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ON FINITE TIMES DEGENERATE CHANGHEE NUMBERS
AND POLYNOMIALS WITH SOME APPLICATIONS

MINYOUNG MA AND DONGKYU LIM*

ABSTRACT. In this paper, the authors consider finite times degenerate Changhee
numbers and polynomials, and degenerate higher-order Changhee numbers and
polynomials. We investigate some identities and properties of these numbers
and polynomials relate with various special numbers and polynomials. Re-
garding applications, we show that those Changhee numbers can be expressed
by the probability distributions of appropriate random variables.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic numbers and the completion
of an algebraic closure of Q,,respectively. The p-adic norm is defined as |p|, = 1/p.

It is common knowledge that the Euler polynomials £, (z) are given by the
generating function to be

g3

2 — t
mezt = ZEH(.%)E, |t‘ <,
n=0 :

When z = 0, E,, = E,,(0) are called the Euler numbers. In [2], L. Carlitz considered
the degenerate Euler polynomials given by the generating function

2
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« tn
Tl = e

n=0

‘We note that
> " 2
Z lim &, \(x)— = im ——— (1 + \t)*
A0 ’ n! 250 1+ X)x +1
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aril T ZO En(@) -
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That is to say

lim Sn)\(x) = En(l')v (n > 0)
A—=0 ’
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Let C(Z,) be the space of continuous functions on Z,. For f € C(
fermionic p-adic integral on Z, was defined by Kim [8-10]

pfl

:/Z fl@)du_1(z) = hm Z f@)p_1(z+pNZy)

pt—1
= Jim_ ;0 f@)(=1)
From the above definition, we can derive
n—1
S1(fa) + (CD)MTHL() =2 (<)),
1=0

where f,(z) = f(z +n), (n € N). Consequently, it follows from (1) that

2
1 oty b— 1 n YR
/Zp( + )" du_q(y) = t+2 +1)® nZoCh p

Zy), the

(2)

where Ch,,(z) are called the Changhee polynomials and when z = 0, we call Ch,, =

Chy,(0), (n > 0) the Changhee numbers. It follows that

[ @+ pudinso) = Chao) > 0),
Jz,
where (z)p =1, (z), =x(x —1)- - (x —n+1) for n > 1, (see [6,16]).

We note that the Euler polynomials E, (x) may also be represented by

o0

" 2 t’n,
(z+y)t = ot _ § .
/Z ety dlj‘—l(y) - et + 1eT - En(x) n’

v Ep n=0

and it is easy to see that

/Z (x+y)"dp-1(y) = En(x).

Thus we can obtain the following observations, which are known (see [6,16])

Cha(z) = Z Ey(x)S1(n, 1),
and
Z Chy(2)S(n, 1),
where S1(n,1) is the Stirling number of the first kind
)y = ZSl(n, Dat,  (n>0)
1=0
and Sa(n, 1) is the Stirling number of the second kind

= ZSg(n,l)(m)l, (n>0)

=0

respectively [3].
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Furthermore, recall from [7] that the higher-order Changhee polynomials chl) (z)
are given by the multiple p-adic fermionic integral on Z;

/Zp.../Zp(l+t)11+.4.+mr+$d‘u_1(m1)...du_l(xr):< 2

2+1

el tn
St

n=0

>T(1+t)f

Specially when x = 0, Chgf') = Chgf')(()) are called the Changhee numbers of order
r.
Let X be an exponential random variable with parameter A and the probability

density function
_ Ae=if >0
p(m)_{o if z<0.
Then the probability generating function of X is given by

Gt) = Ele¥!] = /_oo *p(z)dz = (see [4,5,14,18,19)).  (3)

A
A—t’

Suppose that X = (X7, Xs, -+, X) is taking an exponential random variable
values in the non-negative real numbers R*. Then the probability generating func-
tion of X is defined by

G(ty,ta, - ,ty) = EleltX1et2X2 .. teXk]

o0 o0
=/ / elrriete®2 L etkThp (g po oo my)dzdTy - - - dy,,
— 00 J =00

(4)
where p(z1, %2, -+, zx) is the probability density function of X = (X3, Xo, -+, Xk),
(see [4,5,14,18,19)).

