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ON GRADED COPRIMELY PACKED MODULES

KHALDOUN AL-ZOUBI* AND JAN PASEKA

ABSTRACT. Let G be a group with identity e. Let R be a G-graded
commutative ring and M a graded R-module. In this paper, we intro-
duce the concept of graded coprimely packed modules and we give a
number of results concerning such graded modules. In fact, our objec-
tive is to investigate graded coprimely packed modules and examine in
particular when graded R-modules are graded coprimely packed. For
example, we give a characterization of graded coprimely packed mod-
ules. Also, the relations between graded coprimely packed modules and
graded compactly packed modules are studied.

1. INTRODUCTION

The scope of this paper is devoted to the theory of graded modules over
graded commutative rings. One use of rings and modules with gradings is
in describing certain topics in algebraic geometry. Here, in particular, we
are dealing with graded coprimely packed submodules.

Recently, Uregen, Tekir and Oral in [24] studied graded compactly packed
rings and graded coprimely packed rings. We generalize their approach in-
troducing and studying the concept of graded coprimely packed submodules.

Our article is organized as follows.

In Section 2 we recall important notions which will be used throughout
the paper. In Section 3 we give a definition and a characterization of graded
coprimely packed modules (see Theorem 3.2). We also study the behaviour
of graded coprimely packed modules under graded homomorphisms. In Sec-
tion 4 we establish sufficient conditions for being a graded coprimely packed
module.

2. PRELIMINARIES

Convention. Throughout this paper all rings are commutative with
identity and all modules are unitary.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [14], [18], [19] and [20] for these basic
properties and more information on graded rings and modules.

Let G be a multiplicative group and e denote the identity element of G.
A ring R is called a graded ring (or G-graded ring) if there exist additive
subgroups R, of R indexed by the elements g € G such that R = ®©yeq Ry
and RyRy, C Ry, for all g,k € G. The elements of R, are called homogeneous
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of degree g and all the homogeneous elements are denoted by h(R), i.e
h(R) = UgegRy. If € R, then z can be written uniquely as Yjeqzy, where
x4 is called a homogeneous component of x in Ry.
Let R = GBGRg be a G-graded ring. An ideal I of R is said to be a graded
ge

idealif I = @gegfg where I, = INR, for all g € G. If I is a graded ideal of R,
then the quotient ring R/I is a G-graded ring. Indeed, R/I = & (R/I),
gelG ’

where (R/I)g ={x +1:x € Ry}.

A right R-module M is said to be a graded R-module (or G-graded R-
module) if there exists a family of additive subgroups {Mj}seq of M such
that M = ©geqMy and MyRy, C My, for all g,k € G. Also if an element of
M belongs to UgegMy = h(M) then it is called homogeneous.

Let M = €B My, be a graded R-module. A submodule N of M is said to

be a graded submodule if N = ®geagNy where Ny = NN M, for all g € G.
In this case, Ny is called the g-component of N. Moreover M /N becomes a
G-graded R-module with g-component (M/N)g := (Mg + N)/N for g € G.

We will also use the well known fact (see [12]) that if N, Ny, Ny are graded
submodules of a graded R-module M such that N C Ny UN,, then N C Ny
or N C Ns.

We call a graded R-module M graded semisimple if every graded submod-
ule N of M is a direct summand such that M = N ¢ P for some graded
submodule P of M. M is called faithful in case ({0} :p M) = {0}.

Graded prime ideals in a commutative graded ring have been introduced
and studied in [22,24]. A proper graded ideal P of R is said to be a graded
prime ideal of R if whenever r,s € h(R) with rs € P, then either r € P or
s € P. Also the finite union of graded prime ideals was studied in [24].

Similarly, graded prime submodules of graded modules over a graded
commutative rings have been introduced and studied in [1-5,7-9,12,21]. A
proper graded submodule N of a graded module M over a G-graded ring R
is said to be a graded prime submodule if whenever r € h(R) and m € h(M)
with rm € N, then either r € (N :g M) or m € N. Recall that the finite
union of graded prime submodules was studied in [12].

