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A NOTE ON A-BERNOULLI NUMBERS OF THE SECOND KIND

DAE SAN KIM, TAEKYUN KIM, JONGKYUM KWON, AND HYUNSEOK LEE

ABSTRACT. In this paper, we study the A-Bernoulli numbers of the second kind which are defined
as an integral of the A-analogue of the falling factorial sequence and express them in terms of the
A-Stirling numbers of the first kind. Then we investigate the generalized A-Bernoulli numbers of
the second kind given as a multiple integral on the unit cube and show, among other things, the
generating function of those numbers can be expressed in term of the recently introduced poly-
exponential function by Kim-Kim. Finally, we introduce the higher-order A-Bernoulli numbers of
the second kind, again given by another multiple integral on the unit cube, and show those numbers
can be given by the degenerate Stirling numbers of the second.

1. INTRODUCTION

It was Carlitz who initiated the study of degenerate versions of Bernoulli and Euler numbers and
obtained some interesting arithmetic and combinatorial properties on them. In recent years, the
present authors, their colleagues and some other people have explored various degenerate versions
of many special polynomials and numbers with their interests not only in arithmetic and combina-
torial properties but also in certain symmetric identities, differential equations, umbral calculus and
probability. They have been investigated by employing several different methods, such as generat-
ing functions, combinatorial methods, umbral calculus techniques, probability theory, p-adic anal-
ysis, differential equations, and so on. This line of studying degenerate versions is not just limited
to polynomials but also can be extended to transcendental functions like gamma functions. Indeed,
the authors studied the degenerate gamma functions and its related degenerate Laplace transforms
in [12]. Overall, we may say that studying various degenerate versions of some polynomials are
very interesting, fruitful and promising.

In this section, we will recall some necessary facts that will be used in the next section. Then,
in the next section we will introduce the A-Bernoulli numbers of the second kind, the generalized
A-Bernoulli numbers of the second kind and the higher-order A-Bernoulli numbers of the second
kind, all by means of certain integrals. We will obtain some basic results on those special numbers.

The Bernoulli numbers of the second kind are defined in Roman’s book [25] as

0 L,
log(1+1) &= ""nl’
From (1), we note that
@) /l(1+z)m ! Y b,
X=———— = — -
0 log(l141) = "n!
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By (2), we get

1 b,
3) /0 <§>dxzm, (n>0).

As is well known, the Bernoulli polynomials of order r are defined by

t r v o " ﬂ )
“) <€'—1) e —ZBn (x)n!, (see [1 —27]).

n=0

When x = 0, BE,r> = Bs,r) (0) are called the Bernoulli numbers of order r.
It is well known that

t ! -1 (k— n+1 f
©) (log(l—H)) 1+ ZB () (see [25).

From (1) and (5), we note that b, = B (1) (n>1).
For any nonzero A € R, the degenerate exponential function is defined by
(6) e () =(1 —H,t)%, e,(t) = e,ll(t) =(1 —HLt)%, (see [10,11,12]).
By using Taylor expansion, we easily get
7) A=Y (x)—'lt (see [13,14,15,16)),
n—0

where (x)g, =1, (x),2 =x(x—A)(x=21)---(x—(n—1)A), (n > 1).
Here, (x),,, are called the A-analogue of the falling factorial sequence.

For r € N, the degenerate Bernoulli polynomials of order r are defined by Carlitz as
t ' t s
®) (7) e (t)= <7) (I+A1)7T = [3 ( )
en(t)—1) (1+A1)i —1 Z *
When x =0, ﬁn(r){ = ﬁ,fr/{ (0) are called the degenerate Bernoulli numbers of order r (see [3,4]). In
particular, r =1, B, ; = ﬁrfll) are called the Carlitz’s degenerate Bernoulli numbers.

Recently, Kim-Kim introduced the poly-exponential functions which are given by
— X"

9 Eiy(x) = 2 =

©) (%) S (n—1)n’

Note that Eij(x) = e*— 1, /{irr%) e; (x) = ¢*. From (8), we note that /{imo ﬁyfri (%)= By (x), (n>0).
— -0
The Stirling numbers of the first kind are given by

(keZ), (see[l0]).

(10) (X)n = iSl(n,l)xl, (n>0), (see[l0—27]).
As the inversion formula of ( 10): the Stirling numbers of the second kind are defined as
(11) x”:Xn:Sz(n,l)(x),, (n>0), (see[5—28]).
=0
Recently, Kim introduced the degenerate Stirling numbers of the second kind defined by

(12) @or =Y SO (10), (see [13]).
k=0



A note on A-Bernoulli numbers of the second kind 189

On the other hand, the A-Stirling numbers of the first kind are given by
(13) (Vg = Y Sia(m k), (n20), (see [20]).
k=0

Note that lim S, 5 (n,k) = S5 (n,k), lim S, ; (n,k) = Sy (n,k).
A—0 A—1

The A-analogue of binomial coefficients are defined by

(14 (i)/l: (x’)1,;’,1 :x(x—k)...(nx!—(n—l)l)7 (n>1). (g)le
" C)l_o if n=—1,-2,-3,..., (see[20]).