Recently, many researchers have studied Changhee numbers and polynomials,
and their degenerated form of Changhee numbers and polynomials (see [1,6,7,11,
12,16,17]). In section 2, we consider the finite times degenerate Changhee numbers
and polynomials. In section 3, we consider finite times degenerate higher order
Changhee numbers and polynomials. We give some identities and properties of
those numbers and polynomials relate with various special numbers and polyno-
mials. Regarding applications, in section 4 we show that those numbers can be
expressed by the probability distributions of appropriate random variables.

2. k-TIMES DEGENERATE CHANGHEE POLYNOMIALS

Assume that A, t € C, such that |A¢|, < p 7 1. From (1), we note that
[ fe+ Ddus@+ [ f@dduoate) =210), (5)
Jz, Iz,
Applying f(z) = (1 + log(1 + At)*)® in (5) reveals

' 2
1+ log(1+ M) Wdp_y(y) = —————
L est 08 s 9) =
In the viewpoint of (2) and (6), the degenerate Changhee polynomials are defined
by the generating function to be [16,17]
2\
2X + log(1 + At)

(1+log(1+A)%)"  (6)

o0
(1+1log(1+A0)%)* = 3" Chll (2)

n=0

t’IL
m .

(7)
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When z = 0, we call Chg}A = Chgll’])\(O) the degenerate Changhee numbers. The
degenerate Changhee polynomials are degenerated 1-time for Changhee polynomials
Chy (), thus we denote these polynomials by C’hg’])\(w).
It is well known that .
el = lim (14 At)>.
A—=0

The function (1 + )\t)% is called the degenerate function of ef. So, for t = loge?,
we have log(1 + /\t)% as the degenerating function for ¢. The first quadrant of the
following diagram adopted from [11], which we use p-adic fermionic integral on Z,
instead of Riemann integral on interval [0, 1].

We extend the idea to k-times degenerate of ¢t = log ef, then we obtain

1
log(1+10g(1+»--+10g(1+)\t)--- )) A

k-logarithms

as the k-times degenerating function.

tlog ot numbers defined and studied pr(let)wd;L_l(w):QLH ([6])
—oee (Changhee number)
degenerate of t degenerate of t

1
numbers defined and studied fz,, (1+log(14+At) X ) dpu—1 (x)=([16])
(degenerate Changhee number)

log ((142) %)

2-times degenerate of ¢ 2-times degenerate of ¢
1.
o (1+10 (1+)\L)) % we want to study fzp(1+10g(1+log(1+)\t)) ) dp_ (z)="
& g‘ (2-times degenerate Changhee numbers)
k-times degenerate of t ! k-times degenerate of ¢
v A

1\ @
1 X
~ I (1+log 1+log(1+---+log(1+At)---) ) dp 1 (x)="
10%(1+10g(1+ ~Flog(1+At)-- )) we want to study v ( )

k-logarithms k-logarithms
(k-times deg. Changhee numbers)

In [16], Kwon et al. defined and investigated some properties of degenerate
Changhee numbers and polynomials. We record some important results as theorem
in order to relate our studies.

Theorem 2.1. For m,n > 0, we have

1) chll@) =S A8 (n,m) Chi (2).

m=0

@) Ol (@)= 32 A () [ @+ pndi @)
m=0 Zp

(3) (@) = 3 S AT S (n,m) S (m, D Er(e)
m=0 [=0

m

(4) m ZCh[l] )\m "Sz(m n)

n=0

We degenerate C’hgy])\ () one more time, then we get 2-times degenerate Changhee
polynomials, which denoted by Ch[j’]k(x). Then the left hand side of Equation (7)
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becomes as follows

Z Chm, A2 (log(1 + At))"™

ng=0

)\713 tn3

= Z ChEi}A )\ ng Z Sl rL3,fL2) ]

no=0 n3=nz

o0 n3 s

> (X O A@A 81 (s, ma) )

n3=0 ns=0

This implies that

Z Chng >\n3 "2Sl(n3 n2) (8)

no=0

ng,)\

Applying this (8) to Theorem 2.1 (1) results in

ns no
Chfs]’ @)= [Z N3G (ng,n1)S) (n3, n2)Chy, (2)]. (9)
no=0 “n;=0

Inductively, we get the k-times degeneration of Changhee polynomials Chm+1 RE)
as follows:

