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ON THE POWER INTEGRABILITY WITH WEIGHT OF
DOUBLE TRIGONOMETRIC SERIES

XHEVAT ZAHIR KRASNIQI AND LAKSHMI NARAYAN MISHRA

ABSTRACT. In this paper we have found the necessary and sufficient
conditions for the power integrability with a weight of the sum of the
double sine, double cosine series and double mixed sine-cosine series
whose coefficients belong to a subclass of the YDRBV'S class.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 42A20, 42A32, 42B99,
42B05.

KEYWORDS AND PHRASES. LP—integrability, double trigonometric se-
ries, almost monotone sequence, double gamma rest bounded variation
sequence, uniform convergence.

1. INTRODUCTION

We consider double trigonometric series of the form

(1) 1% (z,y) ZZGU sin iz sin jy,

i=1 j=1
oo o

(2) (@, y) Z Z b;j cos iz cos jy,
i=1 j=1
o oo

3) [z, y) ZZCU sin ix cos jy,
=1 j=1

and

(4) [z, y) Z Z d;j cos iz sin jy,
i=1 j=1

on the positive quadrant 72 := (0,7) x (0,7) of the two-dimensional torus.

In the accessible hterature, we encounter several questions (problems),
treated pertaining to the series (1)—(2). We list some of them, which mainly
are not of special interest only in this paper.

(Q1) Are they point-wise (uniform) convergent?

(Q2) Are they Fourier series of their sums?

(Q3) Are they convergent in L'—norm?

(Q4) Are their formal sums LP-integrable with a weight?

A considerable literature treating the above questions has been accumu-
lated. For instance, Chen [29]-[33], Guo and Yu [2], Han et al. [3], He and
Zhou [4], Kérus [11], Kérus and Méricz [12], Krasniqi [5]-[9], Krasniqi and
Szal [10], Leindler [16], Marzuq [17], Méricz [24]—[28], Papp [34], Ram and
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Bhatia [36], Vanda [37]—[38], Yu [40], Yu et al. [39], Yu [40] are among the
researchers who have contributed to the subject.

In this paper, we predominantly deal with problems (Q1) and (Q4). Solely
we touch a little bit question (Q1) and we do not treat questions (Q2)—(Q3)
at all.

Throughout this paper we are agree to write A := (\;;) for either (a;;) or
(bij) or (ciz) or (dij).

To my best knowledge, for the first time, the notion ” gamma rest bounded
variation” of a double sequence has been introduced in [5]. To begin with
our subject, we recall the following.

Definition 1.1. Let v := {7y} be a double non-negative sequence. We say
that the sequence w := {wy 4} belongs to the class yR§ BV S? if

wge —+0 as k+{— oo,

S )
Z Z |A1,1wk,€| < C'Ym,n

k=m {=n

for all m,n € N,

o0

Z | A pwg ¢

k=m

< C’Ym,f
for each fixed ¢, and

o0

> Ao weel < Cpm

{=n
for each fized k, where A1 gwyy = Wi — Wit1,0, Do 1Whe = Whyp — Wh 41,
and AWy e = Wi — Wht1,0 — Wh 41 + Wht1,641-

Note that we have to assume that C' is a positive finite constant, which
may depends only on «y or just a positive finite constant, and not necessarily
the same at each different occurrences.

The class WR(')" BV S? given by Definition 1.1 is, in fact, the extension for
double sequences of the YRy BV S class, defined earlier by Leindler (see [15]),
for the single sequences. Also, in the special case, when we take v := {wy ¢}
in it, we get the Rj BV S? class introduced in [1].

Another reason, why we mentioned the latest cited paper, is that there
are given some other useful notions and notations which, for our purposes,
will be recalled here as well.

Definition 1.2. A sequence of positive numbers v := {7y ¢} is said to be
almost increasing (almost decreasing) if the inequality CYmgme = Ymim
(Ymams < CYmy oy ) holds for a certain positive constant C and for all posi-
tive integers mo > my and ng > nq.

We will write v € DM DS to indicate that the sequence v is an almost
decreasing sequence.
The function y(z,y) is defined by means of the sequence {7 ¢} as follows:

T
~ (E’Z) =ge forall k,£eN,
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and there are positive constants C7 and Cy such that

C1Vke < y(w,y) < Covpyreq1 forall oe (#7 %) , Y€ <L7 E) .

(4177
In the same paper the the following assertion is presented.

Theorem 1.1 ([1]). If (\rr) € Rf BV S?, then the series (1) and (2) con-
verge in the sense of Pringsheim on [0, m)2.

By LP(T?), 1 < p < oo, we denote the space of all p—power integrable
functions on T2 with the norm

= ([ /O”u(x,y)wdxdy)”p.

