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COMBINATORIAL SUMS INVOLVING STIRLING,
FUBINI, BERNOULLI NUMBERS AND
APPROXIMATE VALUES OF CATALAN NUMBERS

DAMLA GUN AND YILMAZ SIMSEK

ABSTRACT. The aim of this paper is to derive some identities and formulas associated
with the Bernoulli numbers of negative order, the Stirling numbers of the second kind,
the Fubini numbers, and the Catalan numbers. Furthermore, we give some inequalities
including the binomial coefficients, the Stirling numbers of the second kind, the Catalan
numbers and the Bernoulli numbers of negative order. Finally, we give further remarks
and observations for not only on spline curves and the Fubini numbers and polynomials,
but also on approximate value of the Catalan numbers.
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1. INTRODUCTION

Generating functions with their PDEs, QDEs, and functional equations are effective
techniques and methods in order to obtain formulas, identities, relations for special
numbers and polynomials. By using generating functions and their functional equations
techniques, some combinatorial sums including the Bernoulli numbers and polynomials
of higher order, the Stirling numbers, the Catalan numbers, and the Fubini numbers
are given. By using inequalities for the binomial coefficients, we give some inequalities
related to the Catalan numbers and the Bernoulli numbers of negative order. Special
functions, special numbers and special polynomials studied in this paper have the po-
tential to be used in fields such as physics and engineering, especially in many branches
of mathematics.

The notations and definitions helping us to find the main results of this paper are
briefly given below.

Let N, Z, Q, R and C denote the set of natural numbers, the set of integers, the set of
rational numbers, the set of real numbers and the set of complex numbers, respectively.
Furthermore

No = NU{0} .
The binomials coefficients (}) in usual are given by

<"’>_{ gy for 0<k<n

k 0 otherwise,
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with n, k € Ny.
The falling factorial is given by

() _{x(x—l)(w—Q)...(a:—n+l) if neN

ne 1 if n=0,
where z € R.
The Bernoulli numbers and polynomials of higher order are defined respectively by:
o) Faton) = (- ) ZBk L
and
(2) GB(tvxvn) = < ) ZB(n klv
where n € Ny. By using (1) and (2), we have
(n) (Y o)
Q 5@ = 3 (1) Bl
V=

where n, k € Ny (cf. [2,5,9-11,20,26,32,36,37]).
Using (1), we also have the following well-known recurrence relation for the numbers
(n),

B,

n k“ n— n
(4) Bg>:<1_nl>B; Y _ kMY,
where n, k € N\ {1} and
(5) B = (—1)kkl,

(cf- [2])-
Substituting n = 1 into (1) and (2), one have the generating functions for the Bernoulli
numbers and polynomials.

_m)

The Bernoulli numbers of negative order, I ( , are defined by

) Faom) = () ZB( mE,

where m € N (¢f. [5,9, 10, 20, 26, 32, 36,37]).
By using (1) and (6), we have

k
(7) > (k> BB, =0,

=0 M

where n, k € N (for details, see also [13,26,32,36,37]).
—Tl)

A computation formula for the numbers B,(C is given as follows:

BI(C‘ (Hn)_lkili ( ><k+:+1> (j+1—v)”+’“,

7=0 v=0
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(cf. [13)).
The Stirling numbers of the second kind, Sa(n, k), are defined by
k 9
(et — 1) t"
(8) Fy(t,k) = 5" =nZ:‘BSz<n, k),
and
n
(9) = Sa(n, k)(x)g,
k=

where k € Ny (cf. [5,9,10,20,26,32,36,37)).
By using (8), we have

(10) 2; ( ) |

where n, k € No. If k > n or k < 0, we have (}) =0, so

P?‘|}—A

52 (n, k) = 0,

(cf [5,9,10,20,26,32,36,37]).

By using (10), few values of the numbers Sy(n, k) are given by the following table:

[m\kJO[1[2]3]4]5]

O 1/00]0|0]0
1 jjoj1{010]0|O0
2 101110010
3 101131010
4 (o1} 7]161]0
5 10111525101

(cf. [1-26,28-37]).

By using (6) and (8), we also have the following well-known identity:

(11) Sy (k +n,n) = (“”)B,gn>,

n

where n € N (¢f. [4,5,26,28,32,36,37]).
Substituting & = n into (11), we have

(12) Sy (2n,m) = (27,7) B,

(for details, see also [26,32,36,37]).
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Using the equation (12) with the values of the numbers S3 (2n,n) given in the table
)

above, several values of the numbers B,(fn are calculated as follows:

By? = g
B{ = g
B = 214—03,
B\ = %

and so on (cf. [26]).
By using (1) and (8), we have another well-known identity as follows:
k

k .
— \Jj
J
(cf. [26]).
The Catalan numbers, C,,, are defined by
1 2n
14 =
(14) Cn n+1 ( n )’

for n € N, and various representations of these numbers are given as follows:

