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A NOVEL KIND OF HERMITE BASED FROBENIUS TYPE EULERIAN
POLYNOMIALS

WASEEM AHMAD KHAN, KOTTAKKARAN SOOPPY NISAR, MEHMET ACIKGOZ, AND UGUR DURAN

ABSTRACT. We introduce a new kind of extended Hermite-based Frobenius type Eulerian polynomials and
then derive diverse explicit and implicit summation equations including some symmetric formulas by utilizing
series manupulation method. Multifarious summation formulas and identities given earlier for some well
known polynomials such as Eulerian polynomials and Frobenius type Eulerian polynomials are generalized.

1. INTRODUCTION

Special polynomials including the reputed Bernoulli, Hermite and Euler polynomials and also their gener-
alizations with many applications have been investigated extensively and studied by many mathematicians
and also physicists, ¢f. [1-19]. For instance, Carlitz [2, 3] introduced and investigated the Eulerian polyno-
mials and higher order Eulerian polynomials, which are closely related with the Euler and Bernoulli numbers
and polynomials. Choi et al. [4] gave some formulae for the Frobenius-Euler numbers and polynomials via
the fermionic p-adic integral methods. Dattoli et al. [5] defined new forms of Bernoulli and Euler numbers
and polynomials by applying the series manipulation method, which are exploited to get further classes of
partial sums including generalized many index many variable polynomials. Khan [6] researched and acquired
some behaviors of the extended Apostol type Hermite-based polynomials. Kim et al. [7, 8] derived several
relations for the Eulerian polynomials in connection with Bernoulli, Euler, tangent and Genocchi numbers.
Kim et al. [9] provided a lot of new identities for the Frobenius-Euler polynomials and numbers. Kurt et al.
[10, 11] derived several new formulas for the Frobenius-Euler numbers and polynomials including generalized
Hurwitz-Lerch zeta function at negative integers, some of which are generalizations of known Carlitz’s results.
Pathan et al. [12-15] studied and investigated multifarious symmetric identities and summation formulas
for the some extended Hermite based polynomials covering Hermite-based Apostol Bernoulli polynomials,
Hermite-based Apostol Euler polynomials, Hermite-based Apostol Genocchi polynomials. Srivastava [16]
investigated various general families of hypergeometric polynomials and their associated single-, double-,
and triple-integral representations of the Eulerian and other types, which are related to the Laguerre, Ja-
cobi, Bessel and Hermite polynomials. Srivastava et al. proved some explicit identities associated with the
Frobenius-type Eulerian polynomials in view of the generalized Stirling numbers of the second kind and de-
rive an explicit formula for the tangent numbers of higher order. Simsek [19] constructed novel exponential
generating functions for extended Eulerian type polynomials and numbers in order to provide a novel ap-
proach to derive relationships involving recurrence relations and multiplication identities for these numbers
and polynomials by using the differential and functional equations.

The Hermite Kampé de Fériet polynomials (2VHKAFP) H,(z,y) with two parameters, ¢f. [1, 5], are
defined as

n
53 r..n—2r

Ha(z,y)=ny 25 (1.1)

o rl(n —2r)l
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It is readily seen by (1.1) that
1
H,(2z,-1) = H,(z) and Hy(z, 75) = Hey, (),
where H,(z) and He,(x) are known as ordinary Hermite polynomials. Also, we have
Hy(2,0) =

The exponential generating function of the Hermite Kampé de Fériet polynomials of two parameters is given
by (see [6, 12-15]):

2 > tn
ety _ Z H"(x’y)ﬂ' (1.2)

The Frobenius type Eulerian polynomials AS{I)(

x
exponential generating function as follows (see [2,

1-x \° o t
(et()\—l) _ /\) ZA( (@5 0) —, (1.3)

where A is a complex number with A # 1. The corresponding numbers A,(;’) of the Frobenius-type Eulerian
polynomials are computed by

;A) of order @ € C are defined by means of the following
3,7,8,9, 18)):

AP () = AP (03 N)

which are called the Frobenius type Eulerian numbers (see [2, 3]). Clearly, we have

A (g3 )) = i (:1) A (A)zm™, (1.4)

m=0
The classical Eulerian polynomials A,,(\) given by
An(N) = AD(0; 1),

are defined by the following generating function:

n

1-X > t
ooy = Z An()\)a, (1.5)
n=0

and can be computed inductively as follows:

m

n—1
Ap(N) =Tand 4,(N) = > (”)Am(A)(A —mmhn > 1.
m=0
These numbers play a significant role in combinatorial and number theory. Many authors investigated
the Frobenius type Eulerian polynomials (see [4, 10, 11, 16, 19]). An application to the normal ordering of
expressions involving bosonic annihilation and creation operators in [9].