Now we recall the following results.

Theorem 1.2 ([1]). Suppose that (A\xs) € RfBVS?, 1 < p < oo, and
% (x,y) the sum-function of the series (1).

(A) If the sequence (vrye) satisfies the condition that there exist some
€1,e2 > 0 such that the sequence {'ykygk_l‘*'sl} is almost decreasing
for each ¢, and the sequence {vy0~1%¢2} is almost decreasing for
each k, then the condition

oo oo

(5) DO a(ROP2NL, < oo
k=1 ¢=1

is sufficient for the validity of the condition

(6) A, y)| 5z, y) P € L(0, )%

(B) If the sequence (i) satisfies the condition that there exist some
€3,e4 > 0 such that the sequence {ykygkp*pr“} is almost increasing
for each €, and the sequence {yi P~ T4} is almost increasing for
each k, then then inequality (5) is necessary for (7) to be satisfied.

Theorem 1.3 ([1]). Suppose that (\yy) € RfBVS?, 1 < p < oo, and
f(x,y) the sum-function of the series (2).

(A) If the sequence () satisfies the condition that there exist some
€5,86 > 0 such that the sequence {'yk,gk’_l*’gf’} is almost decreasing
for each £, and the sequence {0116} is almost decreasing for
each k, then it follows from condition (5) for the coefficients of the
series (2) that

(7) (@, y) | f< (e, y)IP € L0, 7).
(B) If (An,e) satisfies the condition

®) > Y[y

k=m {=n

)\ke )\k+1,2 < C)\m,n
(k+1)| =

mn

for any m and n, and the sequence {A .} satisfies the condition
that there exist some 7,8 > 0 such that the sequence {ykﬁgkp*:l*‘”}
is almost increasing for each ¢, and the sequence {yj/P~1T58} is
almost increasing for each k, then the condition (5) is necessary for
the validity of condition (7).

223
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Next, we are going to give two definitions.

Definition 1.3. A sequence w := {wy} of positive numbers is called almost
increasing (decreasing) if there exists C = C(w) > 1 (K(w) maybe depends
on w) such that the inequality

Kuwy, > wy  (wy, < Kwy,)
holds for any n > m.

Definition 1.4. Let r1,ry two non-negative integers and 1, d2 real numbers
such that 0 < 01 <1 and 0 < 0y < 1. We say that the sequence w = {wy ¢}

of non-negative numbers belongs to the class RBVSE’;MI’62 if

wge —+0 as k+{— oo,

n

o0 [o.o] C m
E E E E ry+1ro+1,
|A1’1wk’e < mritl+o1pra+1+62 ¢ J Wi,j

k=m {=n i=1 j=1
for all m,n e N,

[ee] C m

-r1+1,
> Ay gw | < v > " in g,
k=m i=1

for each fized £, and

o0 C n
ro+1 .
> | Ao wpye| < e > 3" gy
J=1

{=n =

for each fized k, where Ay gwy ¢, Ao1wi e, and Ay wy ¢ have the same mean-
ing as so far.

Note that RBVS:_17’;2"61’52 class is the extension of the RBVSZ;_"‘S class to
two- dimensional case (see [13]).

It is clear that every sequence belonging to the R[J{ BV S? class is an almost
decreasing double sequence as well, i.e.

RIBVS? Cc DMDS.

It is easy to see that if ri > =2, 10 > -2, 0< d; < 1,0 < §y <1, and

w € R{ BVS? C DMDS, then w € DRBV S7"°1%2 holds too. Indeed, for

m n

1
— § § : T+l re+1,
Ymmn = mr1+1+01pra+1+62 ¢ J Wij»
i=1 j=1
we have
> Cwm;n = - ir1+l cro+1 > Oml—(slnl—égw > Cw
Tmn = 1161 et 1162 E § J = m,n Z m,ns

i=1 j=1
which means that
RiBVS* C DMDS C RBVS}5*°1%,

Motivated by last embedding relation, we aim to prove the corresponding
theorems with those presented in [1], replacing mainly R§ BV S? class with

RBVS"! ’52;51’52 class.
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2. LEMMAS
The following lemmas will be applied in the proofs of the main results.

Lemma 2.1 ([14]). Let f, > 0 and pn, > 0. Then

n

00 p 00 0 p
> I (Zﬂv) <Py Lk (Zﬂ) , p>1
n=1 n=1 v=n

Lemma 2.2 ([35]). Let f, >0 and p,, > 0. Then

00 0o p 0o n p
S (Sw) o Sama (). et
n=1 v=n n=1 v=1

Next Lemma contains summation by parts for double sequences.