1 " /n\ 2
Cn_n—i—lg(k:) ’
(2n)!

and these numbers have a recurrence relation given by
2(2 1
(15) Cn+1 _ ( n+ )
Ch n+2
(cf. [5-9,13,14,18,21-23,25,29, 31, 33,37]).
By using (14), first eight values of the numbers C,, are given as follows:
Cy = 1, Ci=1, Cy=2, C3=5, Cy=14,
Cs = 42, Og=132, Cy =429,

and so on (cf. [6-9,13,14,18,21-23,25,29,31,33,37]).
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By combining (12) with (14) yields the relation among the Catalan numbers, the
Stirling numbers of the second kind, and the Bernoulli numbers of negative order given
by
(16) Sa (2n,n) = (n+ 1)CuBY™,

where n € N (cf. [13]).
The Fubini numbers are defined by

(17) Fy(t) = ﬁ = ng(n)g,
n=0 ’
(cf. [5,12,16,17)).
In [5] and [15], we see that
(18) wy(n) = j!Sa(n, ).
j=0

2. IDENTITIES AND FORMULAS RELATED TO THE NUMBERS B,g_m), Sa(n, k), AND
wg(n)
In this section, by combining equations (6), (8), and (17), we give some formulas and

identities including the numbers B,(C_m), Sa(n, k), and wy(n).
By using (6), (8), and (17), the following functional equations are obtained:

m—1
(19) ! Fpn(t, j) = Fu (t) (1 = t"Fpn(t,m)),
7=0
m—1 '
(20) tJFBN(tvj) = Fy (t) (1_m!FS(t7m))1
j=0
m—1
(21) > iFs(t§) = Fu (8) (1 =t Fpn(t,m)),
=0
and
m—1
(22) ZJ'FS (t,7) = Fu (t) (1 — m!Fs(t,m)).

Theorem 2.1. Let m,k € N with k > m. Then we have

(23) f( )kmv +m1 kB,
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Proof. Combining (19), with (6) and (17), we get

m—1 oo

DB~ S
S Y mBE = S
j k=0

oS k—m
k—m th
Sy (F ) B
k=0 v=0

Comparing the coefficients of t—k, on both sides of the above equation, we arrive at the
g KT
desired result. O

Theorem 2.2. Let k € Ng and m € N. Then we have

k m— 1
v=0 ]:O

Proof. Combining (20), with (6), (8) and ( 7), we get

m—1 oo tk
(), B ng oSS (Bt vy

=0 k=0 k=0 v=0

Comparing the coefficients of & 77 on both sides of the above equation, we arrive at the

desired result. O
Theorem 2.3. Let m,k € N with k > m. Then we have

m—1 k—m E—m
(25) > 15a(k.) = wy(8) = () 3 (*7 " a0 BIL

§=0 v=0

Proof. Combining (21) with (6), (8) and (17), we get

oo m—1 00 00 k—m k—m tk
Z Z ]'SQ k _] k" ng Z(k)m Z ( v >wg(v)B]E::::L)_UH
k=0 j=0 k=0 k=0 v=0 '

Comparing the coefficients of ’;c—k on both sides of the above equation, the proof of theorem
is completed. O
Remark 2.1. Substituting k = m into (25), we have (18).

Theorem 2.4. Let k € Ny and m € N. Then we have

m—1 k k
(26) > 1Sk, §) = wy(k) —m! Y <U> So(k — v, m)wy(v).
j=0 v=0

Proof. Combining (22) with (8) and (17), we get

oo m—1 0 oo k

tk k tk
Z Z G1So(k ] ng(k)ﬁ — mlzz (v> Sa(k — v,m)wg(v)g.
k=0 j=0 k=0 k=0 v=0

Comparing the coefficients of ,:, on both sides of the above equation, we arrive at the

desired result. O
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2.1. Further remarks and observations on spline curves and the Fubini num-
bers and polynomials. The Fubini numbers and polynomials have close relationships
with the Euler numbers and the Bernoulli numbers. Therefore, investigating and study-
ing the relations of these numbers in the future with spline curves including the Fubini
numbers and the Fubini polynomials may be an interesting research subject.

The following questions can then be raised:

What kind of relationship can be established between spline curves including Euler
(type) numbers and polynomials and Fubini numbers and polynomials?

Can the interpolation functions or series be constructed for the Fubini numbers and
polynomials by using the equation between spline curves including Euler (type) numbers
and polynomials and the interpolation functions?