The graded radical of a graded submodule N of a graded module M, de-
noted by Gry(N), is defined to be the intersection of all graded prime
submodules of M containing N. If N is not contained in any graded prime
submodule of M then Gry(N) = M, (see [8]). Recall that a graded module
M is graded semisimple if and only if Gry (M) = {0}.

A graded submodule N of a graded R-module M is said to be graded
maximal if N # M and if there is a graded submodule K of M such that N C
K C M, then N = K or K = M. The set of all graded maximal submodules
of M is denoted by G-Maz(M). In any graded multiplication module, every
graded submodule is contained in a graded maximal submodule, (see [21]).

We call a graded R-module M graded semilocal if it has only finitely many
graded maximal submodules.

Graded multiplication modules (gr-multiplication modules) over a com-
mutative graded rings have been introduced and studied in [4,6,10,11,15-17,
25]. A graded R-module M over G-graded ring R is said to be graded mul-
tiplication module (gr-multiplication module) if for every graded submodule
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N of M there exists a graded ideal I of R such that N = IM. It is clear
that M is gr-multiplication R- module if and only if N = (N :p M)M for
every graded submodule N of M.

The concept of graded compactly packed modules was introduced by
Farzalipour and Ghiasvand in [12]. A proper graded submodule N of a
graded R-module M is said to be graded compactly packed by graded prime
submodules if for each family {Ny}aen of graded prime submodules of M
such that N C |J Ny, we have that N C Ng for some 3 € A.

aE

A graded module M over a G-graded ring R is called graded compactly

packed by graded prime submodules if every graded submodule of M is a

graded compactly packed submodule by graded prime submodules.

3. CHARACTERIZATION OF GRADED COPRIMELY PACKED MODULES

In [24], the concept of a graded coprimely packed ring was introduced. A
proper graded ideal I of a G-graded ring R is said to be a graded coprimely
packed ideal if whenever I C |J P, where P, is a graded prime ideal of R

[ISVAN
for each o € A, then there exists 3 € A such that I + P3 # R. A G-graded
ring R is called a graded coprimely packed ring if every proper graded ideal
of R is a graded coprimely packed ideal.

In what follows we will generalize this concept to the concept of a graded
coprimely packed module and give a number of its properties.

Definition 3.1. Let R be a G-graded ring and M a graded R-module. A
proper graded submodule N of M is said to be a graded coprimely packed

submodule if whenever N C |J N, where N, is a graded prime submodule
aEN
of M for each o € A, then there exists 5 € A such that N + Ng # M.

A graded R-module M is called a graded coprimely packed module if every
proper graded submodule of M is a graded coprimely packed submodule.

The next theorem gives a characterization of being a graded coprimely
packed module in terms of graded maximal submodules.

Theorem 3.2. Let R be a G-graded ring and M a gr-multiplication R-
module. Then the following statements are equivalent:

(i) M is a graded coprimely packed module.
(i1) If N is a proper graded submodule of M and {K,}aen is a family of
graded mazimal submodules of M such that N C |J K, then N C Kpg
[eSYAN

for some € A.

Proof. (i) = (ii) : Suppose that M is a graded coprimely packed module.

Let N C |J K, where N is a proper graded submodule of M and K, is
aEN
a graded maximal submodule of M for each o« € A. Then K, is a graded

prime submodule by [8, Proposition 2.4]. As M is a graded coprimely packed
module, it follows that there exists 5 € A such that NV 4+ Kz # M. Since
Kpg is a graded maximal submodule and Kz C N + Kg we obtain that
N + Kg = Kg. It follows that N C Kg.
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(#4) = (i) : Let N be a proper graded submodule of M and {Ny}aea
be a family of graded prime submodules of M such that N + N, = M for
all « € A. Since M is a gr-multiplication module, for any o € A, there
exists a graded maximal submodule K, that contains N,. This yields that

N + K, = M for all a € A. By our assumption we get N ¢ |J K, and
aEN

hence N ¢ |J N,. Therefore N is a graded coprimely packed submodule
acA

of M. O

Note that the condition (ii) of Theorem 3.2 was introduced in the non-
graded case in [13, Definition 4.3] for an R-module M under the name maz-
imal compactly packed module.

