa SRR Kvm,ov R 7Kvp,0>)
= a(K,KVtYO)((' .. a(K7Kv1 ’O)(A, Kvl,o) .o .), Kvt,o)'
Analogously are constructed the definitions of the operations:

{(0) =} {(e) — a(m,m,) }-aggregation and their summaries.
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Let us perform the definitions for other aggregating operations from [24]:
(o) — V(K K;),(L,L;))-aggregation

QUK K (L, L) 0) (As (Koo, Ljo))

H, L . Ljo . Ln
Ky Fy,Ly,Hy c O aEy I H, - QK Ly H,
J1<I<ig
= \Hg e H
Ky O Gk, LiH . Ak l; Hy -+ O QLo H,
i1<i<i . i Si<ir e i1<i<i .
1=t=t J1 <3< gs 1=
Km Ky, Ly Hy s O QK LjHg -+ QK LnHg
J1<5<JJ

where K; C K and L; C L.

Let index sets K, C K and L, C L be given, and K, = {K,,,..., Ky,,..., Ky, },
I1<wy<mforl<z<tand L, C Land L, = {Ly,,...,Ly,,..., Ly, },1 <uy <n
for 1 <y < s. Let be given Vi, = {Ky, 0,..., Ky, 00, K, 0} Ky, 0 ¢ K for 1 <
o <t; Wy ={Lu 0, Luy0s-++sLug0}, Lu,0 ¢ Lfor 1 <y <s.

Let us recall the definition of:

(0) = ((k,K.),(L,L.))-aggregation

QUK KL Ly Y,0) (A Vi, W)

= a((K,KQ,(L,L*),o)(A, (Kvl,oa s ’van,(ﬂ cee ’Kvt,0>? <Lu1,0> LR Luy,oa ce aLus,o))

= O‘((K,Kv,,),(L,Lus),O)((- .- a((K,Kul),(L,LuI),o)(A’ <K’Ul,0’ Lu1,0>) .- ')’ <er,,ov Lus,o>)'

Analogously are constructed the definitions of following aggregation operations:
{(0) = e iy (1, H,)) }s {(0) = (r,1),(1,H,)) }-aggregation and their summaries.

2.2. Definition of 3D-Multilayer extended index matrix and some
operations over them.

2.2.1. Definition of 3D-multilayer extended index matriz {3D-MLEIM}. Let us be-
gin the section with a definition of 3D-multilayer extended index matrix A (3D-
MLEIM, see [24]) with P-levels (layers) of use of a dimension K, Q-levels (layers)
of use of a dimension L and R-levels (layers) of use of a dimension H as follows:

A=[K,L H, {aK§‘p;7L§?3,H§1~g 1
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b2 P L@ . L@ S A
! J
K" a (P) 1(Q) g(R) -+ A (P) 1(Q) (R) -+ A (P) 1 (Q) (R)
1 Ky L% Hy Ky LS Hyg K"\ Ly® Hg
“\ KD a a |H.§R) €,
i K® L@ iR - Ki(P)’LgQ)’H!gR) e QpP) L@ p(R)
K(P) QA,.(P) 1 (Q) (R A,(P) 1 (Q) (R A, (P) 1(Q) (R
m K L@ g Kﬁn),Lg VHR e QP (@) p(R) )
where

K={k" k" . kP . KD}

m

K =KD G kY KT for 1< <m

i i1 Rt ¥ IR W §

0 0 0
KO = [k, K9, KO}

i.e. the p—th layer of dimension K of the multilayer matrix, where (1 < p < P), is
performed by

U Ux,1 Ux,2 Ux,Uy

K@ = {K(”‘l),K(p‘l),...,K(p‘l)} forl<p<P
Q ;@ Q
L={0? LY, . L, . L@},

@ (@-1) 7(Q-1 (@-1 (Q-1) ,
L =LV LG e L Y o1 <<

0 0 0
L = {8 L8,

,UV

i.e. the g—th layer of dimension @ of the multilayer matrix is performed by

LY = {L(q—l) JACaRY)

Ve,1 P T U2 00

.,L(q_i)} for1<q¢g<@

VeV,
R R R
H={m™ 1" P, =,

R R-1 R-1 R— R-1
H(S ):{H(,l )aH'!g’Q )""’H‘E»Z Ua”';HSy’G )}forlgggf

w,1? *Fw,

1 (0) 0) (0)
HY = {0, B, 1, )
i.e. the r—th layer of dimension H of the multilayer matrix is performed by

H) — {H(T‘l) HI-D . HED } for 1<r<R

Wi Wy,1 7T Wx2 Wi, W.

and (K,L,H CcI*),andfor 1<i<I, 1<j<J 1<¢g<G,1<p<P 1<¢g<
Q, 1<r<R 1<d<I, 1<b< 1§CSG1aKgp>L(q>Hgfg€XaKi(,%)%K’

i,d 7 ,b 7

L\ ¢ L and H.) ¢ H.
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2.2.2. Generalized projection operations over 3D-multilayer extended indexr matriz
{3D-MLE[M}. Let us have 3D-MLEIM A = [K,L,H, {aK(p) L@ H(r)}]. We will
id Hj,b01tg.c

extend the definitions of the operation “Projection” over matrix A.

