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A NOTE ON SOME IDENTITIES OF BERNOULLI NUMBERS ARISING FROM
RIEMANN INTEGRALS

TAEKYUN KIM, DAE SAN KIM, HAN-YOUNG KIM, AND HYUNSEOK LEE

ABSTRACT. In this paper, we represent the generating function of Bernoulli numbers and its re-
ciprocal as Riemann integrals on the unit interval. From these integral representations and in an
elementary way, we derive several identities involving Bernoulli numbers, Bell numbers and Stirling
numbers of the first and second kinds.

1. INTRODUCTION

The aim of this paper is to consider two basic Riemann integrals on unit intervals from which
we derive several identities involving Bernoulli numbers, Bell numbers and Stirling numbers of the
first and second kinds. In more detail, our results are as follows.

Firstly, we observe that the generating function of the Bernoulli numbers is given by a Riemann
integral on the unit interval. From this observation, we get explicit expressions for Bernoulli and
higher-order Bernoulli numbers, and an identity involving Bernoulli numbers and Stirling numbers
of the first kind.

Secondly, we note that the reciprocal of the generating function of the Bernoulli numbers is also
given by a Riemann integral on the unit interval. Then, from this note, we obtain an expression for
Stirling numbers of the second kind, representations of the integral of the Bell polynomial on the
unit interval in terms of Stirling numbers of the second kind and also of Bell numbers and Bernoulli
numbers, and the value of higher-order Bernoulli polynomials at 1 in terms of Stirling numbers of
the first and second kinds.

It is well known that the higher-order Bernoulli numbers are defined by

t 4 R
M <€z1> :Z;)B’(’)E’ (reN), (see[l12]).

Whenr=1,B, = B,(ll), (n>0), are called the Bernoulli numbers.
The Stirling numbers of the first kind are defined by

2) (X)n = iSl(n,l)xl, (n>0), (see[l—13]),
=0

where (x)o=1, (x), =x(x—1)---(x—n+1), (n > 1).
As an inversion formula of (2), the Stirling numbers of the second kind are defined by

3) X = isz(n,l)(x)l, (n>0), (see[l—13]).
=0
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The Bell polynomials are given by
x(e'— - "
) el = ;Beln(x)a, (see [3]).
By (3) and (4), we get
5) Bel,( 252 n0x, (n>0).

2. INTEGRAL REPRESENTATIONS FOR THE GENERATING FUNCTION OF BERNOULLI NUMBERS

First, we note that

© [ R Y
0 l+x(e’—1)x_e’—l =
On the other hand,

1 1
@ /o I +x(e —

From (6) and (7), we have
Z Al
B, = Y (-1)—5( >0).
n I;O( )l+1 2(?")9 (}’l_ )
Now, we consider the multivariate integral related the generating function of higher-order Bernoulli
numbers which are given by
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From (7), we note that
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where

n ny ny r k]’SZ (n[,kl)
(10) An,r = < > (_l)kl+“‘+kr <7 )
"1+~;n,fn Niy..o Ny k]Z:() er:0 H kl +1

=1

n;>0

Thus, by (8)—(10), we have

ny

W (BB )

n4-4n=n =1
n;>0

It is well known that the Fubini polynomials are given by

1 - "

-y Fn(x)%, (see [2,4,7,9,10]).

(D l—x(e=1) &=

By (6) and (11), we get

(12) / F,(—x)dx = B,, (n>0).
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We observe that

1 1 e _l)m 1
13 —d log™ (1 "—1))d
(13 /0 1+x(ef —1) * = m! / og" (1+x(e' —1))dx
1 1
= mzo 1)'"k):l‘,nsl (k,m) k— e —1)"/0 Fdx
o k
S (k,m)
=Y Y Y s
kg()mZO k+1 r;
RN w31k, "
- L (L iy ’;”szm,k))—,.
n=0 \k=0m=0 + n.
Thus, by (6) and (13), we get
(n,k)S1(k,m)
= _ - >0).
(14) B, Z): el (20
Replacing 7 by log(1 +7) in (6), we have
|
(15) | e = ZB,— log(1+1)) ZB,ZS, (n.1)
Z (ZB[S] n, l )
n=0
On the other hand,
1 _ - 1 1
16 — lOg(1+XI) — -1 [ 1 1
(16) Itx ¢ ,;)( )7y log(1+x))
— Y1y Zslnz)“ szfl Slnl)
=0 n=

Thus, we note that

(17) /0‘ 1+1xzdx - i (n+12( 1)1 (n, 1))

From (15) and (17), we have

n
(18) n+12( 1)!Si(n,1) = 2051(;1,1)3,, (n>0).
We note that
1 1 1 12 (71)1171
1 = —log(1 = - n
(19) /0 l-l-xtdx t Og( +t) t”gl n !
= Z (=1 nv’_
= nt+l nl
Thus, by (17) and (19), we get
1 n
(20) L= =Y (=1)""Si(n,1) —Z|S1n1)| (n>0),
n! =

where |S;(n,[)| are the unsigned Stirling numbers of the first kind.
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It is easy to show that

1 1

@1 | erar=1 (e =),
From (21), we have
(22) /OI.../O'g<x1+~-+xk>rdxl...dxk - I;’:k' e iSz (n, k

B i Sz(n+k,k)£

o (7)ot

On the other hand,
(23)

1 1%

x1+ +XA)fdx dx _ < ( n > >_
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;>0

Thus, by (22) and (23), we get
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where n,k are non-negative integers.
From (21), we note that
> 1 tn 1 ! 6‘6(_1—1
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=Jo n! 0 el —1
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where Bel,, = Bel,, (1), (n > 0), are called the Bell numbers.
On the other hand,

o w | .
e —1 o k
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Thus, by (25) and (26), we get
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Replacing 7 by log(1 +1) in (23), we get

(28) /0'.../'(lﬂ)xw.uﬂkdxlmdx](
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On the other hand,

1 1 p
29 1+t gy dys - dx, = Bn k+1 - 12)),
( )/0 /0( +1) x1doxy - -~ dx (7103; ) Z : (see [12])

where B (x) are the Bernoulli polynomials of order & given by

t \% ., > 1"
(et_1> &M = ’;)BEZ‘)‘)(;C)E, (see [12]).

Thus, by (28) and (29), we get

(—k+1) ;1\ % m $1(,m)
(30) B =Y Y (zl,...,z)m'

m=01+-+h=m

From (22), we can derive the following equation.

Gy [ [ dxkzx(,+k)5(z+k )7 (tog(1+1))

_ I;OW ’ ¥
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Thus, by (29) and (31), we get

(32) Bﬁlnkarl)(l) _ Z

= Sa(l+k, k)i (1), (n,k > 0).
=0 (%)
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