Let R be a G-graded ring and M, M’ graded R-modules. Let ¢ : M — M’
be an R-module homomorphism. Then ¢ is said to be a graded homomor-
phism if (My) € M, for all g € G, (see [18]). The category of graded
R-modules possesses direct sums, products injective and projective limits.
A graded homomorphism that is an injective function will be referred to sim-
ply as a monomorphism and a graded homomorphism that is a surjective
function will be called an epimorphism. If ¢ : M — M’ is an epimorphism,
then M’ is said to be a graded homomorphic image of M.

In what follows we show that a graded homomorphic image of a graded
coprimely packed module is again graded coprimely packed.

Theorem 3.3. Let R be a G-graded ring and M, M’ be two graded R-
modules and ¢ : M — M’ be a graded epimorphism. If M is a graded
coprimely packed module, then so is M’.

Proof. Assume that M is a graded coprimely packed module. Let N’ be
a proper graded submodule of M’ and let {N/}sea be a family of graded

prime submodules of M’ such that N’ C |J N/. By [3, Lemma 2.4] or
aeN

by a straightforward calculation, we have that p~!(N/) is a graded prime
submodule of M for each a € A.

Using the fact that ¢ is a graded epimorphism, we have o '(N’) C
e (U N = U ¢ 1(N)). Since M is a graded coprimely packed mod-

aEN aEN

ule, o~ 1(N") + ¢~ 1(Nj) # M for some § € A. Suppose that N’ + Nj = M’
and let m' € h(M'). Hence there exist n’ € N'Nh(M’) and t' € NyNh(M')
such that m’ = n’ ++t'. Using again the fact that ¢ is a graded epimorphism,
there exist m,n,t € h(M) such that p(m) = m/, p(n) = n' and ¢(t) = t'.
This yields that n € o~ (N') and ¢ € cp_l(Né). Since p(m) = p(n+t) it fol-
lows that m—(n+t) € Keryp = ¢~ 1({0}) C <p‘1(N[’3). Thus m—n € ¢~ (Nj)
and hence m € ¢~ (N') + ¢~ 1(N}). This implies M = ' (N') + ¢~ (N})
which is a contradiction, thus N’ + Nj # M'. Therefore M’ is a graded
coprimely packed module. O

Similarly, the property of being a graded prime submodule is preserved
under graded homomorphic images.
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Lemma 3.4. Let R be a G-graded ring and M, M’ be two graded R-modules
and o : M — M’ be a graded epimorphism. If P is a graded prime submodule
of M such that Keryp C P, then p(P) is a graded prime submodule of M’'.

Proof. Assume that P is a graded prime submodule of M. Let s € h(R)
and y € h(M’) such that sy € o(P) and y ¢ ¢(P). Since sy € p(P),
there exists n € P N h(M) such that ¢(n) = sy. Since y € h(M') and
¢ is an epimorphism, there exists z € h(M) such that p(z) = y. Hence
¢(n) = sp(x) this implies p(n — sz) = 0. Thus n — sz € Kerp C P
and so sz € P. Since P is a graded prime submodule of M and = ¢ P,
s € (P :g M), ie, sM C P and so sM’' C ¢(P). Therefore p(P) is a
graded prime submodule of M’. O

We are now ready to show that a graded module is graded coprimely
packed if and only if its homomorphic image is graded coprimely packed
whenever the respective kernel is contained in any graded prime submodule.

Theorem 3.5. Let R be a G-graded ring and M, M’ be two graded R-
modules and o : M — M’ be a graded epimorphism such that Ker(p) C
Gry({0}). Then M is a graded coprimely packed module if and only if M’
is a graded coprimely packed module.

Proof. (=): By Theorem 3.3 we know that M’ is a graded coprimely packed
module.