Theorem 2.2. Forn; >0, for each i =0,1,...,k+ 1, we have

N41 ng k
Ot o) = 32 o0 30 007 ([ Stmsensn)) O o)
ni=0 n1=0 j=1
n:,+1 iLl k
_ Z . Z A\k+1 = (H nj+17 n; )Eno (x)
np=0 no=0 Jj=0

1\ zty
On the other hand, we apply f(z) = ((1 + log(1 + log(1 + At)) *) in (5), we
have the generating function of 2-times degeneration of Changhee polynomials

/Z ((1+ Tog(1 + log(1 + A1) i)”ydu,l(y)

2)
T 2X 4 log(1 + log(1 + At))

t 13
NCLNE

n=0

<1+10g(1 + log(1 +)\t))%)w (10)

By replacing ¢ by 1(e* — 1) in the middle term of (10), we have

2) (14 Aty = 2) (
2X + log(1 + At)> 2) + log(1 + At)

- ol

no=0

1+ log(1 + )\1‘)%) ’
(11)

t"2
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On the other hand, the right side of (10), we have

—n ( M 1)"3
pBRNG  Cht

ol
nz=0 n3:
e
An2¢ne
=S o @ Y sy 02
n3=0 no=ngs 2'
B oC n2 [2] na—ns tn,g
= Z Z Ch7L37)\(CC)>\ Sg(ng,n;;) n 1
no2=0 “n3=0 2

Comparing the coeflicients of (11) and (12) leads to the inversion formula for (8);

n2 NE Z Chn; A@)A"2T3 S5 (ng, ng).

n3=0

Inductively, we obtain the following identity

Theorem 2.3. For each n; > 0, where i =0,1,...,k+ 1, we have

no ns N k
1
(1) ChELZ]» ): Z Z Z Chm+1 AT )\nz s HS2 n“nH'l)
n3=0mn4=0 Ng4+1=0 =2
ni ng
k ny—r
CRCHERS 35 SIS ST NREIER | EYoem]
no=0n3=0 Ng41=0 =1

3. k-TIMES DEGENERATE HIGHER-ORDER CHANGHEE POLYNOMIALS

In this section, we consider finite times degeneration of higher order Changhee
polynomials and investigate some interesting identities relate to various special
polynomials.

Recall from [16] that for r € N, the generating function of the degenerate

Changhee polynomials of order r, C’hg))\ (z) are defined by

2\ " 1 (T)
— | (1+log(1 . 1
(2)\+log(1+)\t)> (L+log(l +22)%)" ZC na (12)
When z = 0, Chi:,)\ = ChE:E\(O) are called the degenerate Changhee numbers of

order 7.
From (13), we note that these degenerate Changhee polynomials of order r can
be presented by the multiple p-adic fermionic integral on Zj, as follows

/ / (1 +log(L + M) X )= 0oy (@) - dpy (x,)

A xr
<2/\ Tlog(l+ At)) (1-+ log(1 +A)}

— > oW @)
n=0
We denote by Chg,]y) (x)=C hg))‘(m), which means 1-time degeneration of Changhee
polynomials of order r.
The following results on degenerate higher order Changhee polynomials are
known in [7,16]. We record here as theorem, which are extended in our result.
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Theorem 3.1. For m > 0, we have the following identities

m

(1) el (@) = ST A8 (m, n)Ch (x)

n=0
m n
1
@) ChV (@) = 373 A8 (m,n) Sy (n, 1) B ().
n=0 =0
rlog ot [7 (1+t)*dp—1(z) : Chp ch{”
_ ¢ 5 )
ose (Ch"mg,hee numbers) (higher-order Changhee numbers)
1 ES 1)(r
log((14+x6) %) Jy, 108142 X ) dps 1 () = CRL, chlim
(degenerate of t) (degenerate Changhee numbers (cf. [11])) deger:)efergsse(:};a(nﬁ?ﬁ;;1(131]1;1bers
1 2 2](r) _s
log (1+1og(1+A1)) * confl, conlPi{V =2
(2-times degenerate of t) (2-times degenerate 2-times degenerate Changhees
. Changhee numbers.)) numbers of order r
v onl CrM) g
(k-times degenerate of t) > (k-times degenerate k-times degenerate Changhee
Changhee numbers.) numbers of order r

Let ChEﬁ ])ET) () denote k-times degenerate Chaghee polynomials of order r. When

=0, let C’hiﬁ])fr) = Chgﬁ 7(0) denote k-times degenerate Changhee numbers of
order r.

