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A FURTHER GENERALIZATION OF EXTENDED

HURWITZ-LERCH ZETA FUNCTION OF TWO
VARIABLES
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ABSTRACT. In the recent years, several extensions of Hurwitz Lerch
Zeta function of two variables have been established by several authors
in different ways. In this paper, we aim to generalize an extended Hur-
witz Lerch Zeta function with the help of extended generalized beta
function B{®? ™) (z,y). We further investigate its integral representa-
tions and various other properties like Mellin Transformation and other
transformation formulas. Some interesting special cases of our results
are also pointed out.
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A few decades ago, various authors have researched extensively about
Zeta function and various properties related to them have been investi-
gated. In 2008, Taekyun Kim [10] also introduced various Euler Numbers
and Polynomials associated with Zeta Functions. Recently, many authors in-
cludingPathan and Daman [15], Parmar et al. [14], gave several extensions
of Hurwitz Lerch Zeta function, these are well-known generalizations of Zeta
Function. Inspired by these studies, we aim to define another generalization
of extended Hurwitz Lerch Zeta function and investigate its various proper-
ties. For our purpose, we shall be using various properties and extensions of
B(z,y). Some of these facts are listed below:

Riemann Zeta function [10, p. 3, Eq. (11)] is defined as follows:

(1.1)

<(s)=i ! seC.

ns’
n=1

Apostol [2, p. 89] reported its generalization as follows:

(1.2)

[e.e]

¢(s,a) = Z ﬁ, Re(s) > 1, a#{0,-1,-2,... }.

n=0

A very well-known generalization of Zeta function was originally reported
by Erdelyi et al. [7, p. 27, Eq. 1.11(1)]; this is known as Hurwitz Lerch Zeta
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function and is deﬁned as follows:
(1.3) (2, s,a) Z(a (lz] <1, seC, a#{0,-1,-2,... };

Re(s) > 1 when |z| =1).

In 1997, Goyal and Laddha [8, p. 100, Eq. (1.5)] gave another generalization

of Hurwitz Lerch Zeta function as follows:
o0

(1.4) ¢ u(z50) =D : (u)mzs

= (a+m) m!’

where a # {—1,-2,...}, p > 1 and either |z| < 1, Re(s) > 0 or z =1 and

Re(s) > p.
Further, Parmar et al. in 2017 [14, p. 179, Eq. (2.1)] gave a generalization
of the extended Hurwitz-Lerch Zeta function as:

) ‘“”(
(1.5) ¢szsap Z

where p > 0, Re(p) > 0, Re(a) >0; A\ p€C;vaeC\Zy; s € Cwhen
|z] < 1; Re(s+v —A—pu) > 1 when |z] = 1. B,()a’ﬁ)(z,y) is an extended
Beta function defined in (1.8).

Recently, Pathan and Daman [15] discussed a generalization of (1.3) and
(1.4) for two variables in following form:

n

+nv—p) oz
Bvv—p)  (at+n)”

0 LM k
(1.6) ¢*u,)\(z7t’5’a) = Ek: ( (i)m(j—)Z) Wi!k!
Z “(z,8, a+k),

where a # {-1,-2,...}, y, A > 1 and either |z|, [t| < 1, Re(s) >0ort,z =1
and Re(s) > p, A.
In the most recent research, Lee et al. [11, p. 189, Eq. (1.13)] discussed

an advanced generalized Beta function B\ m)(:c, Y):

1 .
(1.7 B (a,y) = / R ) v 3| (a; 3 m(jpﬁﬂ) dt,
Jo —

where Re(p) > 0; min{Re(x), Re(y), Re(«), Re(8)} > 0 and Re(m) > 0.
On substituting m = 1, the above equation reduces to a very well-known
generalized Beta function [13, p. 4602, Eq. (4)]

S
(1.8)  Bf(ay) = /0 tw—l(l—t)y—HFl( L t))dt

where Re(p) > 0; min{ Re(z), Re(y), Re(a), Re(B)} > 0.
When o = 3, equation (1.8) reduces to a special case of extended Beta
function defined by Chaudhry et al. [6, p. 20, Eq. (1.7)]

1 —
(1.9) By(z,y) = /0 7711 — )" Texp {ﬁ} dt,
where Re(p) > 0 and min{Re(z), Re(y)} > 0.
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Further taking p = 0, equation (1.9) reduces to a well known Euler’s beta
function B(z,y) defined by:

[l (1 =)' (Re(x) > 0, Re(y) > 0)

Ry (w,y € C\Zg)

(1.10) B(z,y) =

In 2004, Chaudhry et al. [5, p. 591, Egs. (2.1), (2.2)] gave an extension of
Gauss Hypergeometric function as follows:

R R MU e L
n=0 ’

n!’
where Re(c) > Re(b) > 0; Re(p) > 0.