Lemma 2.3 ([24]). Let 0 <m < M and 0 <n < N. Then

M N M N M
SO ajwbie = > > AviajBik+ > Aroa;ni1Bjn

j=mk=n j=mk=n j=m
M N
- Z A10ajnBjn_1+ Z Aojpanr1,6 Bk
j=m k=n
N
- Z Ao1@mkBm—1k + anm1,N1 By N
k=n

_aM+1,7LBM,n—1 - am,N+1Bm—1,N + am,an—l,n—h
where ]
J

k
:Zzbrsv

=l

and we agree with conventions B_1, =0, By, —1 :=0, B_1 _1 :=0.

Throughout this paper, we denote by Dy, (u) = Y cosiu and Dy(v) =
27;:1 sin jv the well-known Dirichlet and conjugate Dirichlet’s kernels, re-

spectively, where we have agreed to take cosQu := %

Using Lemma 2.3 we can prove the following.

Lemma 2.4. Let (Ap,) € RBVSQ’;Z;&";Q. Then for x € (mLH, %) Y €

™ .
n+l’n )

(@) .
|fss($ y 51 no2 ZZU}\”’

=1 j=1

(b) o
[f(,y)| < C YD i,

i=1 j=1

|f5(z, ) oL ZZZjl 62>\2J7

=1 j=1

225
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(d)
. c
2@yl < -5, Z DTN,

where C' is a positive constant.

Proof. (a) First of all, we have

m n o0 n
P (x,y) = ZZ)\ijsinixsinjy+ Z Z)\ijsinixsinjy

i=1 j=1 i=m+1 j=1
m o0 o0 o0

+ Z Z Aij sin i sin jy + Z Z Aij sinix sin jy
i=1 j=n+1 i=m+1 j=n+1

4
9) =) si(ny).
v=1

Using the inequality |sinz| < |z| for all z € R, we immediately get
7T2 m.on 71_2 m n
(10) s, 9) < =D Y A < 5 DY i
i=1 j=1 i=1 j=1
Since
Aman — 0 as m-+n— oo,

then, using the summation by parts with respect to first sum, we have

o0 n o0 n
S%s(l‘,y) = Z ZAI,OAi]’Di(m) sinjy - Z ZAI,O)\iij(I) Sinjy'
i=m+1 j=1 i=m+1 j=1

Whence, the use of |sinz| < |z| for all z € R, |D;(x)| = O(1/x), and
(Amn) € RB’VS:}”;Z"sl 52, imply

Z Zj|A1,O>\ij|

|s5°(@,y)| <
i=m+1 j=1
+1
) DIV VEFRT) 3 Y
i=1 j=1 i=1 j=1

Applying similar arguments we have verified that

(12) |5§s(x7y)| 517152 ZZZ])\L]

=1 j=1

Now, we apply Lemma 2.3, to obtain

Z Z A1 1)\”D Z ZAl oN; n+1D () sin jy
i=m+1 j=n+1 i=m+1 j=1
m n

m o0
- Z Z Ao 1 Am41,5 81092 D;(Y) + Amt1,n41 Z Z sin iz sin jy.

i=1 j=n+1 i=1 j=1
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And consequently,

|Sésls(x7y)| S Z Z |A1 1>\Z]|

yz m+1 j=n+1

Cmn St -r1+1 ro+1
(13) = mT1+1+51n'r2+1+52 ZZZ ' J : /\i’j — m51n52 ZZ”/\”

i=1 j=1 i=1 j=1

Combining (9)-(13) we get the inequality on (a) as we desired.
(b) We have to estimate the following quantities

) sz:i)\ijcosimcosjy, s5°(2,y) Z ZA”coswccos]y

i=1 j=1 i=m+1 j=1
m o0 o0 [e @]

s§(z,y) = E E Aij cosiz cosjy, si(z,y) = E E Aij COS T COS jy.
i=1 j=n+1 i=m+1j=n+1

Using the summation by parts, Lemma 2.3, and inequalities |cosz| < 1
for all z € R, | Dy(z)| = O(1/x), and (Amn) € RBV S50 we obtain