We degenerate one more time in (13), i.e., 2-times degenerate Changhee polyno-
mials of order r, then we can get easily:

ZChWT)
1\ T1+txeta
= / - / 1 + log(1 + log(1 + At)) A) dp—1(z1) - dp—1(xy)
Z, Z,

)

B 2)
22X+ log (1 + log(1 + At

=

))> (1 +log(1 + log(1 + At))
Now we observe that
/ e / (1 +log(1 + log(1 + )\t))%)z1+"'+zr+zdu_1(x1) e dp g ()

— ,gfzp . ../Zp(g;l +ootay Fx)pdpoi(z) - dp—a (zr)

1 1\
X H(log(l + log(1 + At)) A)
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_ f;/ / (@14 4 3y + @) udp s (1) -+ dpps ()

n=0"%p P

> 1 1 m
X Z AT S1(m, n)—Og( +X)

m!
m=n

oo 1 J m :
, tt
S (z S CHE (N1, )51 m) Sy, n>) ‘
i=0 j=0 \m=0n=0 v
Combining this identity with (14) arrives at the following theorem.

Theorem 3.2. Fori >0, we have

h[zl(T Z Z ZCh<T> )S1(i,5)S1(j, m)S1(n, m))\jf”.

7=0 m=0n=0
Inductively we try k-times degenerate Changhee polynomials of order r, then we
have the following result.

Theorem 3.3. Forn; >0,i=1,...,k+1,

NE41 Nk

INCIE DD S Z/ /x1+ b2y + @)y dp (z1) - dpy ()

np=0ng_1=0 n1=0

X HS1 ni“,ni))\"*“ m

i=1
Nk+4+1 Nk ng
§ : § : 2 : T Ng41—N
= Ch( ) H (niﬂ,ni)/\ k+1 o
nE=0ng_1=0 n1=0 =

In view of Theorem 3.3, by specializing k = 1 or r = 1, respectively, we have the
following known results in this paper.

Corollary 3.4. For each n; > 0 where i =0,1,...,k+ 1, we have

(7) Chgz;))\ Z Chg;))\ )S1(na, n1 )N (Theorem 3.1)
n1=0
MNk41 no
) C’hnHl \(z) = Z Z ATk (H Si( nHl,rLz))Chnl( ) (Theorem 2.2).
ngE=0 n1=0

Remark 3.5. The following is well known in [7].

/' / (@1 44 2y + @) A (21) - dps (2,) = EV (@), (n > 0)
(i) ChP@ = [ o [ @ttt ondua(en)  duna(er)

=St [ [ e ) () daa o)
= Jz, Zp

=3 S B (x).
=0

Therefore, from Theorem 3.3 and Remark 3.5 (i) and (4¢), we have the following
corollary.
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Corollary 3.6. Forn; >0,¢=0,1,...,k+ 1, we have the following identity.

Nk+1  ng ny

Chgﬂi:,/\ = Z Z Z At Hsl nH-lvnz)Enu ().

nE=0mn,_1=0 no=0
Taking k = 1 in this corollary yields (2) of Theorem 3.1.

Corollary 3.7. Forn >0, we have

n k
Ch\ (@) = 357 S1(n, kA8 (k) E (@),

k=0 j=0

Taking » = 1 in the Corollary 3.6, we have the result in Theorem 2.2. And
replacing t by 1 (e* — 1) in (14) gives

o0 At ’ r
Ry L (Y 2 e
Z_O Chon @) ( B ) - <2/\ ooy ) (L lesL+A0%)
"= (15)

Z Ch[ll

n=0
The left hand side of (15) becomes

m4m

o [2)(1) GO AR =T > A"
> O @A :ZChmA @A™ Y Sa(m,n) "

n=0 =| m=n

= m—n tWL
:Z(ZCh )" Sy(m, )>H'

Combination of this identity with (15) results in

Theorem 3.8. For m > 0, we have

h[l](r) ZCh’[Z] )\m ng, (m n)

n=0

We make inversion one more time of 2-times degenerate Changhee polynomials
of order r, we have

Ch[2](7") ZC}L[S](T (z)A"~ ZS (n,1).