2. A-BERNOULLI NUMBERS OF SECOND KIND

As a A-analogue of (3), we may consider the A-Bernoulli numbers of the second kind given by
the integral

bn,/l - L /x o 1 1
(15) o —/0 (n>ldX—E/0 (X)p2dx, (n>0).

From (15), we note that

(16) y: D ":Z/ () dﬂ”:/olex(t) m(em—l)-

11

Thus, by (16), we get the generating function for the A-Bernoulli numbers of the second kind to be

1 ind t"
a7 L D= Y b
log(ew))(l() ) go A
Now, we observe that
oo m | 1
(18) byp—=———(et)—1) = ——r gloslea() _q
Lt = fogler @) A0~ = Toglea) )
o (loge ()" & m
_mzl . - L Om log(ex (1))
— o Slﬂ(nam) "
_mzom‘HZSl)an) ,,Z()<mz’0 m+1 )E
On the other hand,
(19) ! (e (t)—l)fl A (1+/1t)%—1
log(ez (1)) * ~ 7 \logl + 20)
LR N NP N O P PP
—th0<3” (7 +D=8"(0) A"~
L (e -so)
:Z An+1t_
= n+1 n!’

Therefore, by comparing the coefficients on the both sides of the (18), (19), we obtain the fol-
lowing theorem.
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Theorem 1. Forn > 0, we have

n n+1 (n+1)
by, = Z Sl,x(nvm) _ B£1+1 )(%"‘1) n+1 (O)An#»l'
mh e m+1 n+1
From (5), we note that
t " Al (k— n+l kf
20 —_ B X)A >0).
A S

Thus, by (20), we get

AR = IRV PR
(1) oges 1) _k;oBk ()2 o

On the other hand, by (17), we get

t g @)-1 1t = =
= logey (1) logey (r) ex(r) — 1 Z Sl Zﬁ'“_

B ()l

Therefore, by (21) and (22), we obtain the following theorem.

Theorem 2. Forn > 0, we have

" n
AnBEzn)(l) = Z ( )ﬁm,lbn—m,l'
m=0 m
Letting A — 0 on both sides of Theorem 2, we have
i n B, [ 1, ifn=0
o \m n—m—|—1_ 0 ifn>0

Let n,k be integers withn > 0 and k > 1.

Then we consider the generalized A-Bernoulli numbers of the second kind which are defined by
the following multiple integrals on the unit cube

23) / / (x‘” xk) dxy - dx =

From (23), we note that

S
(24) b = = Z / / < x") dxy -+ dxit"
n—0 T n=0 A

// e} (t)dxydxy - - dxy.
0 0

d
(25) a_x[e-;lzh...xk — log X2 X xle...Xk (t)

=,\
Pv

Thus, by (24), we get

Thus, by (25), we have

X1 X2 X
26) e’i‘“‘”xk(t): d [ e, (¢) }

dx; [logey ™ ()
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From (26), we can derive the following equations

1 1
@7 | e on = g 1
I (e wloglex ) _ 1)
x2...xkloge;t(t)
- 1 2 (xox3--xiloge; (1)
B .XZ"'-kuOgel(t) m=1 (m_l)'m

1
=  Fi cexzl 1)).
x2---xilogey (1) i1 (w23 ++-ailogea (1)

Thus, by (24) and (27), we get

> X"
(28) Zbik;; = / / €y 1 xk(t)dX1dX2 -dxy,
n=0 :
(logel =1 m—1 —1
= Z (m 1 ’m /x” x’" . dX1 dxk
m=1 -
(loge, (1) 1 )
= Z ( ) Etk(loge,l(t)).

(m—1)!mk loge,l(t)

m=1

Therefore, we obtain the following generating function of the generalized A-Bernoulli numbers of
the second kind to be

. k) 1"
2 Ei (1 = —.
(29) loge; (1) ix(loge, (1)) r;)bn,)tn!
From (13), we note that
1
(30) il —(loge; t) ZSI 2 (n,k) k (k>0).

By (29) and (30), we get

b tl’l
Gh Y=
n=0 n

Z:: Uoges |) = i (mj_il)k l - (log(ex (1)))"

loge;L Imk =
= i ZS i i ! Sy a(n,m) o
= A k” - ]l 1 = m:()(m‘Fl)k LA n’
Now, we observe that
d d & log e;L )))"
_ ! 5 (og(ea(0)"
(14 Ax) log(es (x)) &=, " (n— D)k |
1
= Ei,_(1
(T Aloaler () -+ (leEea)
From (32), we have
1
(33) Elk(logel x) Eik,l(logek(t))dt.