(14) gl <303 Ay <303 i

i=1 j=1 i=1 j=1
oo n o0 n
55z )| = | D D> ArodgDi@)cosjy— Y ArohijDp() cos jy
i=m41 j=1 i=m+1 j=1
C oo n
< 05 S
i*m+1j71
+1 1-6; :1-5
18 < WZZZ” ) ) ST
=1 j=1 =1 j=1
m oo m o0
[s§°(z,y)] = Z Z A071/\ijcosixDj(y)fZ Z Ag,1Aij cos iz Dy (y)
i=1 j=n+1 i=1 j=n+1
< *Z > A
i= 1]—n+1

n m n
Cn . =8y -1—
(DR ) S G Ve 3) DI TLL Y

i=1 j=1 i=1 j=1
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and
|s§°(x, y)| = Z Z Ap N Di(w Z ZAloAmHD () cos jy
i=m+1 j=n+1 i=m+1 j=1
m oo m n
_ Z Z Ao, 1Am41,5 €081 D (y) + Amt1,n41 Z Z Cos ix cosjy‘
i=1 j*nJrl i=1 j=1
< Z > A
z m+1 j=n+1
m n m n
T +1 sro+1 1-61 :1-6
(0% s 2D T AN SO D I
i=1j =1 j=1

To sum up, the desired inequality on (b) follows from (14)-(17).

(c) The idea of the proof stand "between” the proofs of the cases (a)—(b),
and notations used below are clarified by their superscripts. Namely, we
have

(18) |8 T y)| < ‘TZZZ/\Z] >~ 51 ZZ’LJl 52)\”,

i=1 j=1 i=1 j=1

[s5°(z, )| < Z ZAlyo/\ijﬁi(m)cosjy— Z ZAlyo)\iJ—Bm(x)cosjy

i=m+1 j=1 i=m+1 j=1
oo n
< 5D D 1Ayl
i*m+1j71
+1 16
19) < it Y < —_ ) T
i=1 j=1 i=1 j=1

|si¢(z,y)] = Z Z Ao,l)\ijsinixDj(y)—Z Z Ap,1 i siniz Dy (y)

i=1 j=n+1 =1 j=n+1
S E g Z|A1 0)\2]|
=1 j=n+1
m m

c
20) SWMZZU”“A S 3 LM

i=1 j=1 i=1 j=1
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and
|Sic(x,y)| = Z Z A1 IAZ]D Z ZAIO)\zn+1D ( )COSjy
i=m+1 j=n+1 i=m+1 j=1
m [ee] m n
,Z Z Ao, 1 Am41,5 sinian(y)+)\m+17,L+1ZZSinixcosjy‘
i=1 j—n+1 i=1 j=1
< Z ORINTEY
i=m+1 j=n+1
Cmn Ui
r1+1 o1y
< mri+1+8 pra+1+62 ZZZ TIPTA
i=1 j=1
1-6:
ey s )RV -y S WY
i=1 j=1 i=1 j=1

Collecting (18)—(21) gives (c) to be proved.
(d) In a very similar way, as in the proof of relation on (c), we have verified

that
C m n 6
@yl <53 D i
i=1 j=1
holds too.
The proof is completed. O

Next lemma gives conditions under which the sequence (Ap,,/mn) €
71,72;01,0
RBV S y»o0%,

Lemma 2.5. If a sequence {\mn} belongs to RBV S'y* 9192 and satisfies
the condztzon

I
k=m {=n
for any m,n €N, then {Amn/(mn)} € RBV ;>0

Proof. We have
/\k ¢ Ak
(k+1)¢

ZZ A11</\M>‘ = ZZ
,( A NS N S WA )‘
k(0+1)  (k+1)(¢+1)

RIS
M (k+ 1)

C LN Aii

cr1+1 :ro+1 7]

< mritl+o1pra+1+62 ZZZ J ij
i=1 j=1

k=m {=n k=m {=n

Akt Akt
= ,;n; [CE=
o= | Akt Ak 1,041
+,€ZMZ ES k+1)(€+1)‘
< Z Z )\kz Akt1,0

(k+1)¢

k=m {=n
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m n

< C Zr1+1 sro+1 /\ 7]
= mritl+ipra+1+d ZZ Z]
i=1 j=1

for all m,n € N, and (in the same way as in [10])

i ‘Al,o <A1§ée>’ _ 22 ‘k(;’fl) + %HALO)\W
- i(ng(glfl)erJrlkZm'Alo’\’”')
< % <§n m i [Xie = Aigre] + ﬁ izm;iT1+1)‘i,£)
= 2(2“‘1‘,2Ai+1,£|§;;+m§;in+l>‘;l>

for each fixed ¢ and all m € N.

Similarly we have verified the inequality
n

Akt ¢ ol Mk
2 A01( >‘<nr2+1+52§1‘} ij
]:

for each fixed k and all n € N, which means that (A, ,/mn) € RBVS:{’Q”;&’(SZ.
The proof is completed. O

Remark 2.1. Employing condition (22) in Lemma 2.5 is an indispensable
condition (at lest to our best skills), otherwise we would come to estimate

the double series
m(m+ 1)n(n +1)

which is a divergent one.

