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INDUCED SIGNED GRAPHS OF SOME CLASSES OF
GRAPHS

ACHU ANIYAN AND SUDEV NADUVATH

ABSTRACT. A signed graph is a graph with positive or negative signs as-
signed to edges. An induced signed graph is a signed graph constructed
from a given graph according to some pre-defined protocols. An induced
signed graph of a graph G is a signed graph in which each edge uv re-
ceives a sign (—1)“”(">’d’(“)‘, where ¢ : V(G) — Z. In this paper, we
discuss two types of induced signed graphs and determine the structural
properties of these signed graphs such as balancing, clustering, regular-
ity and co-regularity.
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1. INTRODUCTION

For terms and definitions in graph theory, we refer to [4, 11] and for
the terminology of signed graphs, see [5, 9]. Unless mentioned otherwise, all
graphs we consider in this paper are simple, finite, connected and undirected.

A graph G is an ordered triple G = (V, E,4), where V = {v1, v, ..., vn}
is a finite non-empty set of objects called vertices of G , E is a collection
of two-element subsets of V called its edges and v is a mapping defined
by ¢ : E — V x V that associates each edge with two vertices (need not
necessarily be distinct). The order of graph is |V| = p and the size of the
graph is |E| = ¢q. The degree of a vertex v; in G is defined as the number of
edges incident on that vertex.

A signed graph, denoted by S(G, o), is a graph G(V, E) together with a
function o : E(G) — {+,—} (or equivalently, o : E(G) — {+1,—1}) that
assigns a sign, either 4+ or —, to each ordinary edge in graph G (see [5]).
The function o is called the signature or sign function of S, which is defined
on all edges except half edges (the edges having only one end vertex). The
signs of free loops are treated to be positive always. The unsigned graph
G of a signed graph S, is called the underlying graph of S. The notion of
signed graphs has been introduced in [5] to solve some socio-psychological
problems.

If all the edges of a signed graph S are positive, then the signed graph is
called all-positive signed graph. If the underlying graph is denoted as G, then
the corresponding all-positive signed graph is denoted by +G. An all positive
complete graph is denoted by +K,, (¢f. [6]). Similarly, —G denotes an all-
negative signed graph and —K,, denotes an all-negative complete graph.

A signed graph is said to be homogeneous if it is either all-positive or all-
negative and is said to be heterogeneous otherwise. The sign of a sub-graph
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S’ of a signed graph S is defined to be the product of the signs of its edges.
If all the cycles in a signed graph are positive, then the graph is said to be
balanced (cf. [4]).

Switching (cf. [8]) a vertex in a signed graph means negating the signs
of all the edges incident to that vertex. Switching a set of vertices means
negating all the edges that have one end in that set and one end in the
complementary set. By switching of a signed graph, we mean negating the
signs of all the edges in the graph.

Two signed graphs are said to be isomorphic if there exist a one to one
correspondence between the point sets which preserves adjacency and signs
(cf. [4]). The number of positive edges incident on a vertex v of a signed
graph in S is called the positive degree of v and is denoted by df (v) and the
number of negative edges incident on v is called negative degree of v and is
denoted by d5 (v). It is clear that dg(v) = df (v) + d; (v).

The net-degree of a vertex v of a signed graph S, denoted by d?;(v), is
defined as d (v) = d (v) — dg(v) (cf. [6]). The signed graph S is said to be
net-regular if every vertex has same net degree. A signed graph S = (G, o)
is said to be co-regular if the underlying graph G is r-regular for some integer
r and S is net-regular with net-degree k for some integer k (cf. [6]). Here,
the co-regularity pair can be defined to be ordered pair (r, k).

Theorem 1.1. Harary’s Balance TheoremThe following statements about
a signed graph are equivalent.

(i) > is balanced.
(ii) > has no half edges and the vertex set V' can be partitioned into
two sets V7 and V3 such that V =13 U Vs and E~ = E(V4, V5).
(iii) > has no half edges and any of the paths with same endpoints have
the same sign.

