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A NEW SEPARATION AXIOM ON BITOPOLOGICAL
SPACES
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ABSTRACT. The purpose of this paper is to introduce a new separation
axiom on bitopological spaces which lies between the separation axiom
To and T;. A new kind of topology has also been induced over the
bitopological spaces. It is interesting to see how this topology behaves
in the presence of this new separation axiom.
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1. INTRODUCTION

The concept of bitopological space was first introduced by Kelley [4] when
he noticed that the asymmetric behavior of a quasi- metric space gave rise to
two topologies on it. Since then, the field of bitopological spaces has been
enriched by the introduction of various diverse concepts such as pairwise
connectedness, pairwise compactness and its variants like pairwise Lindelof,
pairwise countable compactness, pairwise paracompactness and like, and a
number of pairwise version of separation axioms. We know that now, a wide
variety of separation axioms have been introduced and studied for topologi-
cal and bitopological spaces. The first systematic study of separation axioms
topological spaces was given by Urysohn [7]. Further Van and Freundenthal
[10] gave a more detailed discussion of separation axioms. Aull [1] intro-
duced a new separation axiom between the axioms Ty and T;. The tools
developed by Aull inspired us to introduce a new separation axiom between
pairwiseTy and pairwise T; which we name as pairwise T p* axiom. Next we
introduce a new topology on a bitopological space (X,31, Sq) as the coarsest
of all topologies in which every subset of X open in both the topologies is
both closed and open. The set X along with this topology gives rise to a
new topological space which we denote as (X,Sg). Finally we establish the
correspondence between the separation axiom Tp+ and the topology Sg.

2. PRELIMINARIES

We denote a bitopological space as (X,S1, S2) where X is a nonempty set
equipped with two arbitrary topologies &7 and 9. The closure and interior
of a subset of X have their general sense. To make the article self contained,
we recall the following well known definitions:
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Definition 2.1: A bitopological space (X, &, So) is pairwise Ty if for
every pair of distinct elements of X there exists an open set in any of the
topologies containing only one of the points.

Definition 2.2: A bitopological space (X,31, S2) is pairwise Ty if for every
pair of distinct elements of X say x and y there exists an open set U in $;
containing x but not y and an open set say V in J; containing y but not x,

fori, j e {1,2}i#]j.

It is obvious that if a bitopological space is T7 then every singleton is closed
both in & and $s.

Definition 2.3: A subset A of X in a bitopological space (X,31, o) is
called bi - open if A is both & 1-open and $s-open.

Definition 2.4: A bitopological space (X,31, S2) is pairwise Ty if for
every pair of distinct elements of X say x and y there exists an open or
closed set say U in & containing x but not y and an open or closed set say
V in $; containing y but not x, 1 ,j € {1,2} i # j.

Pairwise T1= Pairwise Ty ;= Pairwise Ty

3. A SEPARATION AXIOM BETWEEN PAIRWISE Ty AND PAIRWISE T

Definition 3.1: A bitopological space (X, 1, S2) is pairwise Tpx* if for
every element x of X there exists an open set U in 5 such that U- {x} =
P1 N Py where P; € §; and x ¢ (P1 U Pg) Vie {1,2}.

Definition 3.2: A bitopological space (X, S, S9) is pairwise Tpx if for
every element x of X there exists an open set U in $; such that UN(S;-cl{x}
U Qj-cl{x})={x}.

Theorem 3.1: Both the Definitions of pairwise T p* axiom are equivalent.
Proof: Let x € X and let Ue $; such that U contains x and U-{x} = PN
Py where P; € Q; and x ¢( P1U P2) . Let y € P1N Py Then no P; contains
x. Therefore P;N S4-cl{x} = ¢ = (P1N P2)N Qy-cl{x } = ¢ fori € {1,2} =
(P1ﬂ Py )ﬂ %i—Cl{X } )ﬂ%j—cl{x}): ¢ = UN %i—CI{X}U %]-—cl{x} ):{X}.

Conversely, let UN( Q; -cl{x} U ¥; -cl{x} )={x} = X-(U-{x}) = X-U) U
{x} = X-U) U ( S4- cl{x} U §j-cl{x} ) = (X-U) U Qy-cl{x}) U Yj-cl{x} =
F1UFs where X-F; € &; and x € FiN Fy = U-{X} = P1N Py where P; € $;
and x %( PlU P2) .