The Apostol type Bernoulli polynomials B,(za) (z;\) of order «, the Apostol type Euler polynomials

ET(LO‘)(I; A) of order a and the Apostol type Genocchi polynomials G,(f‘)(x; A) of order a are defined by
means of the following generating function (see [6, 12-15]):

<A - 1) ZB(“) z; )\ , |t +1log)| < 27, 1% =1, (1.6)
of

2
= (a) o _
(/\et—&—l) E E (z; )\ , |t+logAl <7, 1 1, (1.7)

2 (o3 «
()\et+1> ZG():E)\ , [t4+logA <7, 1% =1 (1.8)
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Clearly, we have
BN = BIP(0:2), B () = B (030), G () = G (05 ).
Pathan and Khan [13] introduced the generalized Hermite-Bernoulli polynomials of two variables uB® (z,v)

defined by
t “ ctyt? — (a) "
(etfl) € Y 7712=:OHB71 (xvy)mv (19)

which is clearly a extension of Bernoulli polynomials, Bernoulli numbers, usual Hermite polynomials. For
a =1, we get the Hermite-Bernoulli polynomials g B, (z,y) considered by Dattoli et al [5, p.386(1.6)] in the

form
t % 2

The Stirling numbers of the second kind is defined via the following generating function (see [16, 19]):

(et —1)" =n! ZSz(l,n)E, (1.11)
l=n
and its first kind is given by
(@) =2(z—-1)---(x —n+1) ZSI (I,n)x (1.12)

The reminder of the paper is organized as follows. We give a brief review of Hermite-based Frobenius type

Eulerian polynomials HAq(’La)(‘r, y; A) and their properties. Several general symmetry identities and implicit
summation formulae are acquired by utilizing different analytical means and applying series manipilation
method.

2. HERMITE-BASED FROBENIUS TYPE EULERIAN POLYNOMIALS HASf‘)(:Jc,y; A)

In this section, we firstly introduce Hermite-based Frobenius type Eulerian polynomials (HbFtEp) HA%O‘) (z,y; \)
and explicit formula for the Frobenius type Eulerian polynomials and investigate its properties. Now we
start at the following definition.

Definition 2.1. For A € C, the generalized Hermite-based Frobenius type Eulerian polynomials HASX) (z,y; \)
of order « are defined by means of the following generating function:

-2\ e = 4w m
oD — ) € = Z mAy (z,y; /\)g (2.1)
n=0 °

When z =y =01in (2.1), HAﬁLa)(O, 0; ) = Agf‘)()\) are called the n'* Frobenius type Eulerian numbers of
order o.

For =0 in (2.1), we get

n]

!
2AD (0,43 )) Z AS gy — (2.2)

n—2m (n —2m)!

Theorem 2.1. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
; (e) .. .
mials g Ap " (z,y;; ) of order « holds true:

A=) g AP (A= Da, (A= 1)’m;0) = g B (2,3 0). (2.3)
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Proof. Consider the generating function (2.1), we have

gAY (A =Dz, (A —1)%50) ¢ 12\ 2 tn
s ) — wt+yt —
Z% nl 1) (e‘—A) ¢ ZHE (@9 075

where HE( ) (z,y; A) is called the Hermite-based Frobenius-Euler polynomials, which is defined by Pathan
and Khan [15] and comparing the coefficients of ¢", we arrive at the required result (2.3).

Theorem 2.2. The following series representation for the Hermite-based Frobenius type Eulerian polyno-
; (a) .. .
mials g Ap "’ (x,y;; ) of order « holds true:

n AR (@0 = Y (Z) AL (N H(2,y). (24)

m=0

Proof. Using equation (1.2) and (1.5) in the left hand side of equation (2.1) and then applying the Cauchy

product rule and equating the coefficients of same powers of ¢ in both sides of resultant equation, we get
representation (2.4).