Now we are going to prove Lemma 2.6 which shows some interest in itself.

Lemma 2.6. The following statements hold true:

(i) For any four integers r1,74, 72,75 such that 0 <r] <ry, 0 <7rh <1y,

0<d1 <1, and 0 < 92 < 1, the embedding relation
RBVS:_%;Qﬁl,&Q g RBVS:_%;E;(SL(SQ

holds true.

ii) For any two integers 1,170 > 0,0 < 61 < 8, <1and0 < 6y < 5, <1,

Y g 1 2

the embedding relation

RBVSTI 77'2761 a6

2 C RBVSThTz,élyéz
holds true.
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Proof. (i) The conclusion follows because of

m r1—r1)
LNy, < § HEREDY
mritl+dy bl = pritlta Y

=1 =1

1
+1
— 1
r1+1+61 ZZ )‘”’
=1
1 n nr2— rh
e 2 < § N
nr2+1+d2 J nra+1+o iJ

1 n
2 rh+1
7‘571 +02 J ’ Ai"j’
n =1

and

1 m n
-r1+1 ro+1
§ § jrittjre >\7l,j
mr1t+1+01ra+1+62

i=1 j—1
r1—7r} ro—T1)
m in 2 ’ ’
. 1, 1
< E E i
mr1t1+01pra+1+62

i=1 j=1

m n

— 1 E Z Zr1+1 r2+1>\
r1+1+51nr2+1+52
i=1 j=1

(ii) The proof can be done in the same way. Therefore we have omitted
its details. O

In the sequel, we shall use the componentwise partial order on N x N given
by
(m1,m1) < (Mma,ng) <= my1 < mgy and n; < ng
for (ml,nl), (m27n2) € N x N.
For the sake of completeness we recall that: A double sequence {wyy, n} is
called a Cauchy double sequence if for every ¢ > 0, there is (mg,ng) € NxN
such that

(mv ’I"L), (p7 Q) > (mo, n0)~

Now, we pass to next section which contains main results of the paper.

|wm,n -

3. MAIN RESULTS
At first we prove the following.
Theorem 3.1. If (A\;e) € RBVS:17g2;61’62, then the series (1)—(4) converge
in the sense of Pringsheim on I, , := [T_T_—l, ﬂ X [L 3}, (r,s=1,2,...),

s+17 s
and
P = 33 M B@B), [T @) = 33 AideeBl@) Bly)
=1 = k=1 (=1
P y) = D0 A Be@) Bely), f(y) = 30D AvadeeBr(@) Bely),
k=1 (=1 k=1t=1
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where By(u) == > p—1sinpu and Bs(v) := 377 cos qu.

Proof. Let (m,n) > (r,s), that is, m > r, n > s, and (z,y) € L5, (r,s =
1,2,...). Then for the series (1) we can write

Sman(T,y) — srs(z,y) = Z Z () + Z Z()+ Z Z ()

k=1 /{=s+1 k=r+1 /(=1 k=r+1/{=s+1
(23) = tnn(xa y) + tm7s (JZ, y) + tm,n(‘rz y)

Using Lemma 11 we have

m n
tmn(2,y) = Z Z Ak ¢sin kx sin fy
k=r+1{=s+1

m n m
= D> ) A Bl y) + Y AroMkmi1Ben(@,y)
k=r+1/{=s+1 k=r+1

m n
= > AoMest1Brs@ y) + Y Aoidmire B, y)
k=r+1 l=s+1

n
- Z AO,l)\T+1,€Br,€(I7 y) + )\m,an+l,n+1 ($» y)
l=s+1

_/\m+1,s+1Bm,s(Iy y) - )\r+1,n+lBr,n(xa y) + )\r+1,s+lBr,s(xa y)’
where
T S
By s(z,y) = Z Z sin pz sin qy.
p=1¢=1

Since, | By,s(2, y)| = O((xy)™") for (,y) € I,s, and (A) € RBV S50,
then for any real number £ > 0, as small as we wish, we have

m n

m
[t ()| = 0<<xy>1>[ DD A+ D A oMk
k=r+4+1¢=s+1 k=r+1
n n

m
+ ) A odestil+ Y A0 Amgre + Y 1A0 i At
k=r+1 l=5+1 t=s+1

+)\m,n + )\m+1,s+1 + )\r+1,n+1 + >\r+1,s+l:|

1 T S
- —1 r1+1ro+1y
= O((zy)™) |:7~7”1+1+51 gr2+1+02 Z Z g Aij

i=1 j=1

1 . 1 .
r141y . Z r1+1y
+TT1+1+51 ZZ )\Z’"+1 + prit1401 t /\Z7S+1
i=1 =1

1 S 1 S

- ro+1 . - ro+1 .