Theorem 3.2 : In a bitopological space (X, 1, Sq), pairwise T1 = pairwise
Tpx = pairwise Ty.
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Proof: Let (X, $1, S2) be a pairwise Ty bitopological space. Then each
singleton is closed in both the topologies. Therefore for every ; neighbor-
hood U of x in X, U-{x} is §; open in X. Then U-{x} = (U-{x}) N (X-{x})
satisfying the condition of pairwise T p* axiom.

Now let (X, 1, S2) be a pairwise Tp# bitopological space. Let x,y be two
distinct elements of X. Then there exists a &; neighborhood U of x in X
such that U-{x} = P1N Py such that each P; is open in $; and none of them
contains x. If y € X-U then we are done. If y € U then both Piand Py
are Sand o neighborhoods of y not containing x. Hence (X, &, S2) is
pairwise T .

Theorem 3.3: In a pairwise Tpx* bitopological space, the derived set of
each element is closed in both the topologies.

Proof: We just need to show that x¢ ;-cl({x};’) where ({x};") denotes the
derived set of {x} in the topology ;. Since(X, &, S2) is a pairwise Tpx
bitopological space, there exists an open neighborhood of x in ; such that
U N(Si-cl{x} NSj-cl{x}) = {x} = U NYy-cl{x} ={x} = U N ({x};") = ¢.
Hence x does not belong to ;-cl({x};’) leading to the fact that derived set
of each element is closed in both the topologies.

Theorem 3.4 : In a pairwise T p* bitopological space (X, 1, Sa), for every
pair of distinct elements of X say x and y there exists an open set P; in S
such that P1N P9 contains either only x but not y or only y but not x, for
i,je{1,2}i]

Proof: Since(X, ¥, S2) is a pairwise Tp* bitopological space and x, y are
two distinct elements of X, there exists a &; neighborhood U of x in X such
that U-{x} = P1N P9 such that each P; is open in ; and none of them
contains x. If y ¢ U then UnX serves the purpose. If y € U then both Py
and Py are $1and 9 neighborhoods of y not containing x.

4. A TOPOLOGY INDUCED ON A BITOPOLOGICAL SPACE

In this section we induce a topology on a bitopological space.

Definition 4.1: Let (X, 1, S2) be a bitopological space. Define a function
R : P(X) = P(X) as R(19)(A) ={y e X: VU €31 and Ve Iy : y €
U-V,UNA#VnA}

Definition 4.2: Let(X, 1, S2) be a bitopological space. The function
R(1,2) can also be defined as:

R,2): P(X) =P(X) as R(19)(A) ={y € X: VU €31 : y € U, Sp-cl{y}n A
NU£ 6 1.

It can be easily seen that both the definitions of the R ) function are
equivalent:

Supposex € {y e X: VU € $and Ve : ye U-V,UNA AV N AL
Then V $ineighborhood U of x and V 9 open set V not containing x we
have UNA#VNA=(UNA)-(VNA)#¢=TUnNX-V)NA # ¢p=V
1 neighborhood U of x and V o closed set F containing x, UNF N A #
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¢ . In particular, if we take F = Sa-cl{x} then So-cl{x}N ANU# ¢ = x €
{yeX:VUe$:yeU, S-c{yINn ANTU#9¢ }.

Conversely, ifx e {y e X:VU €3 : y € U, So-cl{y}n AN U# ¢ } then Fo-
c{x}N A N U# ¢ V 1 neighborhood U of x. Since I -cl{x} is intersection
of all &y closed sets of X containing x it implies that V $yneighborhood U
of x and V Sy closed set F containing x, UNF N A # ¢. Hence x € {y €
X:VUeF andVeESy:yeUV,UNA#AVNA}

Definition 4.3 : In a bitopological space (X, 1, S2), a subset A of X is
called Ry 9) closed if R; 9)(A) = A.

The fact that every Ja-closed set is Ry ) closed can easily be concluded
from definition 1(a).However, it is interesting to note that S-open set is
R(1,2) closed as can be shown as below :

If A is $9-open then X-A is Sg-closed and therefore for every x € X-A, $o
-cl{x} € (X- A)=S-c{x}n ANU£ oV U€ET: xe U= Ais R
closed.

Definition 4.4: Let(X, S, S2) be a bitopological space. Define a function
R @ P(X) =P(X) as Ripq) (A) ={y e X: VU E€QJand Ve :yc¢€
U-V,UNA#VnNA}

Definition 4.5: In a bitopological space (X, 1, S2) the function Ry 1)
can also be Defined as: Ry 1): P(X) = P(X) as Rip,1) (A) ={y € X: VU €
So:yeU S-c{y}n ANU#£g }.