Pr g e >,p—layer),(L§.Q),q—layer),(Hf,R),r-layer)A

P
= [(KZ( ),p—layer), (LEQ),q—layer), (HéR),r—layer), {bK_(pd) L@ = H,
i,d 75,6770 9,C

where for each K i(f;) e {K Z-(P) , D-layer }, L;?g € {L;@,glayer} and Hgg € {H yr), rlayer }

b y = Qa

KL 5D

@) (@ y(r)
K® 19 gl 2,

1,d 7 5,b°

where K{") c K,1<p<PL? cL1<¢<Qand B c H1<r <R
Let, there be given index sets, whose members are also index sets:

K, CK and K, = {K{"),. .. K{P), ... K},
P.={p1,.--,Pzy--- Dt}, where 1 <p, < Pfor1 <z <t,
L.C Land L, = {L{,...,.L{Y, ... L{?},
Q:={aq1,---,qy,---,qs}, where1 < ¢, < Q for 1 <y <s,
H,CHand H,={H®, .. .HP, . oy

R.={r1,...,r5,...,1e}, where 1 <7, < Rfor 1 <z <e.

We denote the dimension of some index set G by dim(G) = u. Let dim(K,) =
dim(Py) = t,dim(L.) = dim(Q.) = s,dim(H,) = dim(R,) = e.
Then

PP P (L Q) (He k) A = (B P (L @), (s Be)o {be) piay yon 3],

where for each K ) ¢ {sz , Dz — layer } for 1 < ax <t, L;?b) € {Lgﬁf),qy — layer }

for1 <y <s and H c € {sz ,7z — layer } for 1 < z < e, bK(p) L0 B =

®) 7(@) z7(r)-
Ki,’fi ’Lj(,]b Hg.c

2.2.3. Generalized aggregation operations over SD-multilayer extended index matriz
{3D-MLEIM} ([24]). The definition of the generalized aggregation operation, which
performs aggregation on the p-th layer of dimension K of the matrix A, which is
3D-MLEIM, is:

(o) — g,k p-layer)” aggregation

(p)
Yk kP, p-layer ,o)(A’ K;o)
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(p)
{K}, p-layer }Ki%

W e i
P
K" pe(P) [(@) py(R)
KP

0]
1<p<p-1

Ape(o) (@) ()
K € k@ CoTr

P
) YD L@ HP
1@ L@

U (P L@ (P

Ap(P) (@) p(R

o) o]
1<p<p-1 YK L@ HP 1<p<p-1 kP L@ HP
KO e K T K e k® :

¢ Q R
Kpn®,LY 1§

where Kl-(P) CK,1<p<P

RS L

(P)

Let index set K, C K be given and K, = {K\", ... kP .. Kk{Ph,

= {EPy.... K

Vg,00

KV} ¢ K for 1 <p<P.

In this case let us recall the definition of the aggregation operation:
(0) — (K.K. 7p_1ayer)-aggregation

(A, V) =0 (A KT, KR KP)

(K K, p-layer,o) K,K.p-layer,o)

(K K(P) )(A Kvl 0) ) 17t,0)

Let there be given index set K, C K and K, = {Kq(,f), ceey Kéf), cee Kl(f)},
= (K", KK ¢ K oand Po = {p1,... P
1<p,§Pf0r 1 <z <t Let dim(K,) = dim(P,) = dim(V,) = t.
In this case we will recall the definition of aggregation operation as follows:

(o) = (K k. p.)-aggregation

a(K,K§f>,o)((

,Dt}, where

QK K. P.0) (A Vi) = o k. p,o) (A ( 1(}11:’10)7_”,[(755’1) : yt, )
a(K,Kf,f),o)(("'a(K,Kf,I;), )(A Kf}flg) ), K’(()ff(]))

Similar are the definition of following operations: (o) — @ L g-layer)’

(0) — (HHP) T_layer)—aggregation and their generalizations.
g
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Let us recall the definitions for other aggregating operations from [24]:
Yk P player ) (LL@ glayer ),0) V(KK player ), (HH r-layer ),o)
and Y(L,L@ glayer ),(H,HS® r-layer ),0)"2B8Tegation.

The definition of {(o) — Yk kP player )(£,L9 -layer ))O)-aggregation} is:

(r) 7(a)
Yk P player ),(L,L@ g-layer ),o)(A’ (Kio»Ljo))

(Q) (9)
Ly o Lo
G °
1 g (P) 1(Q) () e 1<o<q-1 Yk L@ HF

o (a)

Ly e L

o
= (p) o I1<p<sP-1
Ko | 1cpspr %PL@u® 0 xpexw Uk ) g
K? € KV 1€0<Q-1 J
Q% o (q)
Ly e Ly
K a 2 a
P Q R e P o R
m KD L 1 t<o<@-t CRLH
Ly € L
1@
SR AN
o \H® e H 3,
1<p<p-1 YKP L@ HP
K{ € K

GK&P),L;Q),H!(JR)
whereK}P)CKforlgpSP,LgQ)CLforlgqgQ.
Similar are the definitions: (o) — Ok, kP plager ), (H,HP r-layer )

(o) — O, 1§D r-layer LD g-layer )) and their generalizations.

