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A NOTE ON THE TYPE 2 POLY-APOSTOL-BERNOULLI
POLYNOMIALS

JONGKYUM KWON' AND LEE-CHAE JANG**

ABSTRACT. Recently, Kim-Kim ([6]) have studied the type2 poly-Bernoulli poly-
nomials by using the polylogarithm functions. In this paper, we define the type
2 poly-Apostol-Bernoulli polynomials and investigate some properties for them.
Furthermore, by making use of unipoly function, we define the type 2 unipoly-
Apostol-Bernoulli numbers and show some basic properties for them.

1. Introduction

It is well known that the Bernoulli polynomials of order « are defined by

2 e N
(et_1> ex:ZB;M(x)H, (see [1, 2, 3, 4, 14] ). (1.1)

n=0

We note that for « = 1, B,(z) = B,(ll)(x) are the ordinary Bernoulli polynomials.
When z = 0, BY = B%(0) are called the Bernoulli numbers of order a.

He-Araci-Srivastava-Acikgoz ([4]) introduced the Apostol Bernoulli polynomials
By, \(z) as follows:

t > tn
meﬂ”f = ZBn’)\(CL‘)E, (see [1, 2, 3, 4, 15, 16] ), (1.2)
n=0 ’

where [t| < 2mif A =1 and [t+logA| < 27 if A # 0. When « =0, B,, \ = B, 1(0) are
the Apostol Bernoulli numbers. Kim-Kim ([6] ) introduced the type 2 poly-Bernoulli
polynomials which are given by

er(log(L+1) 4¢ _ N~ atiy "
et = > 8 )(a:)m, (see [6, 9] ), (1.3)
n=0
where eg(z) = > 07, # is the polyexponential function, as an inverse to the
polylogarithm function Liy(z) = 300 £, (|| < 1). When z = 0, gk = g (0)

are called the type 2 poly-Bernoulli numbers. Note that ﬁ,(ll)(:c) = Byp(x), (n > 0)
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are the ordinary Bernoulli polynomials. For n > 0, the Stirling numbers of the first
kind are defined by

(@) =Y _Si(n,D)a!,  (see[ll,12,13] ), (1.4)

where (z)p =1, (z), =z(x —1)...(zx —n+1), (n > 1). From (1.3), it is easily to
see that

o (log (1+1)) ZSl(n k (see [11, 12, 13] ). (1.5)

For n > 0, the the Stirling numbers of the second kind are defined by
" = ng(n,Z)(x)l, (see [11, 12, 13] ). (1.6)
From (1.6), it is easily to s;e that
1 (el — 1)k = ZSQ n, k (see [11, 12, 13] ). (1.7)

In this paper, we define tho typ(‘, 2 poly-Apostol-Bernoulli polynomials which
are modified type 2 poly-Bernoulli polynomials and investigate some properties for
them. Furthermore, by making use of type 2 unipoly-Bernoulli numbers, we define
the type 2 unipoly-Apostol-Bernoulli numbers and show some basic properties for
them.

2. The type 2 poly-Apostol-Bernoulli polynomials

For k € Z, we consider the polyexponential function defined by Kim-Kim ([6]), as
an inverse to the polylogarithm function, which is given by
o0 xn
ex(z) == ; CESyE (see [5, 6, 7, 8, 10] ). (2.1)
In the viewpoint of (1.3), we define the type 2 poly-Apostol-Bernoulli polynomials
by

o £ ) Zm( = (2.2

When x = 0, ﬂn = flk/)\(O) are called the type 2 poly-Apostol-Bernoulli numbers.
From (2.2) and (1 2), we observe that

" enllog(1+1) .
;;M T Vi ma

t
=— ¢
det — 1

xt
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o0 tn
= Z Bn,/\(x)_w
n!
n=0
where |t| < 2 when A =1 and [t +log A\| < 27. From (2.3), we get