Jrs?“z+1+62 ZJ A1 + grat1+62 Zj Ar+1,j
j=1 j=1
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4 T S
ir1+lora+1y
t i grat e PID D )‘w}
i=1 j=1

9 T S
= -1 -r14+1 ro+1
= O(@) ™) o s 2o 201
i=1 j=1
(24) = O((ay)™)r' 151722 = O((ay) )z,
for all ¥ > ro(e) €N, s > so(e) € N, and L, 4, (r,s =1,2,...).
Similarly, we have obtained that

(25) trn(, )] = O(ay) )3,
and
(26) a2, 9)| = O((a) )3,

for all r > ro(e) € N, s > sp(e) € N, and (z,y) € L5, (r,s =1,2,...).
Whence, using (23)—(26) we conclude that

‘sm,n(xvy) - Sr,s(xvy)l <e
for all r > ro(e) € N, s > so(e) € N, and (z,y) € L5, (r,s =1,2,...).
Now, the existence of limy,{n—00 Smn(®,y) and the use of Lemma 11
imply

m n

os . . .

T = lim s T = lim a;; Sin iz sin

Py = lm spa(ey) = lim El E i Jy
=1 j=

m n m
= lim |3 A AeeBre(@,y) + Y A1 oMkni1Bia(w,y)
k=1 (=1 =1
m n

=3 ALoMeaBro(@,y) + > Aot Amt1.eBm,e(,)
k=1 =1

n
- Z Ag1M1,0Boe(T,y) + Amt141Bmn (2, 1)
=1
—Am+1,1Bmo(®,y) — M nt1Bon (2, y) + A,1Boo(z,y)

oo o0

= Z Z Al,l)\k,[Bk’g(x, y).

k=1 (=1

The proofs, pertaining to given statements for the series (2)—(4), can be
obtained in the same lines. Therefore we have omitted their details.
The proof is completed. O

Theorem 3.2. Suppose that (M) € RBVS:{’QTQ;&’&Q, 1 <p< oo, and
[*%(x,y) the sum-function of the series (1). If the sequence (yie) satis-
fies the condition that there exist some €9,e10 > 0 such that the sequence

233
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{ vk~ 1701429 s almost decreasing for each £, and the sequence {yg (0~'~02P+e10}
s almost decreasing for each k, then the condition

DO kPO TREERITIND < oo
k=1 (=1 '

s sufficient for the validity of the condition
Y@, y)|f*5(x, y) P € L(0, 7).
Proof. Using Lemma 2.4 part (a), we have

e s
I = / / V(@ ) f () [Pdady
= ZZ/ / (@, 9)|f** (x, y) [Pdwdy
=1 /=1
Ykl LA ’
(27) < CZZkP51+2£p52+2 PIPIR2Y
k=1 =1 i=1 j=1
Applying Lemma 2.1 in (27) we get
< ¢/ k P
s oY (X (3 ()
(=1 Jj=1 =
X1 e & V., j ’
: , J
< CZ Lpo1+2 Z (gpa2+2> le‘il jpot2
k=1 =1 i=1 j=t

Since the sequence {% 0~ 1702P 210} §g almost decreasing for each k, then

e —pd2—1+e10

Vk,j Vi,jJ —pda—1\P
jpoat2 Z jlt+ero =C ('Yk,éﬁ " )
j=0
and hence
1 & e VP [ ' 5,—1\P
S8 9 . — -
mo= CZ Lpoit2 Z (gp62+2) > il (%,M po2 )
= = i=1
p
e
=1

Applying Lemma 2.1 once again, but now in (28), we have that

oo 00 oo p
(2—62)—2 (ke \17P Vil
CZ ng ’ (kp51+2) (k)‘l“é)p §po1+2
i=k

ISS S
k=1 ¢=1
o p(2—d2)—2 [ Vke \17P p (1.—po1—1 P
< ony (osz) e (67 o)
s oo
= C ’Yk,gkp(%é])7261’(2752)72)\?@<+oo,
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because of the assumption that the sequence {’yk’gk’l"slpﬁg’} is almost de-
creasing for each £, and the proof is done. O

Theorem 3.3. Suppose that (Ap¢) € RBVS“’”’%’(;2 1 <p< o0, and
[ (x,y) the sum-function of the series (1). If the sequence (Vie) sat-
isfies the condition that there exist some €11,€12 > 0 such that the se-
quence {fyk,gkp_l_gll} 18 almost increasing for each f, and the sequence
{Yk.elP~17512} s almost increasing for each k, then the condition

oo oo

HL =Y Y kP 202720\ < 400
k=1 (=1

is mecessary for the validity of the condition

Y, )| (@, )l € L0, )%

Proof. Let p,q be two real numbers such that 1 < p < +o00 and p + g = pq.
Applying Hélder’s inequality, we get

I= /;/07r \g(z, y)|dzdy
(/oﬂ/(;T 7(I’y)g(ﬂc’y)|pd9’3d?/)Up(/oﬂ/ow(’v(ac,y))q/”dacdy) 1/:1.