(1+M)10g(€z( )



Thus, by (29) and (33), we get

= ()X o
(34) Y o= oger (o (logler(x)

n=0

1 4 1
" log (ex(x)) /o (1+ At)log(es (1) (ex(t) —1)dr.
From (34), we note that
1
(35) r;)bn,la - loge; (x) Jo (14 Af)log(ey (1)) (e(t)—1)dr

_ 1 1 A L |
B log(l—Mx)/o ;IOg(1+M)((1+MV —(L+A0)" )t

B log( l+lx /o t Z (l/l ( )))Lnrta—n!dt

o n+1 n+1 x
1 Z Bn+1 (1/)') n+1 ( )/’ll’lJrl/ "dt
log(1+4Ax) = (n+1)n! 0

= B /a) -BV0) ), Ax

_ Z n+1 X

= (n+1)2n! log(1+ Ax)
= B V(1 /2)— BV (0) = x

_ n+1 n+1 n?_ 1 (D)

B Z (n+1)2 A n!lg(’)A B (1)

n=0
: i"<z° (’") (’"+11>2( By (1/2) =B <0>)A"B£,”:m’”>(1)>),§—';.

Therefore, by comparing the coefficients on the both sides of (35), we obtain the following
theorem.

Theorem 3. Forn > 0, we have

I
22 3 (1) o B /) - 0B )

m=0

By replacing ¢ by +(e** — 1) in (29), we get
A

0 A" L
(36) E)bﬂ_ﬂw(e _1)"_;Ezk(t).

From (36), we have
o0 m

go (m+1)km!

m

A{fn
(e

At 1)”

= ibﬁkll ZSzmn)l —

n=0 m=n

(37) Z <anxam S, (m, n)>

Thus, by comparing the coefficients on the both sides of (37), we get the following equation.
Form > 0, k € N, we have

. =
= ~Eiy(1) = beﬁ

n
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1 (K) 5 n—
—(m+ I = ben,l)“n "8y (myn).

n—

3. FURTHER REMARK

As an additive version of (24), we consider the A-Bernoulli numbers of the second of order r
given by the following multiple integrals on the unit cube

(38) Zi; / / / HEE T (1) e s - dy

r— llmes

Thus, by (38), we get

(39) (W) (ealt) 1) = ¥ B4 L

From (39), we note that

1 " ror! t "1 r
“o (o) 0=V =7 (i) -0
By (12), we easily get

1 r i ™
41 ﬁ(el(t)—l) =”lzz"r52’1(m,r)%, (r>0).

From (40) and (41), we can derive the following equation.

tm

1 " r P S ) o

rl & I—r+1 &
= t_rgﬂBf " >(1)—' Zsm(mw,r)

m—+r

(=]

mlr! ™

! lr+l

—ZABI r+l l) ZSM m—l—rr)(mir)%
(2’)

—Z(§“MMﬂ

m

n

B (1)8y 0 (m 41, r)> r

n!

Thus, by (39) and (42), we get

43)
> A(r) ﬁ - 1 n—m r’:z) (" —m—r+1) i
T~ -1 = B (£ e s ) £

Therefore, by comparing the coefficients on both sides of (43), we obtain the following theorem.

Theorem 4. Forn >0, r € N, we have
)
m

n
B = Y anm o B (1), (m ).

m=0 m
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Note that
oo - tn r 1 r t r
44 A"BUTT ()= = = H-1) ———
@4 EO (D log(1+ loge;L(t) (ea()—1) e (1) —1

S 2 G- E (% (1)e) 5

Therefore, by comparing the coefficients on both sides of (44), we obtain the following theorem.

('t

(ot
L

Theorem 5. For integers n,r, withn >0, r > 1, we have

(45) )Lntlrthl)(l) = Z (7) Z;l(rl)n 11(1)1,1'

1=0
4. CONCLUSION

As an A-analogue of the Bernoulli numbers of the second kind and motivated by an integral
representation of the generating function of those numbers, we introduced the A -Bernoulli numbers
of the second kind. Among other things, we expressed the A-Bernoulli numbers of the second kind
in terms of the A-Stirling numbers of the first kind. Then, as a generalization of the A-Bernoulli
numbers of the second kind, we introduced the generalized A-Bernoulli numbers of the second kind
as a multiple integral on the unit cube. We observed that the generating function of those numbers
can be expressed in terms of poly-exponential function and also of an iterated integral. Again, we
showed that the generalized A-Bernoulli numbers of the second kind can be expressed in terms of
the A-Stirling numbers of the first kind. Finally, we introduced the high-order A-Bernoulli numbers
of the second kind, as an additive version of the generalized A-Bernoulli numbers of the second
kind and by anther multiple integral on the unit cube. Then we obtained an expression of those
numbers which involves the degenerate Stirling numbers of the second.

We would like to continue to study various degenrate versions of many special numbers and
polynomais as one of research projects and to find possible applications in other disciplines like
physics, science and engineering.
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