In 2011, an extension of Gauss Hypergeometric Function has been defined
and investigated by Lee [11, p. 197, Eq. (6.1)] using the more Generalized
Beta function mentioned in (1.7) as follows:

0 (cv,8:m) n

. B (b+n,c—0b)z
1.12 Fiefm) =% P ’ z
(1.12) P o (@) B(b,c—b) n!’

where min{Re(«), Re(3), Re(m)} > 0; Re(c) > Re(b) > 0; Re(p) > 0.
In the sequel to the above extensions, Agarwal et al. [1, p. 406, Eq. (2.2)]
defined a new extension of second Appell’s Hypergeometric function Fa(a, b, ¢; d, €; x,y)

as follows:

(1.13) E&HP (b, ¢ d, e, ysm)
_ i (a) BI()QYB;W)((? +r,d— b)B;()a,’ﬁ/"m)(c +s,e—c) z"y°
_7“9=0 e B(b,d - b)B(c,e - c) rl !’

where (|z[+y| <1; Re(p)>0; min{Re(x), Re(B), Re(a’), Re(8'), Re(m)} > 0.
Recently, Batra and Rai [4, p. 1551, Eq. (5)] gave a generalization of
Hurwitz-Lerch Zeta function of two variables as follows:

(e ¢] /

1.14 ron i (25 = min L m n

(LD dopgaylatna)= O, o5 n ol @rm
m,n=0

where o, o/, 3,8 € C, v,a # {0,-1,-2,...}; s,2,t € C and Re(s) > 0 when

|z, [t] <lor Re(y+s—a—a ——74) >0 when |z],[t| = 1.

2. EXTENSION OF HURWITZ LERCH ZETA FUNCTION

Definition 2.1. We generalize the extended Hurwitz Lerch Zeta Function
of two variables in the following form:

(2.1)

/ /.
R RN

S (@) BB +m, v = BB B 4y =) e
minlB(8,y — 3B+ — 7 (a+m+n)"

m,n=0
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where p>0, Re(p), Re(a), Re(p'), Re(a’')>0; o, 3,8 €C; v,7',acC\ Zy ;
s,z,t € C and Re(s) > 0 when |z| < 1, |t| < 1; Re(s+~v++v —B—F'—a) > 1
when |z| =1, |t| = 1.

Remark 2.2. Let r=1, c=p, o'=p' and p=0 then (2.1) reduces to (1.14)

(2.2) ¢*up¢f[;’:«/ (2,t,8,a;0)

i (Dpin B (B 2t

= ¢y, /. / 7t7 ’ = S
Oy, (2 65:0) N (Y)ymin! (@ +m+ n)’

m,n=0

where a, 8,8 € C, v,7',a #{0,—1,-2,...}; s,2,t € C and Re(s) > 0 when
|z, [t| <1 or Re(y++ +s—a—B—p) >0 when |z],[t| = 1.

Following are the limiting cases of equation (2.1)

Case 1.
. 1 z t
¢*575,;%¢(z,t,8,a) = hm {(ﬁ*apgpg/,{:,y) <aaaasaa;0>}
(B)m(B)n 2"
2.3 =
29 m;) D i o T

where o, 3,8 € C, v,v',a # {0,—-1,-2,...}, s,2,t € C and Re(s) > 0 when
|z],|t| <1lor Re(y++ +s—a—8—p")>0 when |z],|t| = 1.

Case 2.

* 0’51 t .
qbahgwﬁl(z,t, s,a) = ma {¢ *g{ﬂ;g,;sﬁ/) (z, B,s,a,())}

(2.4) = Z (Fy m+n (B)m 2"t

Jpm!n! (@ +m+n)*’

where v,v',a # {O,—l,—2,...} and a, 8 € C; s,2,t € C, Re(s) > 0 when
|z],[t| < 1 or Re(y++ +s—a—p3) >0 when |z|,|t| = 1.
3. INTEGRAL REPRESENTATIONS

Theorem 3.1. The following integral representations holds true:

(31) ¢*((ng§f::f (z,t,s,a;p)

1 o 1 - (p -,0/, /;T) _ _
- F(s)/o e e TR 0, B, B3y, s e te T ) d,

where |z|+[t| < |e*|, Re(p)>0, min{Re(p), Re(c), Re(p'), Re(a’), Re(r)} >0;
min{Re(s), Re(a)} > 0; m,n € Ny when |z| < 1, |[t| < 1 and Re(s) > 1
when |z, |t| = 1.