8 (@) = Bup(z), (n>0)

are the Apostol Bernoulli polynomials. From (2.2), we observe that

o0 tn
> AN
= nAnl
~ ex(log(1+1))
- det — 1

1 <X (log(l+t)™
Y 121((75(_1)!72'6

1 i (log(1 +t))m™+!
Aet —1 2= ml(m + 1)k

1mzo(m+1 Z sl(zm+1)”

lm+1
ot i Zsll+1m+1)tl
_Aet—1m:0(m+1k1 1+1 I
0 ; 0 l
t7 1 Si(l+1,m+1)\ ¢
— B, — .
> )z(z@n)

Therefore, by (2.5), we obtain the following theorem.
Theorem 2.1. Fork € Z, n >0, and A € R(\ # 0), we have

n 1
k) n 1 S1(l+l,m+l)B
WM=2 2 (D rper e B

Corollary 2.2. For k€ Z, n >0, and X\ € R(\A #0), we have

(1) Si(l+1,m+1)
ﬁn)\_ ”’\_ZZ ( )H_—anz,A-

=0 m=0

Moreover,

n l
Si(l+1,m+1)
S5 (1) M =0

(- [ 1 Si(+1,m+1) t"
:Z:<2:2:(l>(m+l)’“—1 1 I+1 B"‘“)H'

(2.5)

(2.6)

2.7)

(2.8)
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Let k > 1 be an integer. For s € C and A\ € R(\ # 0), we define the function

1 00 tsfl

& s mek(log(l—ﬁ—t)dt. (2.9)

neA(s) =

From (2.9), we note that if we take k =1 and A = 1, then we get

oo gs—1
ma(s) = ﬁ/@ eijq(log(l +t))dt

s Rl
= —— —dt
sI'(s) A et —1

B s /°° ts gt
_r(8+1) 0 €t—1

= sC(s+1), (2.10)

where ((s) = Y07 & is the Riemann zeta function.

We see from (2.9) that n; x(s) is holomorphic for Re(s) > 0, since ex(log(1+1¢)) <
e1(log(1 +t)) for ¢t > 0. From (2.9), we note that for A € R(A # 0),

o] s—1
Mk (8) = ﬁ/o )\ztiek(log(l +t))dt

1 1 $5— 1
T(s) Jo Aef —

i @/1 T_—le’f(l‘)g(l +1))dt. (2.11)

ek(log(l +1t))dt

The second integral in (2.11) converges absolutely for any s € C and hence the right
hand side vanishes at non-positive integers. That is,

1 00 ts—l 1
li —_— —ep(log(1 +¢))dt| < ——M = 0. 2.12
sir_“m’r(s)/l rer —perlos(1 1) ’— T(—m) (212)

On the other hand, for Re(s) > 0, the first integral in (2.11) can be written as

1 1 tsfl
—_— —ex(log(1 +t))dt
o0 -1 tl+s—1

1 (k)
= sy 2P | e

1 o0
= — 2.13
I'(s) lzﬁ“‘s—l—ll' (2.13)




which defines an entire function of s.
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continued to an entire function of s. From (2.11) and (2.13), we get

malom) = lim oo / L culog(1 + )

tt+s 1
/ dt
l 0

_I‘(s ;ﬁ“‘s—}—ll'

40 0+ lim
0+t +salfm1"(s)s+m m!

o (F(l—s"gsinﬂ's) /37(:’))\

s——m s+m m!
B(k))\
—_ ! m7
=T'(1 4+ m) cos(mm) e

= (-1)"p%.

|

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.3. Let k > 1 and A € R(A #0), m € N, we have

mea(=m) = (=1)" B,

In [6], it is well known that for k > 2,

and

T1 ot t1
ek(x)z/ ;/?/ ;(et—l)dtdt---dt.
0 0 0
N—————

(k—2)times

Thus, we can conclude that 7 x(s) can be

(2.14)

(2.15)

(2.16)

(2.17)
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From (2.17), we obtain the following equation.

Z B o

n=0

1
= 3 = 1ek(log(l + 1))

1 * 1
= _1(log(1 +t))dt
)\ex—l/o log(l—l—t)e’c 1(log(1 +1))

1 e 1
e —1 /0 (1+1t)log(1 +1)

t 1 t "
/0 (1+t)1og(1+t)”'/0 (1+t)log(1+t)dtdt...dt,(k22).