3. AN IMPLEMENTATION OF THE OLAP OPERATIONS BY INDEX MATRICES

In the current section we present an implementation of the OLAP operations by
index matrices. Particular attention is paid to the operations “slice”, “dice” and
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“pivot”. Operation “slice” selects one dimension of the cube and reduces its dimen-
sionality. The result is a sub-cube containing a subset of dimensions for selected
values. Operation “dice” selects condition on one dimension or more than one di-
mension. In this way the operation “dice” reduces the number of member values of
one or more dimensions. The result is a sub-cube. The operation “pivot” rotates the
dimensions of the OLAP cube. The operations “slice” and “dice” project some data
of the dimensions. When the dimension has more than one value, it is necessary to
have used in advance the operations “roll-up” or “dice” to obtain a cube with only
one value in the selected dimension [9, 12, 13, 18, 19, 20, 22].

3.1. Operation “slice”.

3.1.1. Definition. The “slice” operation performs selection of one dimension on an
OLAP cube using a criterion. The result is a sub-cube. The dimensions K and H
are selected from the cube presented on the Fig.1

, . H
DxmemmSH 3/,« o Dirersion 3

. H & B
X »

= X

Dimersion Dimersionl

X

e
Lok L
Dimension 2

Fic. 1. Operation “slice”

3.1.2. Presentation of the operation “slice” by the index matrices. Definition 1: In
the case of 3D-EIM A: Let there be given a 3D-EIM A = [K, L, H,{a, 1, n,}]- Let
K,, L, and H, are index sets so that:

K. CKand K, = {K,,,....Ky,,.... Ky},
L.C Land Ly ={Ly,--,Luy,-- Lu,},
H,CHand H, = {Hy,,....Hy., ..., Hy,},
Then operation “slice” is expressed by:
prK, L, HA ®v prx. L, HA ®v pri L H, A
Definition 2: In the case of 3D-MLEIM A = [K, L, H,{a,.o) ;@ o}
i,d b Hg.e

Operation “slice” is expressed by:

Ay Pl
) A,

K,L,(Hg" r-layer)

(P

where K" c K,1<p< P,L¥ c L,1<q<Qand B c H,
1<r<R. |
Let, there be given index sets of index sets

K, C K and K, = {K{",... KD, ... K"},

ey vt

PT(® player),L,H L§Q),q-1ayer),HA

v pr
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P*:{pla"'apfl?v"'apt}7 Wherelgpmgpforlgxgt’
L, C L and L*:{L&?),.~~aL7SQ),.~~7L1(f)},

Y
Q* = {ql""aqyy"'aQS}v Where 1 Sq'q S Q for 1 Syﬁ S,
H,CHand Ho={H® ... .HP . H},
R,={r1,...,r5,...,7e}, where 1 <7, < Rfor 1 <z <e.
Let dim(K,) = dim(P,) =t,dim(L,) = dim(Q.) = s,dim(H,) = dim(R,) = e.
Then, with the exception of the initial level, the operation “slice” can be performed
successfully at other level in the hierarchies as follows:

Pk, p).LHA SV DT (L..Q.) . HA BV PTK.L(H. R)A-

3.1.3. Ezamples for Operation “slice”: The OLAP operations in this paper are real-
ized by the data cube “Bookshops”. It contains information about the books, sold in
different bookshops (managed by different regional managers) in different locations.
The structure of the cube “Bookshops” is presented by star schema. The fact table
has the following form: Sales_Id, Bookshop_ Id, Location_ Id, Book_ Id, Number,
Date. The dimensional tables are Books {Id, Title, Publisher, Genre, Price}, Book-
shops {Id, Bookshop Name, Regional Manager, Owner} and Location_ Id, Town,
Country}. The measures Number and Sales Count are used. The structure and
the attribute relationships of the dimensions Books, Bookshops and Location are
visualized on the Fig.2 and Fig.3.

@10 ) vown (T comry)
F_ ) (E e )>(E o) (o )
(',5 id it Bookshop Name H§§ negmlmnager)—b(ss Owner )

Fi1Gg. 2. Attribute relationships in dimensions Location, Books and

Bookshops
HierarchyBooks HierarchyBookshops
* Gerve HierarchyLocation * Owner
* publisher V|| * Country ** RegionalManager ¥
A Tite v || = Town V|| % Bookshootome ¥
<new level> <new level> <new level>

F1G. 3. Dimension structure - Books, Location, Bookshops

According to the presented structures of the dimensions, the aggregations are
performed in following order: the books are grouped by publisher and after that by
genre; the towns are grouped by country; the bookshops are grouped by regional
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manager and then by owner. We browse the dimensions to view part of their mem-
bers. In dimension Bookshops, the owner has one regional manager that is responsi-
ble for the bookshops Penguins 1 and Penguins 2. The hierarchy for other owners is
constructed in the same way. In dimension Books the genre “Computer books” has
several publishers, which print books. The publisher Springer has printed the book
“Introduction in Computer Design”. In the same way the hierarchies for the genres
Children Books and Cooking Books are constructed. The countries in dimension
Location has several towns. The cities Burgas, Plovdiv and Sofia are located in the
country Bulgaria (Fig. 4).