Because of our assumption and

/O,T/Ow(y(x,y))*q/pdxdy - Z Z/JG 5V, y) O D dzdy

ri= 17’2 1Y /1 a1

IN

s

¢ Z Z('Yn,rz)l/(l_p)/rl / b dxdy

ri=1ro=1 r1+1 o+l

IN

oo o0 2
s
< Cy)V0P Z Z o) < 400,
ri=1ro=1

we obtain that I < +o0, which in fact shows that g (z,y) € L(0, )%
Now let p = 1. Then, since {7y, r, } is almost increasing, we have

| [ st iaody >y 2

ri= 17"2 1

IN

/ /2 V(@ y)lg(z, y)|dvdy

ri+1 " g1
// y(z,y)|g(x, y)|drdy < +oc.
0 JO

Thus, for all p € [1,+00) we verified that g (z,y) € L(0,7)%. Using this
fact we can integrate the function g (z,y), so that we get

F*(xz,y) = // (u, v)dudv

= ke/ / smkusmévdudv—zlz Qkx mQ%y.

CYry

Cvy1
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If we denote

z 1z
dry = / ! / \g(z, y)|dady, r1,rs € N,

then we have

(T T S N A2 S AR
F (E’g> = C;é k¢ (%) _(mn)zzzkw\k’é

=1 k=1 ¢=1
C m n
S S
= mnt2pret+2 k 4 )‘k:,f
k=1 (=1
61—1,,00—1 m. o n
- Cm n Z Z Eritlpratly
mritoi+lpratda+1 k.t
k=1 (=1
o0 o0
> Cm®—1p2—1 Z Z |A171)\k,g| > Cm(sl_ln(b_l)\m,n

k=m {=n

or

_ _5- ™ T
)\m,n < le 61n1 52Fss (77 7) ,
m n

taking into account that {\;} € RBVST7§”2;61,62.
Whence,

p

L= iivk’ekpél—%péz—%\ie < Cii’Yk,é(ke)p_Q iidivj

k=1 (=1 k=1 (=1 i=k j=¢
Then, applying Lemma 2.2 and the assumption that the sequence {'yi,jip_l_ell }
is almost increasing, we get

P
HL

g
¢
o
g

IN
Q
™2
Nl
=
~
s
S
=
Sl
3
[V}

oS} p k P
syt (S, ) ($o?)
1¢=1 j=t i=
oo 00 o9} o [Lp l—e11 p
= O ekt e [ Sy (Z e )
k=1 (= j=t

p
(Ve ek? 2P S "y | (eek?™)”

IA
Q
gk
TTMg

p

oo 0o oo
- 0227k75k2(p_1>£p_2 de,j

k=1 (=1 j=¢
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Once again, applying Lemma 2.2 and the assumption that the sequence
{7i,;77~ 17512} is almost increasing, we obtain

r
HL < szk“’ RICTV L B Z%,ﬂp :
k=1 (=1
2(p—1) 2y1- iy VrgJ"~ e\

= szk - ’Y gp pd Z 1 €12

k=1 (=1

(o) o0
< CY D KO ()P (e’

k=1 (=1

(o) o0
= C Ve (k€)*P~ D .

k=1 =1

Further, let 1 < p < 400 and ¢ = p%l. Then applying Holder’s inequality,
we get

dzgz (/ / a:y|dxdy> < C(ke) 2(1- p)/ / g(z,y)|Pdxdy.
k+1 k+1

Thus,

HL < CZZWH/ / g(x,y)|Pdxdy
+1

k=1 (=1

< CZZ/ / v(z,y)lg(z,y) [ dzdy

k=1 (=1

c /O /0 (2, y)|g(z, ) Pdzdy < +oo.