(<): Assume conversely that M’ is a graded coprimely packed module.
Let N be a proper graded submodule of M and let {Ny}aea be a family

of graded prime submodules of M such that N C |J N,. Hence ¢(N) C
[SYAN

o( U No) = U @(Ng). Since kerp € N, for all a € A by Lemma 3.4,
aEN aEN

©(Ng) is a graded prime submodule for all & € A. Since M’ is a graded
coprimely packed module, ¢(N) + ¢(Ng) # M’ for some § € A. Suppose
that N + Ng = M and let m’ € M’. Since ¢ is an epimorphism, there
exists m € h(M) such that p(m) = m' and there exist n € N N h(M)
and t € Ng Nh(M) such that m = n+t. Then m' = p(m) = p(n +1t) =
o(n)+¢(t). Som’ € (N)+¢(Ng) this implies M’ C o(N)+¢(Ng) which
is a contradiction, thus N + Ng # M. Therefore M is a graded coprimely
packed module. O

4. SOME SUFFICIENT CONDITIONS

The results contained in this section can be seen as an attempt to transfer
the results of [24] from graded rings to graded modules. In [24, Proposition 6]
the authors proved that any semilocal graded u-ring is a graded coprimely
packed ring. The relationship between the concepts ’a graded semilocal
gr-multiplication R-module’ and ’a graded coprimely packed module’ is ex-
pressed in the following theorem.

Theorem 4.1. Let R be a G-graded ring and M a graded semilocal gr-
multiplication R-module. Then M is a graded coprimely packed module.

Proof. Let us assume that M is a graded semilocal and G-Max(M) =
{W1,...,W,}. Let N be a proper graded submodule of M and let {N,}oca
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be a family of graded prime submodules of M such that N + N, = M for
all @« € A. Since M is a gr-multiplication R-module, there exists a sub-
set {i1,...,9c} of {1,...,n} such that for all @« € A there exists ij(o) €
{i1, ..., ik} with Ny C Wi, () and, conversely, for all j € {1,...,k} there
exists a(k) € A such that Ny € W, Tt follows that N + W; = M for

k
all j = 1,...,k. Assume that N C [J W;,. Since M is a gr-multiplication
j=1
R-module by [12, Theorem 2.8], we have N C W (y) for some i;(N) €
{’iL R Zk} So N + Wi]-(N) C Wij(N) + Wij(N) - Wij(N) # M, a contradic-
k k

tion. Thus N ¢ (J W;;. But |J No € U Wi, thus N € |J N,. Therefore
j=1 aEN i=1 aEN
M is a graded coprimely packed module. O

From [24, Proposition 7] we know that every graded compactly packed
ring is a graded coprimely packed ring. We will show a generalization of this
result.

Theorem 4.2. Let R be a G-graded ring and M a graded R-module. If M
is graded compactly packed by graded prime submodules, then M is a graded
coprimely packed module.

Proof. Suppose that M is a graded compactly packed by graded prime sub-

modules and let N C |J N, where N is a proper graded submodule of M
aEN
and N, is a graded prime submodule of M for each o € A. Since M is a

graded compactly packed by graded prime submodules, there exists 8 € A
such that N C Ng. Then N + Ng # M. Therefore M is a graded coprimely
packed submodule. [l

In what follows we will use [23, Example 3.10] to show that there is a G-
graded ring R and a graded gr-multiplication R-module M that is a graded
compactly packed by graded prime submodules (and hence graded coprimely
packed ) which is not semilocal.

Example 4.3. Let G = {0} be a trivial group. Let F be any field and
let R denote the collection of all sequences (fi1, fa, f3,...) of elements of F'
with the property that there exists a positive integer n (depending on the
particular sequence) such that f, = fui1 = foy2 = .... Then R € FN
and R is a commutative von Neumann regular ring with respect to the
induced operations + and . Moreover, R is clearly a G-graded module.
Let S consist of all sequences (f1, fa, f3,...) of elements of F' such that

0= fn = fn+1 = fny2 = ... for some positive integer n. We denote, for
any f = (fr)i2, n(f) = min{n € N | z;, = 0 for all k such that k > n}. We
put Sy = {(fx)72; € F" | 0= fu = fas1 = fap2 = ... }. Hence Sy = {0}

and any S, is a submodule of S. Then by [23, Example 3.10] S is a graded
faithful multiplication module such that S = |J S,,. For any positive integer

n=1
n, we put M, = {(xx)72, € R | z, = 0}. Then M, is a maximal ideal of
R, i.e., the set of maximal ideals of R is infinite. Hence the set of maximal
submodules of S is infinite and therefore S is not semilocal. Moreover, let
P be a (graded) prime submodule, P # {0}. Let us show that P = M, - S
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for some n € N, i.e., P is a (graded) maximal submodule. Clearly, there is

n € N such that z,, = 0 for all z € P (otherwise we would get that P = S,

a contradiction). We put Z,, = 1 and T, = xy, for all k£ € N such that k # n.
0 ifn==k

It follows that (dp)r = . satisfies d,, - T = x € P. It follows
1 otherwise

that T ¢ P and hence d,, € (P :g S). Hence S, = d,S C P,ie. P=5,.
In particular, any maximal submodule P is of the form P = §,,.