The idea of an induced signed graph was introduced in [1], where the
authors discussed the notion of the set labeling of a signed digraph. In a
set-labeled signed digraph, each edge gets the sign based on the cardinality
of the symmetric difference of the set-labels of its end vertices. Analogous
to this, we introduce the notion of an induced signed graph as follows:

Definition 1.2. An induced signed graph of an ordinary undirected graph
G is a signed graph obtained from G by assigning a sign to all its edges
according to the signature function defined by o (uv) = (—1)!? =9 where
¢ is a mapping defined by ¢ : V(G) — Z, the set of weights (or labels),
associated with each vertex in S.

In view of Definition 1.2, many special induced signed graphs can be cre-
ated and studied further for many interesting results and characterisations.
In this paper, we discuss some signed graphs induced from given undirected
unsigned graphs in terms some parameters associated with its vertices.

2. DEGREE-INDUCED SIGNED GRAPHS

In this section, we introduce and study a signed graph degree-induced
signed graph, which is induced from a graph in terms of the vertex degrees
of the graph. The notion of degree-induced signed graphs is defined as given
below:
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Definition 2.1. A degree induced signed graph or d-induced signed graph or
of a graph G, denoted by S4(G) (or simply Sy), is a signed graph obtained
from a graph G, by assigning signs to its edges according to the signature
function oq(uv) = (—1)4W -4 where d(u) is the degree of the vertex u
or the number of edges incident on w.

The degree induced signed graph of a given graph G is depicted in Figure
1.

3

FIGURE 1. A graph G and corresponding d-induced signed graph

Definition 2.2. Two vertices of a d-induced signed graph Sy are said to
have same parity if they are simultaneously of odd degree or simultaneously
of even degree. Similarly, two vertices are said to be of opposite parity if one
of them is of even degree and other is of odd degree.

A d-induced signed graph is called positive regular if every vertex of the
graph has same positive degree and negative regular if every vertex of graph
has same negative degree.

Invoking the above definitions, we now have some immediate observations
as given below.

Proposition 2.3. The d-induced signed graph of a complete bipartite graph
Ky is an all-positive graph if m and n are of same parity and is an all-
negative graphs if m and n are of opposite parity.

Proof. If m and n are of same parity, then all edges in K, , are positive
and otherwise, all edges are negative. Hence the result. (]

Proposition 2.4. The d-induced signed graphs of Eulerian graphs are al-
ways positive regular.

Proof. The proof is immediate from the fact that the vertices of an Eulerian
graph are always of even degree. O

Proposition 2.5. The d-induced signed graphs of all reqular graphs are
positive reqular.

In view of Proposition 2.5, we note that the converse of 2.4 need not be
true always since odd regular graphs are always positive regular.

The following theorem establishes one of the most significant characteris-
tics of the d-induced signed graph of a graph.
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Theorem 2.6. The d-induced signed graph Sq of a graph G is always bal-
anced.

Proof. Consider a d-induced signed graph Sy of a graph G. Suppose that
the graph contains at least one cycle. Let C be an arbitrary cycle in G (and
hence in S;). Note that all vertices in C' have even degree in C.

If all vertices in the cycle C' are of the same parity in G (that is, all
vertices in C' are simultaneously even or simultaneously odd), then all edges
in C are positive edges and hence C' is a positive cycle. Then the proof is
complete. Hence, assume that not all vertices of G are of the same parity
in G. Here, the following cases are to be addressed.

Case 1: Suppose that all vertices of the cycle C' except one, say v, of
the graph G is of same parity. Then two edges incident on v are negative
edges and all other edges are positive. Therefore, cycle remains positive. In
a similar way another two edges becomes negative when another vertex, not
adjacent to v, is of different parity from its neighbours in C.

Case 2: If a vertex u, which is adjacent to v is also of odd parity, then
the edge uv becomes positive and the other edges incident on each u and v
(the two edges on the cycle having either « or v, but not both, as the end
points) become negative. In this case also, number of negative edges is even.

In view of the fact that all other possible situations can be reduced to the
above two cases, the result follows. O

Note: Addition or removal of pendant edges or edges adjacent to the
cycle will not affect the balancing condition of a d-induced signed graph.

Theorem 2.7. The switched graph of a d-induced signed graph Sy is bal-
anced if and only if it is bipartite.

Proof. Let Sg be the induced signed graph of a given graph G and let S,
be the switched signed graph of S;. Note that G is the underlying graph of
both Sy and 5.