Currentlevel: o (Al)
<] Qﬂ
& o Computer Books

Currentlevel: = (Al) & & AlexSoft Currentlevel: = (Af)
& @m # P Assenevd & Qﬁ
® @ Olivia Gomez ® & Manning Publications 5 o Bulgaria
@ & Stamen Dimitrov ® & Microsoft Press &P Burgas
© @ ValeriRodev & ORedy & Plovdiv
& W@ Valeria Dimitrova =« Springer & Sofia
& Penguins 1 @ Intoducbon n Computer Desgn & @ England
& Penguins 2 @ @ Cooking Books & o Turkey

F1G. 4. Browsing the dimensions Bookshops, Books, Location

The constructed cube “Bookshops” is used to present the queries which give us
practical interpretation of the operations “slice”. The queries are executed by Mul-
tidimensional Expressions (MDX) [13, 19, 20, 26]. An example of the operation slice
is presented on the Fig.5. The result contains the dimensions Books and Location.

. . Town
Dimension3 g5 - — Dimension3
Towm 1
Toanl Toam2 - Towna
Bodktile >
:> Book titk &
Dimension 2 . .
Boditile2 Diraension 1
Book titk 1
Bodxtile 1
- % -~ n"
§ 11 %
| A& &

Diraension 2
F1c. 5. Bookshops cube - operation “slice”

e MDX query 1:
SELECT NONEMPTY ([Location].[HierarchyLocation].[Town]. Members) ON

659
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COLUMNS,

[Books].[HierarchyBooks].[Title]. [R in Action],
[Books].[HierarchyBooks]. [Title]. [Introduction in Computer Design],
[Books].[HierarchyBooks]. [Title]. [Hadoop: The Definitive Guide] ON ROWS

FROM [Bookshops2]

WHERE ([Measures].[Sales Count]);

Result:The MDX query extracts the information for the count of the sold

titles of selected books by town. The result is presented on Fig. 8.

Fi1c. 6. Result from the “slice” query

o MDX query 2:

SELECT NONEMPTY ([Location].[HierarchyLocation]. [Town]. Members) ON

COLUMNS,

[Books].[HierarchyBooks]. [Title]. [R in Action],
[Books].[HierarchyBooks]. [Title]. [Introduction in Computer Design],
[Books].[HierarchyBooks]. [Title]. [Hadoop: The Definitive Guide] ON ROWS

FROM [Bookshops2]

WHERE ([Measures].[Sales Count]);

Result:The MDX query extracts the information for the count of the sold

titles of selected books by town. The result is presented on Fig.7.

A L Sl S i

1 1 1 1 1
1 1 1 1 1
| Hadoop: The Defintive Guide | 1 1 1 2 1

5555 B AR50

Fic. 7. Result from the “slice query

e MDX query3: A similar request is performed using higher hierarchy level

of the cube. The query extracts the count of the sold books in the countries
by genre. The result is presented on Fig. 8.

SELECT NON EMPTY ([Books|.[HierarchyBooks].[|Genre]) ON COLUMNS,
NON EMPTY ([Location].[HierarchyLocation]. [Country]. Members) ON ROWS
FROM [Bookshops2] WHERE ([Measures].[Sales Count]);

Result:
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England | 4 15 2

P

Tukey | 4 14 2
Fia. 8. Result from the“slice query in higher level

3.2. Operation “dice”.

3.2.1. Definition. The “dice” operation (Fig. 9) performs selection of two or more
dimension on an OLAP cube using criteria and returns a new sub-cube.

Dimersion 3

H
Dirension3 g7 " Mo &

X. . X,
g
Dinersion 1 §
z
X e
z z l; 4 - &
Disnension 2 Dirension 2

Fic. 9. Operation “dice”

3.2.2. Presentation of the operation “dice” by index matrices. Definition 1: In the
case of 3D-EIM A: Let 3D-EIM A = [K, L, H, {ax, 1, n, }] be given. Let K, L, and
H, be index sets so that:
K. CK and K, ={K,,,...,Ky,,..., Ky},
L,CLand Ly = {Ly,,...,Lu,,..., Lu,},
H,CHand H,={Hy,,...,Hy,,...,Hy, }
Then operation “dice” is expressed by:
PP, LA = K, Ly Hay {0k 1,0}
where for each k. € K, l, € L, and hy € Hy (b, 1,hy = Qke lo hs)-
Definition 2: In the case of 3D-MLEIM A = K, L, H, {aK(p) L@ ) H:
id Lj b g.c
Operation “dice” is expressed by: ’
Pr g, p-layer),(L$?, g-layer),(H5™, r—layer)A’
where K{") c K,1<p< P, L\¥ c L,1<¢<Qand HJ"” c H,
1<r<R
or let be given index sets of index sets