Thus combining the above equatlon w1th Theorem 3.1, we have

m n

Ch‘ErlL] A ) = Z Z Ch}i]\(r) (x))‘m_lSZ(mv TL)SQ(TL, l)
n=0 =0
Therefore, inductively we get the following inversion formula for Theorem 3.1.
Theorem 3.9. For niy1 > 0, we have

Nk41 na

hllll\]+1 A Z Z Ch:f; (:17 /\nH—l " HSZ n1+17n1)

nE=0 n1=0 =1
For the case r = 1 or k = 1, we have the following results, which are known in
this paper.

Corollary 3.10. For m > 0, we have

Nk+1 no

(z) Chi}jﬂ (z) = Z Z C’hgff;]( AT+ ’”HSz(nH.l,m) (Theorem 2.8)

ng=0 n1=0 i=1
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no
) C’hn“ Z C’hnl V(@)A"2 TSy (ng,ny)  (Theorem 3.8).

n1=0
Recall from [16] that the degenerate Changhee polynomials of the second kind
of order r, which are denoted by C }/Lg)}\(w), are given by

/ / 1 +log(1+ At)x ) Zl_m_%‘”d,u_ﬂm) ceedp—q (xr)
> (log(l + )Y + )H—z

log (1+At)x

> () t"
Z

n/\

Degenerating one more time the degenerate Changhee polynomials of the second
kind leads to

2, 7
ZChn,/\ (w)m

n=0

:/th~--./%p(1+log(1+log(1-l-/\t))%)_ll

2/\ T 1 T+T
_ log(1 + log(1 + M) + 1
(2)\+10g(1+log(1+>\t))) (log(1 +log(1+20))* +1)

Therefore, we can obtain

ezt

dpa(z1) - dp_1(zr)

4. SOME APPLICATIONS OF CHANGHEE NUMBERS

In this section, we try to give some applications of Changhee numbers and de-
generate Chaghee numbers by the probability distribution of exponential random
variables of parameter 2. The motivation of these ideas come from the personal
communications with professor Taekyun Kim. The purpose of this section is to cal-
culate the moment value combined with the probability random variables through
the application of Changhee polynomial. The following two papers motivated the
study of this section ( [13,15]).

Specially, from (3), let X be an expronential random variable with parameter 2,
then we have

0 n (16)
2 n t
=57 —;(_1) Chy—
and .
Y= 3 B (a7

n=0
Thus by comparing the coefficients of (16) and (17), we can express Changhee
numbers via the momentum of an exponential random variable with parameter 2.

Theorem 4.1. Let X be an exponential random variable with parameter 2, then
we have
E[X"] = (-1)"Ch,,.
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From (4), let X3, X5, -+, X}, be independent exponential random variables with
parameter 2, and let t =t =ty = --- = t;.
Xt X Xt > "
B[eX] = B350 = 37 BI(X, 4 4+ X (18)
n=0

On the other hand, by using (16)

E[e™"] = B[N X000 = BleX B[] . B[]
9 k
- (ﬁ) (19)

_ Z Bt t'

n=0

By (18) and (19), we express higher order Changhee numbers by the momentum
of sum of independent exponential random variables with parameter 2.

Theorem 4.2. Let X1, Xs, -+, X be independent exponential random variables
with parameter 2, and let X = X1 + Xo + -+ + Xj, then the momentum of X is
the Changhee numbers of order k, i.e,

E[X"] = E[(X1 + Xz +--- X)"] = (-1)"Ch{{’.

Now using the property of independent random variable property, Theorem 4.2
and (18), we can express Changhee numbers of order k another well known formulas
n [16].

E[eXt] — E[e(X1+~~+Xk)t]

oo tn
= ZE (X1 4+ X)"]

_ i n E[.X"Ll} E[ka} "
N my .My ! k n!

n=0 ml—i—mg+ Fmp=n

n=0 <77l1+77l2+ Fmp=n

= Z (71)”( >Chm1 Chmz e Chm;-) _'v
n=0 7711+m2+ Fmp=n My My n:
(20)
o m) is a multinomial coefficient of (1 + - - - + zx)™. Comparing the co-
efficients of (19) and (20), we have a well known 1dent1ty for higher order Changhee
numbers.