Let use verify that S is graded compactly packed by graded prime sub-
modules. Let N be a proper (graded) submodule of S and let {Ny}aea be

a family of (graded) prime submodules of S such that that N C |J N,. As-
aEA

sume that N ¢ N, forall« € A. We put ny = min{n(f) | o € A such that f €

N and f ¢ N,} > 1. We denote the respective f by fx and the respec-

tive « by an. Then fy € N, f ¢ Ny, and f € Ng for some 8 € A.

One can easily check that we may assume that (fn)ny—1 = 1. We put

gv = (0,...,0, 1,0,...,0,...). Then gy € N. Assume that gy € Ny,
N—_——

(nny—1)-times
Then fy — gv ¢ Nu, (otherwise we would have fy € N,, ) but this is a
contradiction with the definition of ny. Hence gn & Nqy -
Now we put ey = (1,...,1, 0,1,...,1,...). It follows that cy € R
———

(nn—2)-times
and ¢y - gv = (0,0,0,...) € Nu,. Since N, is prime and gy ¢ Nay.,
we obtain that ¢y € (Noy :r S). From N, = (Nay :r 5)S we get that
Sy =¢n S C Nyy-

Using the fact that gy € N we infer that there is § € A such that gy €
Ng. Since N ¢ Npg there is g € N \ Nz and we may assume that there
is a minimal k € N such that 0 = (zg)r = (28)k+1 = (£g)kt2 = ... and
(z)k—1 # 0. Evidently, 3 & Sp,, otherwise we would have by the same
considerations as above that gy ¢ Ng, a contradiction. It follows that the
element ¢z = (0,...,0,1,0,...,0,...) € N\ Ng and k > ny.

N—_——

(k—1)-times

By a chain of graded prime submodules of a graded R-module M we mean
a finite strictly increasing sequence Ny C ... C N,; the length of this chain is
n. We define the graded dimension of M to be the supremum of the lengths
of all finite chains of graded prime submodules in M. We denote the graded
dimension of M by Gdim(M), (see [12, Definition 2.9].)

Recall that a graded R-module M is said to be a graded torsion-free R-
module whenever r € h(R) and m € h(M) with rm = 0 implies that either
r=0o0rm =0, (see [5, Definition 2.2].)

In [24, Theorem 8] the authors were able to prove that a graded integral
domain with Krull dimension 1 is a graded compactly packed ring if and only
if it is a graded coprimely packed ring. Analogous to the above statement
we get the following theorem.

Theorem 4.4. Let M be a graded torsion-free gr-multiplication R-module
with Gdim(M) = 1. Then M is a graded compactly packed by graded prime
submodules if and only if M is a graded coprimely packed module.
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Proof. (=) Theorem 4.2.

(<) Since M is a graded torsion free, {0} is a graded prime submodule
by [7, Proposition 2.6]. Let N be a proper graded submodule of M and
let {N4}aea be a family of graded prime submodules of M such that N C

U Ns. We may assume that N, # {0} for all a € A. Since M is a graded
a€EN
coprimely packed module, there exists 3 € A such that N+ Ng # M. Then,
since M is a gr-multiplication R-module, there exists a graded maximal
submodule L of M such that {0} € Ng C N+ Nz C L. Since Gdim(M) =1
we have that L = N3y C N + Ng C L. It follows that N C N + Ny = Nj.
Therefore M is a graded coprimely packed module. a

REFERENCES

[1] K. Al-Zoubi and R. Abu-Dawwas, On graded quasi-prime submodules. Kyungpook
Math. J., 55 (2) (2015), 259-266.