K, C K and K, = {K{",. .. K{P), ... K},

.y vt

P.={p1,...,pzy... 01}, where 1 <p, < Pfor 1<z <t,
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L.CLand L, ={L{@,....L@, .. L},

s Huy y Hug

Q«={q1,. ..,y qs}, where1 < g, <Qfor1<y<s,
H,CHand Ho={H® ... HP . H},

We
R.={r1,...,r%,...,7}, where 1 <r, < Rfor1<z<e.
Let dim(K,) = dim(P,) = t,dim(L,) = dim(Q.) = s,dim(H,) = dim(R,) = e.
Then with exception of the initial level, the operation “slice” can be performed
successfully at any other level in the hierarchies as follows:

PT(K.P.)(Le,Qu),(Ha R s
where for each Ki(:) e (K py — layer } for 1 <z < t, ng) € {Lf,%),qll — layer }
for 1 <y < s and H,g:) € {HI(UR) r, — layer } for 1 < z < e, b

z

®) (@ ) =
K,;,'Q ’Lj?b’H!!TC
A pe(p) (@) p(r)-

K7I:1 7Lj?h’H!JTC
3.2.3. Ezamples for Operation “dice”: An example of the operation “dice” is pre-

sented on Fig. 10. The result contains a part of the dimensions Books, Bookshops
and Location.

i F Towma i 1
Dimension3 ,_ > Dirension 3
TOWI\]. el Dl Toam¥
Toam1 //' <
Bodstdle =
C:> 8 Booxutk o
&
Dimension 1 &
Bodxtdle2 (=}
Bodtitle 1
Boditdle 1
—_—

v

Bookshep 1
Bodkshop 2
Bookshop 3
Bookshep 7
Boolshaop 1
Bodkdwp p

Dimension 2 Ditiision 2

Fia. 10. Result of “dice” operation

e MDX query: The result of the MDX query presents (Fig. 11) the owners
of bookshops Stamen Dimitrov and Valeri Rodev selling N-books (measure
Sales Count) of genres Computer Books and Children Books in all cities from
the specified countries - Bulgaria and Turkey.

SELECT NON EMPTY CROSSJOIN([Bookshops].[HierarchyBookshops|.
[Owner]. & [Stamen Dimitrov],
[Bookshops].[HierarchyBookshops]. [Owner].&[Valeri Rodev],
[Books].[HierarchyBooks]. [Genre]. &[Computer Books],
[Books].[HierarchyBooks]. [Genre]. & [Children Books]) ON COLUMNS,
[Location]. [HierarchyLocation]. [Country]. [Bulgaria/,
[Location]. [HierarchyLocation]. [Country]. [Turkey] ON ROWS FROM [Book-
shops2] WHERE [Measures].[Sales Count/;

Result:
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|| Stamen Dimtrov || Stamen Dimitrov || Valeri Rodev || Valeri Rodev
|| Computer Books || Children Books | Computer Books | | Children Books |
] 42 13 full) full)
{null) {ull) 14 4

Fic. 11. Result from the “dice” query

3.3. Operation “pivot”.

3.3.1. Definition. Operation “pivot” is presented in the theory of index matrices
using the operation “transposition” in its different variants [5]. It rotate the dimen-
sions on the cube (Fig. 12).

z
H Di Z 2 e
1 ion e 1% 10N
D 33 11/,',/ —— e g z/' e —
X

X
Dimension | x Dirersion 1
X
Lz z 2 8 7
Dinemsion 2 - Dirersion3
o A Disiinl & —
Dmmwu331{/’ = X /"
z z
Dirension 2 i Dimersion2
I " =
X X i X' H H H
Dirensicn 1 Dimension 3
P Diremsion]  »
Dirension 2 —
z : % x X
H
H
Dirversion3 Do) &
H
H
H .
> : z i B
X X X
Dirnensian | Dirvension 2

Fia. 12. Operation “pivot”



664 V. Bureva, V. Traneva, E. Sotirova and K. Atanassov

3.3.2. Presentation of the operation “pivot” by the indexr matrices. Definition 1: In
the case of 3D-EIM A: Let 3D-EIM be given A = [K, L, H, {a, i, n,}|. Then oper-
ation “pivot” is expressed by:

(K, L, H, {ak,;n, " = [K, L, H,{ak, i, n, };
(K, L, H, {ak, i, n, | = [K,H, L, {ak,n,1,};
(K, L, H, {ak, i, 1, P = (L, K, H {a, k0, };
(K, L, H, {ak, i, n, P> = L, H, K, {ai, n, 0 };
(K, L, H, {ak,;n, " = [H K, L, {an, k.1, };

]

(K, L, H, {ak, i, n, P> = [H, L, K, {an, 1, 1}

Definition 2: In the case of 3D-MLEIM A = [K, L, H,{a .4 ;@@ »}):
K g:L; 5 Hge

Operation “pivot” has the following form:

[K,L,H, {“Kf,’;?,Lgf’g,H;?g W23 = (K, L, H, mef’j,Lﬁ?,},HéfE IE
[K,L,H, {aKff’(}’Lﬁ?g,H_gﬁQ W32 = K, H, L, {aKf,’Q),HéQ»Lfg IE
[K,L,H, {aKff;),L;?g,H;Q N2 = (L, K, H, {aLfg,Kff;),HéQ }Hs
[K,L,H, {aKf,"d)ng-?g,HéTQ}][Z&l] =[L,H, K,{aLqug’Hﬁ’K%) I3k
[K,L,H, {aK<p> L H<r>}][3’1’2] = [H, K, L {ay0) K 10 3
5, L H {ageo) o) H(r)}][ U= [H,L K, laye @ ]l

J,b?