where (

Corollary 4.3. Forn >0, we have
n
on = () OGOl
my+mo+-F+mr=n mi---mg

We want to relate degenerate Changhee numbers to an exponential random
variable. Let X be an exponential random variable with parameter 2, we replace ¢

n _1\m1 _1\m2 (1Y
<ml . mk>( 1) Ch’ml( 1) Chmz ( 1) Ch’"nk)

tn

n!
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by log (1 + At)% in (16). Then we have

1
E[eX 1og(1+At)x] = Eflog (1 + /\t)ﬁ
B 2
2 —log (1 + \t)%

2 (21)
2+ log (1 + (—A)(—1) *

- (="
= Chy x —

n=0

On the other hand,

Bllog (14 30)¥] = 3 B[(X),a] 5

n!

oo n n
_ Z <Z E[Xm])\n—msl (’VL, m)) 2_17

m=0

where (X),, » is the falling factorial sequence (X)p, = 1 and (X),» = X(X —
A (X = (n—=1A) for n > 1. Thus comparing (21) and (22), we have the
following theorem.

Theorem 4.4. Let X be an exponential random variable with parameter 2. Then
we have

E[(X)na] = > E[X™A"" 81 (n,m)
m=0

= (_1)710h71,—k«

Applying Theorem 4.1 to the above Theorem 4.4, we have the following identity.

Z(*l)nChn,—/\% _ Z Z E[mm])\n—msl(n7m)

n=0 n=0m=0

— EOO: 2'”: (71)m0hm)\n—m‘91 (n7 m)

n=0m=0

Thus we have

(—=1)"Chp,—x =Y _ (~1)"Chy A"~ Sy (n,m).

m=0

When we replace —\ to A, we have the identity, which is in the Theorem 2.1.

We want to express degenerate Changhee numbers of order £ by the momentum
of independent exponential random variables X1, Xo, - - - , X with parameter 2. For
the convenience, we denote

T = log(1 + )\t)%.
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Let X = X1 + X2 + -+ X, Then
E[eXT] = Ele (X1+X2+“'XI¢)T]

BleXT]BeT) . Bl T)

=

k
= 23
(2 log( 1+/\t)§) (23)
k
- <2 + log( 1+< N (1)~ )
B oo k: tn
- Z n “An
n=0
We note that
EleXT) [log(1 + At)~]
d tn
= E[(X)YL,)\]
nE::O ! (24)
> tn
= > E[(X1+ X, o Xl
n=0 :
By (23) and (24), we have the following theorem.
Theorem 4.5. Let X1, Xs, -+, Xy be independent exponential random variables

with parameter 2, and let X = X1 + Xo + -+ - + X, then the degenerate Changhee
numbers of order k is given by

E[(X1+X2+ +Xk)n )\] "Chn7

On the other hand, we have the following 1dent1ty
E[eXT] — E[e(X1+X2+~~~X;,.)T]

0 Tn
-3 3 ( " )E[X{”lxgnz X
mims - --Mmyg n'

n=0mi+mo+-+mr=n

G n : mp ™
=y > EX{M]E[X5"] - E[X"™ ] —
myms - - - Mg n!
n=0mi+mo+--+mr=n
00 ! "
=Y Y e BB EX
mylmg! - n!
n=0mi+meo+--+mr=n
Y Y ey B o, B EIXT™] o,
mp=0mg_1=0 my1=0
_ E[Xinl] 7™ Z E[X 5" 2 Tpma ) Z E[X/?Lk] Tk
my! mo! my!
m1=0 meo=0 mp=0
o 0 o
= ( > (1)""10hm1,_A> ( > (1)m20hm2,_x> ( > (1)’"*"0;1,,%,4)
mi1=0 mo=0 mp=0

.- n n
B Z Z (mlmz . mk> (=1)"Chiny,~3Clhims,=x - Chimy -

n=0mi+mao+--+mr=n
(25)
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Comparing the coefficients (24) and (25), we have the well known identity of
higher order degenerate Changhee numbers in [16]

n
ont) | = 3 ( >(71)"C’hml,,,\0hm2,,,\ - Chumy .

mimsa---My
mit+ma+t--+mp=n
Finally we want to express 2-times degenerate Changhee numbers by using ex-
ponential random variable with parameter 2. The equations (8) and (9) useful in
here.

CnZ = 3" enl) A (n,m)

m=0
DY {ZA”_lsl(n, m)Si (m,1)Chy|.
m=0 " [=0

And in Theorem 4.1 and Theorem 4.4, we know the following identities
EX"|=(-1)"Ch,
El(X)na] = (=1)"Chy, .