Theorem 2.3. The following summation formulas for the Hermite-based Frobenius type Eulerian polyno-
; (e) .. .
mials g Ay (x,y;; ) of order « holds true:

HAPT (@ +w,y +uA) = ( ) AR (w,w; N AR, (2,43 0) (2.5)

m=0

and

M:

WA (@ 2y \) = (m> AD (N Hon(y, 2). (2.6)

0

3
Il

Proof. Applying Definition (2.1), we have

> A+ o LA\ e
T > . s A 4w w2
ZOHA" @tz tw )\)n! (et(A—l) _)\) € Y
n—
= ZHA (z,y; A Z /5) (u, w; )\)
n=0 m=0
-5 )HAm,w;»HAgazm(x,y;A)_,.
n=0m=0 m n:

Now equating the coefficients of the like powers of ¢ in the above equation, we get the result (2.5). By
utilizing the same proof method above, the Eq. (2.6) can be shown.

Theorem 2.4. The following recursive formulas for the Hermite-based Frobenius type Eulerian polynomials
of order « holds true:

AL (x,y; )
ox

Proof. The proof follows from (2.3). So we omit them.

A (x,y;\)

=ny ALY, (2,y; \) and 3

n(n = 1) g A, (2, ; \). (2.7)

Theorem 2.5. The following relation for the Hermite-based Frobenius type Eulerian polynomials HAgf‘) (z,y5;A)
of order « holds true:

e[ . LS SR C Sl Vi
(21 1)};<m>Ak($,)\)HAn—k()\_lvv()\_l)zyl A) ok
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T+y)A A2 A—1)"
:AHAMm+%zM)—u—AMAn((A_i,QA_Dﬁ1_A Ao (2.8)
Proof. We set
2X -1 B 1 1 00
(et()\—l) _ )\)(et()\—l) _ (1 _ )\)) T et -1) oy - et(A—=1) _ (1 _ )\)' ( ' )

From the equation (2.9), we see that

oy ) (L Ve (L= (L X)) (1= vttt et
(2A - )(et(/\—l) —N)(etO=D = (1= )1)) - etO=1) _ )
(1= N)ertEE e (1 - (1- )
0D —(1- ) ’
and then
oy (LNt (1 @ e T IR g ety
A= D =y e (1)) R
S (O (L (1)

—(1=X)

t(A—1) )
A

—(1=2)

which on using equations (1.5) and (2.1) in both sides, we have

A2 A—1)nn
(2)\—1 (kZOAk x; )\ k') (ZH n <T,ﬁm;1—)\> %E)

(z+y) A A2 A—1)n¢n
_AEZHA x+%7A E:HA ( ’(Afnml_k ATl

n=0

Applying the Cauchy product rule in the above equatlon and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.8) follows.

Theorem 2.6. The following relation for the Hermite-based Frobenius-type Eulerian polynomials HA%Q) (z,y; \)
of order « holds true:

" /n
e ) = 35 (1 N MO () 00, (210)
Proof. Consider the following identity

A _ 1 1
(et()\—l) _ /\)et()\—l) - (et()\—l) -\ T et-D)”

(2.11)

Evaluating the following fraction using identity (2.11), we find

)\(1 _ )\)ewt+yt2 (1 _ )\)ewt—#ytz (1 _ /\)ext+yt2
(e!O=1) = \)et—T) = (etO=D) =) - (-1
n= k=0 n=:

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers
of t in both sides of the resultant equation, assertion (2.10) follows.
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Theorem 2.7. The following relation for the Hermite-based Frobenius-type Eulerian polynomials g A" (z,y; \)
of order « holds true:

WA (2,4 AZ( ) [Anr AL (@ = 0253) = AN A )] 212)

Proof. Consider generating function (2.1), we have

" 1-\ et _ ) T2 \" Loy
4 xt+yt
Z (@93 n! (et(**l) - /\) ( 1-X ) (et(**l) - /\> ¢

_ 1 1—,\ S (1= aemt+yt27)\ 1-A LA\ e
11—\ et(A=1) _ )\ et(A=1) _ et(A=1) _ )\ et(A=1) _ )\

1 = " o . "
= i—x [ZAn(A)EZHAé )(()‘ JERTDN )\ZA ZHA( )(x y’)\)k':|

n=0 " k=0 T k=0

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.12) follows.