3.3.3. Ezamples for Operation “pivot”: The constructed cube “Bookshops” is used
to present the queries which give us practical interpretation of the operations “pivot”.
The queries are executed by Multidimensional Expressions (MDX) [13, 19, 20, 26].
The result of the operation “pivot” contains the dimensions Books, Bookshops and
Location located on different axes. The six view of the operation “pivot” are pre-
sented on the figures from Fig. 13 to Fig. 23.

Toang
Dimension 3 T WV
Toaml
Bod . >
e /
Dirersion 1
Bodk 2 al
Bodx1 -~

v

Boolshop 1
Boolshep 2
Boolshopr

Dimersion 2

F1G. 13. Rotate the cube - 1



Index matrices and OLAP-cube Part 2 : An presentation of the OLAP-analysis by index matrices 665

e MDX queryl: In the first view of the cube, the dimension Bookshops is lo-
cated on the axis x and respectively the dimension Books and the dimension
Town are mapped on the axes y and z. The MDX query is presented below.
SELECT NON EMPTY/( [Location]. [HierarchyLocation]. [Country],

[Bookshops]. [HierarchyBookshops].[Owner]) ON COLUMNS,

NON EMPTY ([Books].[HierarchyBooks].[Genre]) ON ROWS

FROM [Bookshops2] WHERE [Measures].[Sales Count];

Result: The result of the query is a 2D-table which visualizes the third
dimension one level up.

Fia. 14. Result of the query “pivot-1”

o MDX query2: In the second view of the cube, the dimension Books is lo-
cated on the axis x and respectively the dimensions Bookshops and Town
are mapped on the axes y and z. The MDX query is presented below.

Toam
Dissioi3  poma T
Towm 1 /
Bockdhopx 4 1"
/
/
Piwamion3 Bodkskop 2 e 1
0
A
Bodrshop |
; ~ E
z 3 2

Dinexsion 1

FiG. 15. Rotate the cube - 2

SELECT NON EMPTY/( [Location]. [HierarchyLocation]. [Country],
[Books].[HierarchyBooks/].[Genre]) ON COLUMNS,

NON EMPTY ([Bookshops].[HierarchyBookshops].[Owner]) ON ROWS
FROM [Bookshops2] WHERE [Measures].[Sales Count].
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Result: The result of the query is 2D-table which visualize the third di-
mension one level upper.

B L Bugas || Buges ord || FErgend || Engend || Tukey
| i} k) 4 15 2 uif)
@2 6 o) ) ) i)
o) ) ) ) i) 4

Fic. 16. Result of the query “pivot-2”

e MDX query3: In the third view of the cube, the dimension Bookshops is
located on the axis x and respectively the dimensions Town and Books are
mapped on the axes y and z. The MDX query is presented below.

; g Book w
Dimension 1 Book 2 W —
Book 1 e ) e ]
Toanmg
Dirersion3
Toam2
Towni 1

v

Bookshap 1
Bookshap 2
Boolshop »

Dirersion 2

F1G. 17. Rotate the cube - 3

SELECT NON EMPTY/( [Books].[HierarchyBooks].[Genre],

[Bookshops]. [HierarchyBookshops].[Owner]) ON COLUMNS,

NON EMPTY ([Location].[HierarchyLocation].[Country]) ON ROWS

FROM [Bookshops2] WHERE [Measures].[Sales Count].

Result: The result of the query is a 2D-table which visualizes the third
dimension one level up.

F1G. 18. Result of the query “pivot-3”

e MDX query4: In the fourth view of the cube, the dimension Bookshops is
located on the axis x and respectively the dimensions Town and Books are
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mapped on the axes y and z. The MDX query is presented below.

Boglm

Dirversion 1 Bod:2
Bodk 1 /
Bodkstopx 4+ ///
. - //
Dirersion 2 “ ; i
e  Les
Bookshop 1 |

A 4

Townl
Town 2
Toem g

Dimension 3

FiG. 19. Rotate the cube - 4

SELECT NON EMPTY ([Location].[HierarchyLocation].[Country]) ON
COLUMNS,

NON EMPTY( [Books].[HierarchyBooks].[Genre],

[Bookshops].[HierarchyBookshops].[Owner]) ON ROWS

FROM [Bookshops2] WHERE [Measures].[Sales Count].

Result: The result of the query is a 2D-table which visualizes the third
dimension one level to the left.

| Bulgaria || England || Turkey |
full) 4 {null)
h )
i) 4
(ol 15 (ol
42 ul) (o)
ou) ) 14

fnull) 2 {ull)
5 ) (ol
full) full) 2

F1G. 20. Result of the query “pivot-4”

e MDX query 5: In the fifth view of the cube, the dimension Books is lo-
cated on the axis x and respectively the dimensions Town and Bookshops
are mapped on the axes y and z. The MDX query is presented below.
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: i Bookshop 2
Dimension 2 Bodtdwpﬁ/'
Bookép 1 ]
3
Towmg //
//
Dirersion3
Town2 il
//
Town 1 | o
- ™ B
k] : 5
s 3 z

Dimension 1

F1Gg. 21. Rotate the cube - 5

SELECT NON EMPTY ([Books].[HierarchyBooks].[Genre]) ON COLUMNS,

NON EMPTY{( [Location].[HierarchyLocation].[Country],

[Bookshops].[HierarchyBookshops].[Owner]JON ROWS

FROM [Bookshops2] WHERE [Measures].[Sales Count].