Thus by using the above identities, we express 2-times degenerate Changhee num-
bers by using random variable.

Theorem 4.6. Forn > 0, let X be the exponential random variable with parameter
2, then we have

(~)"ChY = 57 BI(X)m AN S1(n, m)

Acknowledgements. This work was supported by a grant from 2020 Research
Fund of Andong National University. We would like to thank the referees for their
comments and suggestions which improved the original manuscript in its present
form.

REFERENCES

[1] S. Araci, E. Ayz, M. Acikgoz, On a g-analog of some numbers and polynomials, J. Inequal
Appl. 2015:19 (2015).

[2] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. 15 (1979),
51-88.

[3] L. Comtet, Advanced Combinatorics, Reidel, Doredecht, 1974

[4] Feller, W. An Introduction to Probability Theory and Its Application; John Wiley: Hoboken,
NJ, USA, 1970

[5] D. V. Dolgy, D. S. Kim, J. Kwon, T. Kim, Some identities of ordinary and degenerate
Bernoulli numbers and polynomials, Symmetry 11 (2019), 847.

[6] D. S. Kim, T. Kim, J.-J. Seo, Note on Changhee polynomials and numbers, Adv. Studies-
Theor. Phys. 7 (2013), no. 20, 993-1003.

[7] D. S. Kim, T. Kim, J.-J. Seo, S.H. Lee, Higher-order Changhee numbers and polynomials,
Adv. Stud. Theor. Phys. 8 (2014), no. 8, 365-373.

[8] T. Kim, g- Volkenborn integration, Russ. J. Math. Phys. 9 (2002), no. 3, 288299.

[9] T. Kim, A note on g-Volkenborn integration, Proc. Jangjeon Math. Soc. 8 (2005), no. 1,
13-17.

[10] T. Kim, A note on p-adic g-integral on Z, associated with q-Euler numbers, Adv. Stud.
Contemp. Math. (Kyungshang) 15 (2007), no. 2, 133-137.

[11] T. Kim, On the degenerate Cauchy numbers and polynomials, Proc. Jangjeon Math. Soc. 18
(2015), no. 3, 307-312.

[12] T. Kim, D. S. Kim, Some identities on derangement and degenerate derangement polynoms-
als, Russian J. Math. Phys. 25 (2018), 300-308.



On finite times degenerate Changhee numbers and polynomials with some applications

(13]
(14]
(15]
(16]
(17]
(18]

(19]

T. Kim, D. S. Kim , L.-C. Jang, H. Y. Kim, A note on discrete degenerate random variables,
Proc. Jangjeon Math. Soc. 23 (2020), no. 1, 125-135.

T. Kim, D. S. Kim, H. Y. Kim, J. Kwon, Degenerate Stirling Polynomials of the Second Kind
and Some Applications, Symmetry 11 (2019), no. 8, 1046.

T. Kim, Y. Yao, D. S. Kim, H.I. Kwon, Some identities involving special numbers and
moments of random variables, Rocky Mountain J. Math. 49 (2019), no. 2, 521-538.

H.-I. Kwon, T. Kim, J.-J. Seo, A note on degenerate Changhee numbers and polynomials,
Proc. Jangjeon Math. Soc. 18 (2015), no. 3, 295-305.

J. Kwon, J.-W. Park, On modified degenerate Changhee polynomials and numbers, J. Non-
linear Sci. Appl. 9 (2016), no. 12, 6294-6301.

M. Koutras, Non-central stirling numbers and some applications, Discret. Math. 42 (1982),
73-89.

S. M. Ross, it Introduction to Probability Models, Academic Press, Cambridge, MA, USA,
2007

(Ma) DEPARTMENT OF MATHEMATICS EDUCATION, ANDONG NATIONAL UNIVERSITY, ANDONG

36729, REPUBLIC OF KOREA

E-mail address: mmy@anu.ac.kr

(Lim) DEPARTMENT OF MATHEMATICS EDUCATION, ANDONG NATIONAL UNIVERSITY, ANDONG

36729, REPUBLIC OF KOREA

E-mail address: dklim@anu.ac.kr
URL: http://orcid.org/0000-0002-0928-8480

221