For the case p = 1, we have

HL < CZZ'Ykldkl<CZZ’Yk£/ / 9(z,y)|dzdy
k=1 =1 k=1¢=1
< CZZ/ / wylg:cy)ldwdy<0/ / (z,9)|g(x, y)|dady.
k=1 =1
as well.
The proof is completed. O

Theorem 3.4. Suppose that (A\pe) € RBVS:’QTQ;&’&?, 1 <p< oo, and
f(x,y) the sum-function of the series (2). If the sequence (k) satis-
fies the condition that there exist some 13,14 > 0 such that the sequence
{vk,ek™1T13} is almost decreasing for each €, and the sequence {yg 011514}
is almost decreasing for each k, then it follows from condition

[e @] o0
(29) DO kP COITHPEERIIND < oo

k=1 ¢=1
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for the coefficients of the series (2) that
(30) A, y) | f(a, )P € L0, 7).
Proof. Lemma 12, part (b), implies

/ / (2, Y f“ (2, y)[Pdady

- / / Al o) Py

>3

k=1 /(=1
oo 00 k /£
& SN I D3 WY
k=1 é:l i=1 j=1

The use of the Lemma 2.1 in (31) gives

k p 0
1— .
ICC < C E k2 E : (’Yk[) p (j :Z-l—(slgl—b—g)\i’g) ’7]@2;.7
- — J
k=1 = i=1 j=t

By assumption the sequence {7y /~'714} is almost decreasing for each
k, therefore

-1
Vi j j +€10

e < C (et™)?,

j=¢
and whence

(32) Iec < CZ Z,yk pr(2 d2)—2 (Z i 51)\2 £>
k=1 /=1

The use of the Lemma 2.1 once again, in (32), we find

e < CZ Z gp (2—682)— (M) (klftsl )\k,é)p (k717k,g)p
k=1 ¢=1
= ciiyk,ng@—“l>—212P<2—52>—2A§ ) < +o0,
k=1 (=1

since the sequence {’yk,gk_“'sli‘} is almost decreasing for each /.
The proof is completed. O

Theorem 3.5. (M) € I-IfBVS”’T?’(Sl’(S2 1<p<oo, and f(z,y) the sum-
function of the series (2). If the sequence (Vi) satisfies the condition that
there exist some e15,€16 > 0 such that the sequence {~y; kP~ 1+515} 18 almost
increasing for each £, and the sequence {’yk,gﬁp’lﬁw} s almost increasing
for each k, then the conditions

o0 o0

Z Z’Yk,zkpélﬁfpé?*?)\zj < 400

k=1 ¢=1

and (22) are necessary for the validity of condition

Ve, )| f(e,y)lP € LO, )%
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Proof. The conclusion that f (x,y) € L(0,7)? can be derived in the same
way as in the proof of Theorem 3.3. This enables us to integrate f (z,y)
so that to obtain

(z,y) = // f(u,v dudv—zz blnmsm]y

=1 j=1
Now, Lemma 2.5 ensures the applicability of Theorem 3.3 to the function
H (z,y), so that

ZZ'}/ Y <c// (z,y) |H (z,y)|P dzdy,

k=1 (=1

where {7;; e} satisfies the following condition: there exist some 17,18 > 0

such that the sequence {’yhgl@p*l*ﬂ’} is almost increasing for each ¢, and the
sequence {7y /P~17518} is almost increasing for each k. For 7} , = g ¢(k0)P,
this condition is obviously satisfied. The last inequality implies that

oo o0

HL = 3> oy k22250
k=1/¢=1

A
_ pd1—2 ppda—2 k¢
Z'y k 14 <k€>

k=1 (=1

[Ty (z,y) P
N i 0 bt

CZZ/ / x,z) (/z/y|fcc(u,v)|dudv)pdﬂcdy

m=1n=1 m+1" n+1

CZvanmn (// fccuv|dudv>

m=1n=1

_ CZZ%,”Lmn)I’Q ZZ/ /§|fcc(u,v)|dudv

m=1n=1 i=m j=n" i+1° j+1

IN
Q

IN

IN

For the sake of brevity, we denote

us

hij = /] |£° (u, v)| dudv; k€ € N.
[ty

Thus, using Lemma 2.2 twice, we get

HL<CZZ'ymn mn) 2p th

m=1n=1

Let 1 < p < 400 and q = Ll Then we apply Holder’s inequality, in

order to find

s s p
W, = < / " / "I (u, v)dudv) < C(mn)21-7) / / 17 (2, ) [Pdxdy.

m+1" n+41 m+1 n+
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Consequently, we obtain

HL < CZZ'ymn/m / | £ (2, y) [Pdady
m=1n=1 +1 nLJrl
ey / / Aol ) Py
m=1n=1
<

C/ / (z, Y| f“ (2, y)|Pdzdy.

Finally, for p = 1, we also have

L<sz'ymnfmn§0/ (x,9)| [z, y)|dxdy.

m=1n=1

The proof is completed. O

Remark 3.1. Similar results can be obtained pertaining to the functions

f5(z,y) and f°(z,y) defined by (3) and (4) respectively.
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