Result: The result of the query is a 2D-table which visualizes the third
dimension one level to the left.

|| Children Books | | Computer Books || Cooking Books
|Bulgaria | | Stamen Dimitrov | 13 42 6

[England | [Olivia Gomez | 4 15 2
(Tukey |[Valer Rodev | 4 14 -

F1G. 22. Result of the query “pivot-5”

e MDX query 6: In the sixth view of the cube, the dimension Town is located
on the axis x and respectively the dimensions Books and Bookshops are
mapped on the axis y and z. The MDX query is presented below.
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. 8 Boolkslopx
Dimension 2 Bod‘mz
Bookdop 1

4
Book ..

Dinersion 1
Bodk2

Ly oy
X% %y

Bodk 1

v

Toam 1
Toom 2
Toem g

Dirension 3

F1Gg. 23. Rotate the cube - 6

SELECT NON EMPTY ([Bookshops].[HierarchyBookshops].[Owner]) ON
COLUMNS,

NON EMPTY/( [Location].[HierarchyLocation].[Country],

[Books]. [HierarchyBooks]. [Genre]JON ROWS

FROM [Bookshops2] WHERE [Measures].[Sales Count].

Result: The result of the query is a 2D-table which visualizes the third
dimension one level to the left.

|Bulgaria | (Children Books | {null) 13 full)
Bulgaria | Computer Books | {null) 42 {null)
Bulgaria [Cooking Books | i) 6 )
{England | |Children Books | 4 i) full)
{England | [Cooking Books | 2 full) full)
[Tukey |[ChidrenBooks | {nul) full) 4
Tukey | ComputerBooks = (null) {ull) 14
[Tukey |CookingBooks | {nul) {ull) 2

F1c. 24. Result of the query “pivot-6”

3.4. Combining operations “slice”, “dice” and “roll-up”. In [25] the oper-
ation “roll-up” was presented in terms of index matrices by aggregating operators,
which definition is given in section 2 of the paper. Operation “roll-up” can be
represented as follows:

a(K,K*,p—layer,o)(A’ W) v,n) O‘(L,L*,q—layer,o)(A’ Us) D(v,n) “(H,H*,r-layer,o)(A’ Vi),
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where
K,CKand K, ={K{), ..., K", .. K,
= (KL KD KD} ¢ K for 1< p < P;
L.C Land L, = {L{¥,.... L9, ..., L{O},
U.={LY,,..., ng)O,..., WygLiorl<qg<Q;
H,CHand H,={H{®, ... HR, . HY
={H ..., H .. HD )} ¢ Hfor 1 <r<R;
or
QK K., P.0) (A, Wa) S(v,0) UL, L. Q. 0) (A Us) ©vo0) a(H,H. R.0) (A, Vi),
where
K, CKandK—{ K KD, LKD)
= (K, K JV;V,O} ¢ K
and

P.={p1,...,Pzs....pw}, wherep, € {1..., P} for1 <z <W;
L.CLand L, ={L{?,...,L{, ... L)},

uy
U, —{Luw,...,L(qy) L ¢ L

Q«={q1,..-,qy,-..,qQ}, where ¢, € {1...,Q} for 1 <y < U,
H.CHand H = {H®, . HP . HDY
Vo= {H. . Hy o HUYY ¢ H
R.,={r1,...,r%...,7v}, wherer, € {1...,P}for1<z<V.
Before using the operations “slice” and “dice” over the matrix A operation “roll-
up” could be applied.

4. CONCLUSION

The operations described in this paper are part of an investigation aiming to
present the OLAP operations in the area of the index matrices. Several researches
are available submitting the solution of different problems using the apparatus of
the index matrices. Nowadays the attention is focused on the tasks for presenting
the OLAP concept using 3D-IMs and the use of these operations in the future
development of the Intercriteria Decision Making method [6]. In the current research
were presented three of the OLAP operations using index matrices. This paper is the
second part of series of papers investigating the OLAP operations by index matrices.
The aim is to present OLAP analysis in the area of index matrices and to improve
its quality by adding the definitions of new operations. In the future the authors
will complete the studies and some fields of application will be discussed.

ACKNOWLEDGEMENTS

The authors are thankful for the support provided by the Bulgarian National
Science Fund under Grant Ref. No. DFNI-1-02-5/2014 and Ref. No. DFNI-DN-02-
10/2017.



Index matrices and OLAP-cube Part 2 : An presentation of the OLAP-analysis by index matrices 671

REFERENCES

(1] Agrawal R., Gupta A., and Sarawagi S. Modeling multidimensional databases In Proceedings of

the 13th International Conference on Data Engineering, Washington, DC, USA, IEEE Computer

Society, 1997, pages 232243.