[2] K. Al-Zoubi, M. Jaradat and R. Abu-Dawwas, On graded classical prime and graded
prime submodules. Bull. Iranian Math. Soc., 41 (1) (2015), 217-225.

[3] K. Al-Zoubi and F. Qarqaz, An intersection condition for graded prime submodules
in Gr-multiplication modules. Math. Reports, 20 (3) (2018), 329-336 .

[4] H. Ansari-Toroghy and F. Farshadifar, Graded comultiplication modules. Chiang Mai
J. Sci., 38 (3) (2011), 311-320.

[5] S.E. Atani, On graded prime submodules. Chiang Mai. J. Sci., 33 (1) (2006) , 3-7.

[6] S.E. Atani and R.E. Atani, Graded multiplication modules and the graded ideal 04(M).
Turk. J. Math., 33 (2009), 1-9.

[7] S.E Atani and F. Farzalipour, Notes on the graded prime submodules. Int. Math.
Forum, 1 38 (2006), 1871-1880.

[8] S.E. Atani and F. Farzalipour, On graded secondary modules. Turk. J. Math., 31
(2007), 371-378.

[9] S.E. Atani and F.E.K. Saraei, Graded modules which satisfy the Gr-Radical formula.
Thai J. Math., 8 (1) (2010), 161-170.

[10] J. Escoriza and B. Torrecillas, Multiplication rings and graded rings. Comm. in Al-
gebra, 27 (12) (1999), 6213-6232.

[11] J. Escoriza and B. Torrecillas, Multiplication Objects in Commutative Grothendieck
Categories. Comm. in Algebra, 26 (6) (1998), 1867-1883.

[12] F. Farzalipour and P. Ghiasvand, On the union of graded prime submodules, Thai J.
Math., 9(1)(2011) 49-55.

[13] M. A.M. Hamoda and A. E. Ashour, Weakly Primary Submodules over Noncommu-
tative Rings, Journal of Progressive Research in Mathematics, 7 (2016), 917-927.

[14] R. Hazrat, Graded Rings and Graded Grothendieck Groups. Cambridge University
Press, Cambridge, 2016.

[15] P. Ghiasvand and F. Farzalipour, On graded weak multiplication modules. Tamkang
J. of Math., 43 (2012), 171-177.

[16] P. Ghiasvand and F. Farzalipour, Some properties of graded multiplication modules.
Far East J. Math. Sci., 34 (2009), 341-352.

[17] S.C. Lee and R. Varmazyar, Semiprime submodules of graded multiplication modules.
J. Korean Math. Soc., 49(2012), 435-447.

[18] C. Nastasescu and V.F. Oystaeyen, Graded and filtered rings and modules. Lecture
notes in mathematics 758, Berlin-New York: Springer-Verlag, 1982.

[19] C. Nastasescu and V.F. Oystaeyen, Graded Ring Theory. Mathematical Library 28,
North Holand, Amsterdam, 1982.

[20] C. Nastasescu and V.F. Oystaeyen, Methods of Graded Rings. LNM 1836. Berlin-
Heidelberg: Springer-Verlag, 2004.

[21] K.H Oral, U. Tekir and A.G. Agargun, On graded prime and primary submodules.
Turk. J. Math., 35 (2011), 159-167.



On graded coprimely packed modules

[22] M. Refai and K. Al-Zoubi, On graded primary ideals. Turk. J. Math., 28 (2004),
217-229.

(23] P. F. Smith, Mappings between module lattices, International Electronic Journal of
Algebra, 15 (2014), 173-195.

[24] R.N. Uregen, U. Tekir and K.H. Oral, On the union of graded prime ideals. Open
Phys., 14 (2016), 114-118.

[25] N. Zamani, Finitely generated graded multiplication modules. Glasgow Math. J., 53
(3) (2011), 693-705.

Khaldoun Al-Zoubi, Department of Mathematics and Statistics, Jordan University of
Science and Technology, P.O.Box 3030, Irbid 22110, Jordan.
E-mail address: kfzoubi@just.edu. jo

Jan Paseka, Department of Mathematics and Statistics, Faculty of Science, Masaryk
University, Kotlarskd 2, CZ-611 37 Brno, Czech Republic.
E-mail address: paseka@nath.munt.cz

279