Theorem 2.8. For 0 <n € N and p, ¢ € R, the following formula for HA,(ID‘)(m,y; A) holds true:

Ak

A 0 3) = 35 A, 5 ) R e T IT ot

k=0 j=0

(2.13)
Proof. Rewrite the generating function (2.1), we have

tn 1-X « 2 2
(a) s AN ztyt? (p—1)zt (g—1)yt
IanOHA (pz, qy,/\) - (e(’\ 57 )\) erttyt” o(p ela—1y

= <Z HA(LY) (z,y; A —|> <Z((p _ 1)$)k’;€_‘) (Z((q _ 1)y)jg)

!
i=0 J

> n > k+2j
- (Z Ay A%) (Z > (= 12)*((a - 1)y)ﬂfm) :
n=0 ° : R

replacing k by k — 27 in above equation, then

[eS] n oo b
I = (ZM (@, w)%) (Z((pnm)k-”((ql)y)f(ktW)

n=0
> X2 (@) y . tntk
= A (z,y; M) ((p— D) (¢ — 1)y —————.
D L LR i
Again replacing n by n — k in the above equation, we have
_ — (a) _ k—2j o j "

Finally, equating the coefficients of " on both sides, we acquire the result (2.13).

Theorem 2.9. For n € N, p,q € R and z,y € C, then we have

w A (pr, gy ) =) (LLL)HA&Q)JC(:E v N Hi((p = D, (g = 1)y). (2.14)
k=0
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3. SUMMATION FORMULAE FOR HERMITE-BASED APOSTOL TYPE FROBENIUS-EULER POLYNOMIALS

In this section, we provide implicit formulae, the Stirling numbers of the second kind and some rela-
tionships for Hermite-based Frobenius type Eulerian polynomials of order « associated with Apostol type
Bernoulli, Genocchi and Euler polynomials. We now begin with the theorem given below.

Theorem 3.1. The following summation equality for Hermite-based Frobenius type Eulerian polynomials
() . .
Ay (z,y; \) of order « holds true:

A = S (1) (D)= mual i (3.1)

m n
n,m=0

Proof. We replace ¢ by ¢ + w and rewrite the generating function (2.1) as

1-A “ w)? —z(t+w -
<W> ey(ttw)” _ g—a(ttw) Z HA,Hl(yr Y; /\)k' ik (see [6, 14, 15]). (3.2)
k,=0
Changing = by z in the equality above and then equating the resulting equation, we attain
. w > a th w! > tk w!
TN A @y NG T = D m A N T (3.3)
k,1=0 k,l=0
On expanding exponential function (3.3) yields
z—z)(t+w th > a th w!
> Lt S A Vg = 3 wA eV 34)
k,1=0 : k,1=0 o
which on applying formula [17,p.52(2)]
Zf m’Ly Z fotm)S (3.5)
n,m=0
in the left hand side becomes
2 (2= z) ™ & tF w! > () tF w!
Z T Z HAkH( s Ys /\)k' I = Z HAk}H(%y;)‘)HW' (36)
n,m=0 kyl=0 kyl=0
Here replacing & by k —n, and [ by [ — m in the left hand side of (3.6), we obtain
> k ! i -
(z —2) (a) t w _ (a) Ww
Z Z ol HA;CH nem (@, ya)\)mm = Z HA;CH(Z»?/’ )\)ET' (3.7)
k,1=0 n,m=0 ' ' k,l=0 s

Lastly on comparing the coefficients of the like powers of ¢t and w in the equation above, we derive the desired
result.

Corollary 3.1. The following summation formula for Hermite-based Frobenius type Eulerian polynomials
HA;a)(m,y; A) of order « holds true:

HAP (zy ) = 3 (k) (== 2)"u AL, (2,5 V). (3.8)

n
n=0
Remark 3.1. Substituting z by z+ 2 and choosing y = 0 in Theorem (3.1), we obtain the following formula
involving Hermite-based Frobenius type Eulerian polynomials HA»SLQ)(I', y; A) of one variable

k,l
. l kN pam o
A o) = Y ( )(> g A (@), (3.9)

m n
n,m=0
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while by taking z = 0 in Theorem 3.1, we then acquire another formula involving Hermite-based Frobenius
type Eulerian polynomials HA%Q) (z,y; A) of one and two variables

k,l
o . k l a ntm
wAlhin = S (7) () rAS e (310)

n
n,m=0

Theorem 3.2. The following summation identity for Hermite-based Frobenius type Eulerian polynomials
(e) . .
Ay (z,y; \) of order « holds true:

HACTD (3 \) = i ( ) N g A (2, y; A). (3.11)

m=0

Proof. From (2.1), we have

1-A 1-A ta+t2 1-A S @ e
SOt ), (eﬂ—l)t - A) e = oy > uAR (z,y; o
m=0
1-\ a+1 gt 1-\ [e%) pm
[ z - -~ () . v
(e(*—l)t - /\) e = eO=1t _ ) ZOHAm (@93 )\)m!
= S AW S A y
n=0 n! m=0 oy m!