(k—2)times

Thus, (2.18), we get

@ _ 1 ’ 1
Zﬁ"’)‘n! B )\ew—l/o (1+t)log(1+t)dt

Therefore, (2.19), we obtain the following theorem.
Theorem 2.4. Let n > 0 and A € R(A # 0), we have

n (1)
@ n\ B,
=3 (1) e
=0

3. The type 2 unipoly-Apostol-Bernoulli polynomials

(2.18)

(2.19)

(2.20)

Let p be any arithmetic function. That is, it is a real or complex valued function
defined on the set of positive integer N. Then we define the unipoly function attached

to p by

ustalp) = 32 (ke )
n=1

(3.1)
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It is well known that
.z
up(z(1) = = = Liy(x)
is ordinary polylogarithm function, and for k& > 2,

d 1
%Uk(iﬂ\]?) = ;uk—1($|29)7

and

t1
(z|p) = / / / 1(t|p)dtdt - - - dt
0 t

(k— 2)tzmes

(3.2)

(3.3)

(3.4)

Kim-Kim ([6]) introduced the type 2 unipoly-Bernoulli numbers attached to p de-

fined by

1 > t"
- — E (k) Z_
t_ luk(IOg(l + t)|p) - ~ Bn,pn!'

(3.5)

In the viewpoint of (3.5), we define the type 2 unipoly-Apostol-Bernoulli numbers

as follows:
71 log(1 +t E gk r
el luk( Og( )|p) — n/\pn|

Let us take p(n) = ﬁ Then we have

> w t" 1 1
Zﬂnv\ma = T log(1 + t)|f

n=0

Z (log(1+1¢))™

mk(m —1)!

=32 tl ek(log(l—i-t))

- Zg(’“i—.
= ™Anl

Thus, by (3.7), we get

(3.6)

(3.7)

(3.8)
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From (?7), we have

tn
Z'Bﬂ)‘pf"“

- Z pg;) (log(1 + )™

p(m+1)(m+1)!
_12 +l)k Z Sllm+1)l|

l=m+1
1 p(m+1)(m +1)! 1+1
ef—lz (m-+)F ZS S
p(m + 1)(m + 1)! ¢
Z (m +1)F Zsl(l+1’m+1)(z+1)!

3 pm+1)(m+1)!Si(+1,m+1)
= ZBnl)\ Z(Z %

j=0 3= o (m +1) l+1 l'
o9 n l | N
> ( <n>10(m+1)(mk+1).51(Z+1,m+1)Bn_LA t_' 59)
n=0 \[(=0 m=0 ! (m+1) I+1 n!

Therefore, by comparing the coefficients on both sides of (3.9), we obtain the fol-
lowing theorem.

Theorem 3.1. Letn € N, k € Z and A € R(\ # 0), we have

n)\p

n\ p(m + 1) (m +1)! S1(1 + 1,m + 1)
;7;) <l> (m+ 1)k 1+1 B (3.10)

In particular,

n

l
(k) n—1\ Si(l+1,m+1)
Pt = Z()(m+1k1 I+1 ' (3:.11)

(=0 m=0

Finally, we also define the type 2 unipoly-Apostol-Bernoulli polynomials attached
to p as follows:

1
ot = uk(log(l +1t)|p)e™t = Z Bn ap( (3.12)
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From (3.8) and (3.12), we observe that

1 T
muk(l()g(l +t)|p)e !

=0 m=!

_ n—l
(2 () s
n=0 \1=0

From (3.12) and (3.13), we get the following theorem.
Theorem 3.2. Let n € N, k € Z and A € R(X # 0), we have

=0
(7 50
l
=2 (l>ﬁn LAp”
=0
In particular, for A # 1, we get
By )\p(w) =0.

From (3.14), we note that

d ok QYA -
E @ =3 (7) Ayt

=1
n—1 k
_nZ< >B7(l )171)\p(x)xl
—nBT(L 1)\p(1‘)

From (3.16), we obtain the following theorem.

Theorem 3.3. Let n € N, k € Z and A € R(X # 0), we have

d (k) (k)
dxan)\,p 6n l)\p(x)
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