Proof. Eulerian Integral of Gamma function I'(s) [16, p. 1, Eq. (1)] is given
by the following identity:

1 _ 1 > s—1_—(a+n)t
(3.2) rEsbee /0 gl (@it gy

where min{Re(s), Re(a)} > 0; n € Ny.
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From (3.2) and (2.1), further changing the order of summation and inte-
gration, we get:

(3.3) 0707 (2,t,5,0;p)

1 /oo s—1_—ax
= — X (&
I'(s) Jo

(( s B3 4 - ﬁ>)
BPUT(B/-FTL’Y_B) myn ,—max ,—nz
m!n!B(B,v — B)B(B',7 = B') e )dm'm

o0
<2
m,n=0

Now using the definition of F(a bl ’m)(
(1.13), this leads to the desired result.

a,b,c;d, e;x,y;m) as stated in

Remark 3.2. Using the condition r = 1, p =0, 0 = p and o' = p' in
(3.1) we get the integral representation of (2.2). Further, taking the limit as
a — 0o and 8 — oo, we get the integral representation of (2.3) and (2.4)
which is already stated in [4].

Lemma 3.3. Let us now consider a bounded sequence {f(N)}_, of essen-
tially arbitrary complex numbers. The summation formula for this bounded
sequence was reported by Liu [12] and is stated below:

(3.4) Zf x—i—y szr+5 rlsl

r=0 s=0

Theorem 3.4. The following integral representation holds true:
(3.5) = (Z;pﬁ,:’:) (2,t,8,a;p)
()
(BIL(BIT (v = BT (v = B)

/ // e O B R V) L

_ —z\— —-p
X (1= zpe ™ —tde )" Fy <p;0;ﬁ)
) pr(L = p)

;. —Pp
x 1Fy (p YO 71%(1 — 19)r> d’(9d/$ d.]?,
where |z|+[t| < |e*|, Re(p) >0, min{Re(p), Re(c), Re(p’), Re(a’), Re(r)} > 0;

min{Re(s), Re(a)} > 0; m,n € Ny when |z| < 1, |t| < 1 and Re(s) > 1
when |z],|t| = 1.

Proof. From (1.7) and (3.3), further changing the order of integration and
summation, we get:
ALTETD) (2,1, 5,ap)
1

- T(s)B(B,y = B)B(B,y = B)
oo 1 1
s— 1 —am B 1 ﬁ_l y—B—1 B A//_ﬁ/_l
<L e a0
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L —Pp A —p
ah (”’”’ (= u)*) o <”’” (1 - ﬁ)’)

oo — m - n
(@) (2" (t0E)
X E ] dudddz.
m,n=0

Using Lemma 3.3 in the above equation and after some simplifications,
we get the desired result.

Corollary 3.5. Taking ¢ = ﬁ and n = % in (3.5), and simplifying this
yields,

(36) o507 (2.t 5,05p)
_ L()T()
(BL(BIT(y = BTy — ')

/ / / e Iy T 14 O T (L)
I4+E0—ze™™)+n(l—te ™) +né(l —te T—ze *)™“
X1 (p;a;—p (2+€+%>T)
x 1Fy (p’;a’; —p (2 +n+ %>T> dédn dx.

Corollary 3.6. Taking ju = sin® 6 and 9 = sin® ¢ in (3.5), and after further
simplification we arrive at the following result:
(pop’,0’ir) .
(37) ¢ *((1,5ﬂ/§’)’~,'¥/) (Zy t,s, avp)
4

T T(8)B(B,v—B)B(F . — A

w/2 w2
/ / / 5~ 1 e s1n2ﬁ 1951112[} 1¢

x cos2V 7201 g cog?y —20' -1 (1 — ze "sin? 0 — te % sin® ¢p) @

x 1F1(p; o5 —p cosec® O sec® 0)
x 1F1(p';0'; —p cosec? ¢psec®” ¢)de dl du.
4. FEW TRANSFORMATION FORMULAS

Theorem 4.1. Each of the following transformation formulas for ¢*Eg2%;:’;z?)
(z,t,8,a;p) holds true:

(A1) ¢TI (2t,5,a:p)

_ P A le’ (p,0,p",0"s1) 4 t )
- (1 t@ ) ¢ *(O',ﬁ,’y’—ﬁ’;'y,'y’) (1 — te‘“" te_x _ 1 )y S, a/ap) .

42 oHlET) Gt

__—ay—a . (p,op o) o t .
(1 ze ) ¢ *(ary—[j’,ﬁ’;'y,'y’) <Z€$ — 17 e 3 Sy a:p) .
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(4.3)

RN AN

— O P A (p,o.p'\0'sr) o t .
= (1 ze “te ) ¢ *(0»7—/3»7/—ﬁ/?7s7l)<261 Tte® — 17 2e—% + te-% — l,s,a,p .