Now changing n by n — m and comparing the coefficients of t” leads to formula (3.11).

Theorem 3.3. The following summation formulae for Hermite-based Frobenius type Eulerian polynomials
HA%a)(l’,y; M) of order « holds true:

g A (2 +1,y; A Z( ) A( ) ,Y; N). (3.12).
k=0

Proof. Using definition (2.1), we have

- a . 8 1-A ° ct4yt? t
ZOHASL)(I+LZU,)\)E:<7e(/\_1>t A) et

S 4@ FY S ) 5o (™) 4@
= | 2w A @y g | (2 ) =2 () r AT @y
k=0 n=0
Lastly, comparing the coefficients of the like powers of t", we get (3.12).
Theorem 3.4. The following relation
n 7 -
wd e =3 (7 )Z( VR 8208 (= 17 Hy (o) (313)

7=0 =0

holds true.



A novel kind of Hermite based Frobenius type Eulerian polynomials 559

Proof. In view of (2.1), we get

= t" 1-x \° 2 2 etO= 1\
() N L A wttyt? _ _wttyt e -1
ZHAn (x’y’)\)n!_(et(/\—l)_)\> e = ettty <1+ X )
oo otA=1) _
S (S e
k=0

« nt
:k_()(k)l— kZSZTLk —'<= '>
Z( ( ~1)* Sy(n. k) (A~ 1) "“) L (ZHnm,y)%)

=0

n=0

(Zn: < ) ICZ(:)( k ) kI (—1)" Sa(d. k) (A —1)77F Hnj(x,y)) —

On comparing the coefficients of %, in both sides, we get (3.13).

Theorem 3.5. The following formula holds true:

dAP @) =33 ( ) (O‘ A )k!Sg(j, kYA =177 Hy_(2,y) (3.14)

7=0 k=0

Proof. By using generating function (2.1), we have

> t" 1-x \° 2 =D 1\ 2
() V) — wttyt? zt+yt
TLZ HATL (I7y7)‘) n! (€t<)‘_1) — A) € (1 + 71 Y ) €

Er () (55 (B et

(a+:* ) _1kZS2nk A-1D" = L2 (ZH,A%Z})%)

n=0

0 <kz":O (a +]1: - 1) K1So(n, k) (A — 1)"—k> % (; Hn(x’y)@

t”18

k

Il
o

ol

n

\\P”ﬂé%

which completes the proof.
Theorem 3.6. The following relation between the Hermite-based Frobenius type Eulerian polynomials

HA;C“)(Q', y; A) and Apostol type Bernoulli polynomials B, (x; A) holds true:

n+1 (
HA%Q)(QT7:U;)\) _ Z < Zl)% ()\Z ( )Bk (3 X) — By(z; )\)) . (3.15)

k=0

Proof. Consider generating function (2.1), we have

ad t"_ 1-X N\ e t Ael —1
Z_: (2,534 nl (et(**l) —A) ¢ et —1 t
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= (A mAR 0,505 > Be(m N5 > = — > u AN 0,430 = Y Br(w A) = | - 1
n ( n=0H n ( » Y5 )n| it k(xr )k' < 7l n=0H n ( s Y5 )TL' P k(xv )]{," (3 6)

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.16), assertion (3.15)
follows.

Theorem 3.7. The following relation between the Hermite-based Frobenius type Eulerian polynomials
HA%“)(ar,y; A) and Apostol type Euler polynomials E,,(z; \) holds true:

A (g, s \) = i (k)m (,\Z ( )Ek (25 ) + Bl A)) (3.17)

k=0

Proof. Consider generating function (2.1), we have

tn T=A N\ e [ 2 Al +1
ZHA @y N5 = <et()\—1)7)\> S v, 2
1 > " & tk
=3 (AZHA;@(O, y; A ZEk Y ) Z + ZHA(“) (0, y; )EZE;C(.I; /\)E> : (3.18)
n=0 " k=0 :

On comparing the coefficients of same powers of t after using Cauchy product rule in (3.18), the desired
result (3.17) follows.