Atanassov, K. Generalized index matrices, Comptes rendus de I’Academie Bulgare des Sciences,

Vol. 40, 1987, No. 11, 15-18.

Atanassov, K. On index matrices. Part 5: Three dimensional index matrices, Advanced Studies

in Contemporary Mathematics, Vol. 24, 2014, No. 4, 423-432.

Atanassov, K. Index Matrices: Towards an Augmented Matriz Calculus, Studies in Computa-

tional Intelligence 573, Springer, Switzerland, 2014.

(5] Atanassov, K. On Intuitionistic Fuzzy Sets Theory, Springer, Berlin, 2012.

(6] Atanassov, K., Mavrov, D., Atanassova, V. Intercriteria Decision Making: A New Approach for

Multicriteria Decision Making, Based on Index Matrices and Intuitionistic Fuzzy Sets, Issues in

Intuitionistic Fuzzy Sets and Generalized Nets, 2014, 11, 18.

Atanassov, K., E. Szmidt, J. Kacprzyk. On intuitionistic fuzzy pairs, Notes on Intuitionistic

Fuzzy Sets, Vol. 19, 2013, No. 3, 1-13.

Atanassov K., E. Szmidt, J. Kasprzyk, V. Bureva. Two Ezxamples for the Use of 3-dimensional

Intuitionistic Fuzzy Index Matrices, Notes of Intuitionistic Fuzzy Sets, Vol. 20, N 2, 2014, 52-59.

Ciferri C., Ciferri R., Gmez L., Schneider M., Vaisman A., Zimnyi E. Cube Algebra: A Generic

User-Centric Model and Query Language for OLAP Cubes, International Journal of Data Ware-

housing and Mining, IGI Publishing, Vol.9, Issue 2, 2013, p.39-65.

[10] Codd, E.F., Codd S.B, Salley C.T. Providing OLAP (On-Line Analytical Processing) to User-
Analysts: An ITMandate (Technical report), E.F.Codd & Associates, 1993.

[11] Connolly M. T., Begg C. E. Database Systems: A Practical Approach to Design, Implementa-
tion, and Management: Fourth Edition, Pearson, 2005, ISBN 0-321-21025-5.

[12] Datta A. Cube data model: A conceptual model and algebra for on-line analytical processing in
data warehouses, Decision Support Systems, Elsevier, 27(3), 1999, p.289-301.

[13] Gunderloy M., Sneath T. SQL Server Developers Guide To OLAP With Analysis Services,
SYBEX, 2001, ISBN: 0-7821-2957-9

[14] Imboff C., Galemmo N., J. G. Geiger, Mastering Data Warehouse Design Relational and Di-
mensional Techniques, Wiley, 2003, ISBN: 0-471-32421-3.

[15] Inmon W. H., Building the Data Warehouse: Third Edition, Wiley 2002, ISBN: 0-471-08130-2.

(16] Kimball R., Ross M., Warehouse Toolkit: The Definitive Guide to Dimensional Modeling, Third
Edition, Wiley, 2013, ISBN: 978-1-118-53080-1.

[17] Nagabhushana S., Data Warehousing, OLAP and Data Mining, New Age International, 2006,
ISBN (13) : 978-81-224-2705-9.

[18] Rad R. Microsoft SQL Server 2014 Business Intelligence Development Beginner’s Guide, Packt
Publishing, 2014, ISBN 978-1-84968-888-8.

(19] Rainardi V. Building a Data Warehouse With Examples in SQL Server, 2008, Apress, ISBN:
978-1-59059-931-0.

[20] Tennick A. Practical MDX Queries for Microsoft SQL Server Analysis Services, 2008, The
McGraw-Hill, 2010, ISBN: 978-0-07-171337-5.

[21] Thomsen, E. OLAP Solutions: Building Multidimensional Information Systems, Wiley Com-
puter Publishing, 2nd Edition, 2002, ISBN: 0-471-40030-0.

[22] Traneva, V., K. Atanassov, P. Rangasami. On $-dimensional index matrices, International
Journal of Research in Science indexed in i-scholar, Vol.1, Issue 2, 2014.

(23] Traneva, V., E. Sotirova, V. Bureva, K. Atanassov. Aggregation operations over 3-dimensional
extended index matrices,Advanced Studies in Contemporary Mathematics, volume 25 (3), 2015,
p. 407-416.

[24] Traneva, V. On 3-dimensional multilayer matrices and operations with them, Yearbook section
“Informatics”, Union of Scientists in Bulgaria, vol. 7, 2017, vol. 7, 2017(in press).

[25] Traneva V., V. Bureva, K. Atanassov. One application of the apparatus of the index matrices
for presentation to operations in OLA P-cube, Advanced Studies in Contemporary Mathematics,
vol. 27 (2), 2017.

2

3

4

7

8

9



672 V. Bureva, V. Traneva, E. Sotirova and K. Atanassov

[26] Webb C., Ferrari A., Russo M. Ezpert Cube Development with SSAS Multidimensional Models:
Ezxpert tips and tricks for designing Analysis Services Multidimensional Models, Packt Publish-
ing, 2014, ISBN 978-1-84968-990-8.