Proof. Setting ¢ =1 — 9 and n = 1 — u respectively in (3.5), after simplifi-
cations, this yields (4.1) and (4.2). On taking § =1 -9 and n=1—pu, (3.5)
results into (4.3). O

5. MELLIN TRANSFORMATION

Mellin Transformation of an integral f(z) is defined as:

o0
(5.1) M{f(x):z— a} = / 2 f (@) d.
0
where 0 < x < oo and « > 0 is a parameter.

Theorem 5.1. The Mellin Transform of the function qS*(p’g’p/’p/"r))(z, t,s,a;Dp)

-he (.88 7,7
5 groen as:
(5:2) MG 0500 (2t 5,a:p) : p = )
() i VT @Dy V)2t

T BEA-ABE Y B, S, @yla+m+n) miniN
X B(f— Nr+m;v—f—Nr)
x B(B' + A+ Nr+n;y' — 8 + M+ Nr)l,
where Re(r) >0, Re(\) >0, Re(p) >0, min{Re(p), Re(c), Re(S+m), Re(~—
B)}>0 and min{Re(S'+n), Re(vy'—p')} >0.

Proof. Taking the Mellin Transform for ¢ *EZ%";}’);;)/) (z,t,8,a;p) , we get

MG+ 50050 (2t 5,a:p) = p— )

oo VNN
= [T e s i
Jo
Using (2.1) and afterwards changing the order of summation and integration,
this leads to:

(5:3) MGGl (2t s,0:0) :p = \)

> Q) man2t"
=Z(()*

a+ m+n)smlin!

m,n=0

«[Tp BB+ m oy~ DBy + 1o =)
0 B(ﬁa7_6)3(6/7’\//_6/)
Using (1.7) and (1.9), the above equation (5.3) becomes:

(54)  M(¢ *Eg’gfg,’f’yiﬁ,) (z,t,8,a:p) :p = )

B 1 oo (a)m+nzmtn
- BB,y - B)B(#. A — 1) 2 (a+m+n)°mn!

m,n=0
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/ / B+m— 1 M)v—ﬂ—lﬁﬁ’ﬂhl(l_19)"/—[3’—1

</0 AR (/77 7ﬁ> 619"(;17") dp> dp dd.

Setting { = 755 and ¢ = g,g g? and then using (5.5), we get (5.6),

1
(5.5) / t* e Fi(a;b; —t)dt = ¢ °I'(s)2F1 (a, s;b; ——) .
c

0
(5.6) M(o *Egg%;pvz) (z,t,8,a;p) : p = A)
Al Al

INGY) @) i
BB,y - B)B(B,v - ') Z (a+m+n )*mlin!

m,n=0

/ / B+m— 1( )'yfﬁflﬂﬁ’—kn—l-&-)\r(l _ 19)"/’7[7"71+)\r

A GOl
X 2F1 <pa )\a0'7 Hr(l — u)f‘)]dﬂdﬁ
(5.7 M(¢ *Eg’zpﬁ,a’;),) (z,t,8,a;p) : p = N
— (A Z m+n 2
B(B,v—B)B(B,v — ) (a+m+n) min!

m,n=0
x / i / N g gy e
2 ()W (=Y (@ -9\ N
<2 (i) e

After further simplifications and use of (1.10) in (5.7), we obtain the desired
result. O

Theorem 5.2. The Mellin Transform of the function qS*(g%pﬁ,: ;))(z t,s,a;p)
is:

(5.8) MG L0 (2,t,5,a:p) : p — A)

_ T\
B(B,y—B)B(8', = B)
(DN (@ () )y
% Z [ (o) n(a —I——:n + n]\)lsm!];;!N!

m,n,N=0
X B(B+ Ar+ Nr+m;y— 3+ Ar+ Nr)
x B(f' = Nr+mn;+/ — ' — Nr),

where Re(r) > 0, Re(\) > 0, Re(p) > 0, min{Re(B +m), Re(y — )} >0
and min{Re(p’), Re(d’), Re(8 +n), Re(v' — 3')} > 0.

Proof. Proof of Theorem 5.2 is similar to Theorem 5.1. O
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6. CONCLUSION

In this paper, we introduced a new generalization of Extended Hurtwiz-
Lerch Zeta Function. In the light of techniques used by Gupta ([3] and [9]),
this study can be further extended in the field of g-calculus. Furthermore,
it is possible to extend g-calculus to post-quantum calculus.
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