First, assume that S/ is balanced. Hence, every cycle in S/ is positive
(has even number of negative edges).

By Theorem 2.6, the signed graph Sy is also balanced and hence every
cycle in Sy also has even number of negative edges. Thus, every cycles in
Sq and S/, has even number of negative edges and even number of positive
edges. That is, every cycle in Sg, S (and in G) has even length. Hence G
is bipartite.

Conversely, assume that G is bipartite. So every cycle in G (and hence
every cycle in S; and S)) is even. Since Sy is balanced (by Theorem 2.6)
every cycle in Sy has even number of negative edges and even number of
positive edges.

Every cycle in S/ also has even number of positive and negative edges
proving that S/, is balanced. g

Note: Tree is a graph with zero cycle (that is even number of cycle) and
hence bipartite. Hence, it is obvious that tree is balanced.

A subgraph H of a signed graph S is sign-invariant if its sign remains
unchanged after switching.

Then, in view of the Theorem 2.6, the following result is immediate.
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Corollary 2.8. If a cycle C in a d-induced signed graph is sign invariant if
and only if the d-induced signed graph Sy and switched signed graph S!; are
balanced.

Recall the notion of the net-degree of a signed graph defined in [6] as
follows:

Definition 2.9. The net-degree of a vertex v in the d-induced signed graph
Sa, of a graph G, denoted by dg (v). is defined as d (v) = d& (v) — dg, (v).
The d-induced signed graph Sy is said to be net-regular if every vertex of it
has same net degree.

The d-induced signed graph Sy of an r-regular graph is always net regular
with net regularity r. The d-induced signed graph Sy of a regular graph
(regularity r) is always co-regular with co-regularity pair (r,r).

For cycles, net degree, net regularity and co-regularity is +2. Complete
graph K, has net degree, net regularity and co-regularity is n — 1.

Definition 2.10. [10] A signed graph S is said to be 2-clusterable if its
vertex set can be partitioned into two subsets such that the lines between
points of same sets has positive sign and the lines between points of different
sets has negative sign.

Note that a d-induced signed graph of a graph G is 2-clusterable implies
that it is balanced. But its converse need not be true as all positive signed
graphs are balanced but not 2-clusterable.

Theorem 2.11. The d-induced signed graph of a complete bipartite graph
Ky, is 2-clusterable if and only if m and n are of opposite parity.

The vertex set of d-induced signed graph of a complete bipartite graph can
be partitioned into two subsets such that vertices within the same partition
are joined by positive edges and negative edges have end vertices across the
partition.

The following result immediate from the facts that all vertices of an Euler-
ian graph are of even parity.

Theorem 2.12. The non-homogeneous d-induced signed graph is 2-clusterable
if graph is non-Eulerian.

A necessary and sufficient condition for the d-induced signed graph of a
wheel graph to be 2-clusterable is discussed in the following result.

Proposition 2.13. The d-induced signed graph of a wheel graph Wi ,, is
2-clusterable if and only if n is even, with rim vertices in one cluster and
central vertex in other cluster.

Proof. Suppose that d-induced signed graph of W1 ,, is 2-clusterable. Then,
there should be at least one negative edge in it. Since all rim vertices are of
degree 3, the above condition is possible only when the degree of the central
vertex is even. That is, n is even.

Conversely, assume that n is even. Then, the degree of central vertex is
even. For the wheel graph W1 ,, the rim vertices has degree 3, which is odd.
Hence, the central vertex comes in one partition and rim vertices in other
partition. Therefore, it is 2-clusterable. O
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Two signed graphs are said to be isomorphic, if there is an ismorphism
between their underlying graphs that preserves the signs of edges (see [10]).

Since signed graph isomorphism preserves adjacency and signs, the fol-
lowing result is immediate.

Proposition 2.14. The d-induced signed graphs of isomorphic graphs are
also isomorphic.