Theorem 3.8. The following relation between the Hermite-based Frobenius type Eulerian polynomials
HA%Q)(a:,y; A) and Apostol type Genocchi polynomials G (;v /\) holds true:

n+1

k=0

Proof. Consider generating function (2.1), we have

"_ L=X N\ e (2 Aet +1
ZHA TV A = (e‘(*—l) —A) ¢ et +1 2%
1 — (e " & Pt e () " & tk
=5 Az;)HAn 0.3 0) > Gi(x; A)EX%H+2%HA,L 0,450 > Grlwi M) | -
n= k=0 r= n=| k=0

On equating the coefficients of same powers of ¢ after using Cauchy product rule in above equation, we get

(3.19).

4. IDENTITIES FOR HERMITE-BASED FROBENIUS TYPE EULERIAN POLYNOMIALS

In this part, we give general symmetry relations for the Hermite-based Frobenius type Eulerian polynomials
HA%a)(x,y; A) and extended Frobenius type Eulerian polynomials A,({l)(:zc; M) by using the generating func-
tions (1.5) and (2.1).

Theorem 4.1. Let a,b,> 0 with a # b and z,y € R. For n > 0, the following identity holds true

n

3 (’;) ban* A, (b, By N AL (az, ay; N)

k=0

= Z (Z) akb"_kHAsf‘_)k(am,fy; )\)HAI(,CQ)(ba?, bzy; A) (4.1)
k=0
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Proof. Let

(1 B A)Q “ abzt+a’b?yt?
Alt) = <(e(x\—l)at _ )\)(e()\—l)bt -\ € e (4.2)

The formula A(t) is symmetric in b and a, we then obtain

- at)™ > a bt k
A0 = 32 Al oy ) S Al et 0
—0 =
.- - N\ k n—k (a) 2 (@) 9 tn
- Z (Z (k)b a" Ay (bx, bRy N Ay (ax, a”y; )\)) —
n=0 \k=0 !

Analogously, we can derive

Al =) n AR
n=0

akpn—k 4@ 2 () (b 2 e

—Z Z( ) " RA Y (ax, afy; N g By (be, bRy A) o

On comparing the coefﬁments of t" on the last two equations, we attain the desired result (4.1).

(at)®
A

bt)" o
)(n? 3 A (b, by 0)
k=0

Remark 4.1. For a = 1 in Theorem 4.1,, the result reduces to

Z( )bk kg Ak (b, bPy; N g Ay (az, a®y; N)

k=0

:Z< ) ao" kA, _r(ax, a®y; ) g A (b, bPy; N). (4.3)
k=0

Theorem 4.2. Let a,b,> 0 with a # b and x,y € R. For n > 0, the following identity holds true

n b—1a—1
= Z (:) (—)\)iﬂ'b"*kakHAS“_),c (az + %i + 7,62z )\) A,(f)(by; A). (4.4)
k=0 i=0 j=0
Proof. Consider the identity
B(t) (1 — /\)2 ° 1+ ’\(71)@+1eabt eab(cH»y)t+a.2b2zt2
(e(A—l)at — N)(e=Det —}) (Aeat +1)(Ae +1)
_ “ eabzt-f—azbzzt2 1- A(_eibt)a 1-A “ eabyt 1- )\(_e—at)b
e(A l)at by Aebt + 1 e(A=1)bt _ ) deat + 1
a a—1
_ abzt+a’b? zt? i bti 1- ab t at
= ( G—Dat _ )\) ¢ Z(_A) ¢ < o= l)bt ) Y Z N)etd
i=0
2 aif bii(*’\)iﬂ. (bz+Litj)at Z A(a)( ‘A (bt)*
e(A Tat _ ) € e k \ay; T
i=0 j=0 k=0
then

a—1b—1 n o )

N . b (at) (bt)*
_E:E:E: APt A(@) 2. 2:411 .
JH n (bil? az .77b Z,)\) ~ k(ay7 A) (k)'

n=0i=0 j=0
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oo n a—1b-—1
o . b N tn
-y ’;) SN anRE A, <bw =i, )\) A (ays N) . (4.7)
n=0 k=0 i=0 j=0 a w
On the other hand, we have
oo n b—1a—1
L n
Bt)=>%" (Z) SN (N A, (a:r + %z +j,a%z )\) AL (by; N (4.8)
n=0 k=0 i=0 j= :

Comparing the coefficients ¢™ on the last two equations, we investigate the asserted result (4.4).
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