3. INEQUALITIES INCLUDING BINOMIAL COEFFICIENTS, THE NUMBERS S (2n,n), Cy,
AND B
In this section, we investigate, study and survey on the upper bound and the lower
bound for the Stirling numbers of the second kind, the Catalan numbers, the Bernoulli
numbers of negative order, and also some inequalities including binomial coefficients.
Let m and n be integers with m > 2 and n > 1. Then, it is known that

mn mmn—1)+1 B
7 ()2 e

[

n
(cf. [24]).
Substituting m = 2 into (27), we have
(28) (2”> > 22 In 3,
n
(cf. [13]).

Theorem 3.1 (cf. [13]). Let n € N. Then we have

Sa (2n,n) > 22”_171_%3,([").

Comtet [5] gave the upper bound and the lower bound for the Stirling numbers of the
second kind Sy (n, k) as follows:

(29) Sy (n, k) < (Z - Dkn—'f
and
(30) Sy (n,k) > k"*.

3.1. Inequalities including Catalan numbers and the Bernoulli numbers of
negative order. Here, with the aid of inequalities for the binomial coefficients, we give
some inequalities including the Catalan numbers and the Bernoulli numbers of negative
order.
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Let k € Ny and n € N. Setting the following inequality:

92k 2%k
1 - < )
(31) nk+1—(k>

Substituting n = 1 into (31), we have the following lemma:

Lemma 3.1 (cf. [35]). Let k € Ny. Then we have

92k 2k
— < .
(32) k+1_(k>

Proof. In order to prove the inequality given by (32), we use mathematical induction on
k. This inequality is frequently used in this section. For detail about this inequality,
see the work of Sominskii [35, Problem 49]. Now let’s briefly prove, based on the result
of Sominskii. For k = 2, inequality holds true. Suppose the proposition is true for k

(k € N):
2%k 2k
— < .
k+17~ \ k
In order to prove the proposition for k + 1, we need the following well known identity,
which holds true for all £ € N:
4(k+1) < (2k + 1)(2k + 2)
k+2 = (k+1)?

)

(cf. [35, p. 57]). Let’s multiply both sides of the above inequality by k%kl, we have
4(k +1) < 22k > L (2k+1)(2k +2) ( 22k )
k+2 \k+1) " (k+1) k+1)"
From the above equation, we get
22k+2 < PR)IRE+1)(R2k+2) _ (2(k + 1))
(+1)+17 (&) (k+1)°  \ k+1

Thus, the proof of lemma is completed. O

Remark 3.1. Substituting n = 2 into (31), we have another interesting inequality in
same class with that of (32). In [27, Eq.-(2.8.1)], by considering the relation

(1+1)%,
Moll gave the following inequality
2k 2%k
33 >
(33) ( k ) Z okt 1
where k € Ny.
Using (33), we get the following corollary for the Catalan numbers:

Corollary 3.1. Let k € Ng. Then we have
22k

Cy > .
Pk
Using (28) and (32), we get the following results for the Catalan numbers, respectively:




Combinatorial sums involving Stirling, Fubini, Bernoulli numbers

Corollary 3.2 (cf. [33]). Let k € N. Then we have

92k—1p—3
(34) Ck > kiﬂ
Corollary 3.3. Let k € N. Then we have
22k
(35) (e < Cy.
By combining (16) with (34), we get
(36) Sy (2k, k) > 221~z BUM),

which is a special case of Theorem 3.1.
Using (30) and (36), we obtain the following corollary:

Corollary 3.4. Let k € N. Then we have

(
B 72 92k—1"

By combining (16) with (35), we also obtain the following theorem:
Theorem 3.2. Let k € N. Then we have
(=k)
22kBk
E+1

4. FURTHER REMARKS AND OBSERVATIONS FOR AN APPROXIMATE VALUE OF THE
CATALAN NUMBERS

< S5 (2k, k).

By using Stirling’s approximation for factorials and approximate value of the Cata-
lan numbers, many interesting applications for inequalities and approximate value of
the special numbers and polynomials including binomial coefficients have recently been
studied by some researchers (for details, see [5,9,23,25,37]).

By using the well-known the Stirling’s approximation for factorials:

n!l ~ (E>n 2nm,
e
an approximate value of the numbers C,, was given by Koshy [23, p. 111] as

2n\ _ 2>
n) " nr

that is on
2
Cp =~
ny\/nm
Since
. Cn—i—l
(37) e

when n is sufficiently large, we have
(cf. [23, p. 111]).
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By combining (16) with (15), we have

Cot1 _ S2(2n+2,n+1) (n+1)B,"
Cn (n +2)Ss (2n,n) BTV

Thus, we have

and

2020 +1)8 (2n,n) B = (04 1)82 20+ 2,0 +1) B{™ =0

S2(2n,n) Bf;q_l) . on+1
So(2n+2,n+1)BS™  20@2n+1)

Hence, by (37), we have

; S (2n,n) B 1
11m = —.
n=0 Gy (2n +2,n+1)BS 4

Thus, when n is sufficiently large, we get the following theorem:

Theorem 4.1.
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