Proof. The proof is immediate from the fact that isomorphic graphs preserve
the order, size and the adjacency. g

3. ECCENTRICITY-INDUCED SIGNED GRAPHS

In this section, we discuss another type of induced signed graph of a graph,
called the eccentricity-induced signed graph which is defined as follows:

Definition 3.1. An eccentricity-induced signed graph or e-induced signed
graph of an ordinary graph G, denoted by S.(G) or simply S, is a signed
graph obtained from G by assigning signs to its edges according to the
signature function o (uv) = (—1)€W=<W)l swhere €(u) is the eccentricity of
the vertex u.

Figure 2 illustrates the eccentricity induced signed graph of a graph.

FIGURE 2. A graph G and e-induced signed graph of G

In this context, we say that two vertices are of same parity if their eccen-
tricities are simultaneously even or simultaneously odd, otherwise they are
said to be of opposite parity.

A self-centric graph G is a graph whose centre is the graph G itself. In
view of Definition 3.1 and the above mentioned concepts the following results
are immediate.

Proposition 3.2. The e-induced signed graph of a complete bipartite graph
K 1s positive homogeneous.
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Proposition 3.3. The e-induced signed graphs of self-centric graphs are all
positive homogeneous signed graphs.

Every complete graph is a self-centric graph and hence in view of Propo-
sition 3.3, the following theorem is immediate.

Proposition 3.4. The e-induced signed graphs of complete graphs are non-
clusterable.

Proposition 3.5. The e-induced signed graphs of wheel graphs W1, n > 4
are 2-clusterable with rim vertex in one cluster and central vertex in other
cluster.

Proposition 3.6. The e-induced signed graphs of isomorphic graphs are
also isomorphic.

Proof. The proof follows from the fact that corresponding vertices in the
isomorphic graphs have the same eccentricity. (]

The following theorem establishes one of the most interesting character-
istic of the d-induced signed graph of a graph.

Theorem 3.7. The e-induced signed graph S. of a graph G is always bal-
anced.

Proof. The result is an immediate consequence of the fact that any two ad-
jacent vertices in a cycle with opposite parity will make two edges (incident
on one of them) negative. The proof is exactly as that of Theorem 2.6. [

The following table gives the eccentricity sequence of some fundamental
classes of graphs such as complete graph K, complete bipartite graphs
Ky, cycle Gy, of order n and the e-induced signed graphs for the same are
given in Figure 3, Figure 5 and Figure 4 respectively.

Graphs Conditions Eccentricity Sequences
Ky n>2 1,1,1, ... , 1
Kin n>2 1,2,2,....... ,2
Ko 2<m<n 2,2,2,....,2

n is even nnn n

515 5 5

Cn

n is odd n—1n—-1mn-1 n—1

5 Ty g e g

TABLE 1. Eccentricity sequences of some classes of graphs
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+

K, K

FIGURE 3. e-induced signed graphs of complete graphs K,
and K +5

+ + + +

Cy Cy

Kz Ky

FIGURE 5. e-induced signed graphs of bipartite graphs K 7
and K373

Theorem 3.8. The switched signed graph of an e-induced signed graph S,
of a graph G is balanced if and only if it is bipartite.

Proof. The proof is similar to the proof of Theorem 2.7. O
Hence, the following result is straight forward.

Corollary 3.9. A cycle C in an e-induced signed graph S is sign invariant
if and only if the e-induced signed graph S. and its switched signed graph S.
are balanced.
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Theorem 3.10. The non-homogeneous e-induced signed graph S. and d-
induced signed graph Sy of a graph G are 2-clusterable.

Proof. Consider an e-induced signed graph S, and d-induced signed graph
Sgq of a graph GG. From Theorem 2.6 and Theorem 3.7, it is clear that both
d- induced and e-induced signed graphs are balanced. Since the graph is
non-homogeneous and balanced it contains at least two negative edges. By
Theorem 1.1, every balanced graphs is 2-clusterable. Hence both e-induced
and d-induced signed graphs are 2-clusterable. 0

4. CONCLUSION

In this paper, we have introduced two types of signed graphs - degree
induced and eccentricity induced - induced from given graph classes and
studied their characteristics such as balance, clusterability etc. The study
can be extended to many other graph classes, graph products and graph
powers. The signed graphs corresponding to many other parameters, such
as distances, can also be constructed and studied in details. The signed
graphs can be defined from ordinary colored graphs, and thus can study a
few interesting results. All these points show a wide scope for the research.
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