Definition 4.6: In a bitopological space (X, 31, S2), A C X'is called Ry 1)
closed if R(91) (A) = A.

Again it can be easily verified that both the Definitions of the Ry 1) function
are equivalent. Also Definition 2(a) asserts that every 37 closed subset A of
X is Ryg,1) closed as well as open.

Definition 4.7: In a bitopological space (X, ¥, S2), AC X is called R
closed if R(LQ) (A):A: R(le)(A)

*Hence A is R closed if V x ¢ A, there exist Uy, Us€ $qand Vi,Va€ Sy such
that x € U1-V1 and x € Vo-Us W;th UinN A = ViNA and UsNA = VoNA.
equivalently, one can say that A is R closed if V x ¢ A there exist U € $yand
V € Qg such that x € U and x € V and So-cl{x}N A N U= ¢ = I1-cl{x}N
ANV.

Theorem 4.1: The R operator holds following assertions:
(1) ACR;(A) CSi-cl(A),i,j € (1,2) i #j. Also A CR(A) C Sy-cl(A)
n %Q-CI(A)
(2) BCA=R(B)c R(A)
(3) R(R(A)) = R(A)
(4) R(AUB) = R(A) UR(B)
Proof:
(1) Let x ¢ R(A) then there exist Uy, Us€ Srand V1,V € g such that
x € Uy1-V1 and x €Ve-Us with UiNA = ViNA and UsNA = VoNA.
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This forces to conclude that x ¢ A for if x € A then x € U;NA
whereas x ¢ ViNA leading to the conclusion that UiNA # ViNA.
Hence A C R(A) .

Now let x ¢ Qj-cl(A) , i € {1,2} then there exists a neighborhood of
x say U; € ; such thatU; NA =¢. Taking ¢ =U; € Q;, j € {1,2}, 1
#j we get x ¢ R(A).

(2) Let x ¢ R(A) then there exist Uy,Us € $rand V1,Va € g such that
x € U;-V1 and y € Vo-Uy with UiNA = ViNA and UsNA = VoNA.
Then (UlﬂA) NnB= (VlﬂA) N B and (UQQA) N B= (VgﬂA) NnB
= U;NB = ViNB and UyNB = VoMB = x ¢ R(B)

(3) By (i) it is clear that R(A) € R(R(A)). Now let x ¢ R(A) then there
exist U1,Us € Srand V1,Vy € $9 such that x € U-V; and x € Vo-Us
with U;NA = ViNA and Usn A = Vo A. We claim that U;NR(A)
= ViNR(A) and UsNR(A) = V2NR(A). For if UiNR(A) #ViNR(A)
then there exists an element y € X such that y € UiNR(A) and y ¢
ViNR(A). Thusy € U; € S,y € R(A) and y ¢ V1 € So .But since
y € R(A) we must have U; N A # V1 N A which is a contradiction.
Therefore we have R(R(A)) = R(A).

(4) To prove this part we make use of the second definition of R(A). By
(ii) R(A) UR(B) Cc R(AUB). Now let x ¢ R(A)UR(B). Then there
exist U, P € $rand V, Q € Q9 containing x such that So-cl {x}N A
N U= ¢ = S1-cl{x}N A NV and Fa-cl{x}N B N P= ¢ = Fy-cl{x}N
B N P. Consider E=U N P and F=V N Q then, Se-cl{x}N (AUB)
N E= ¢ = $-cl{x}N (AUB) N F implying that R(AUB) = R(A) U
R(B).

Hence the R operator satisfies all the conditions of Kuratowski’s closure
operator and therefore defines a topology on the bitopological space (X, 1,
Jg). We denote this topology by Sr and the topological space equipped
with this topology is denoted as (X,Sg). The members of Sp are defined
as :

If A € P(X) then A € Qg if V x € A there exist a & neighborhood U of x
and a $9 neighborhood V of x satisfying the condition: x € ($q-cl{x}NU)
U (Se-cl{x}NV)e A.

Further it can also be verified that both R 2y and Ry 1) operators also
satisfy the conditions of Kuratowski’s closure operator and therefore define
topologies on a bitopological space (X, &1, S2) such that the topology gen-
erated by Ry o) is finer than Jg and the topology generated by Rj 1) is finer
than <.

The above discussion indicates to the fact that a subset A of a bitopological
space (X, Q1, Qo) is both open and closed in Sp if it is open (closed) in
both the topologies &1 and Jy. Also (X,Sg) is coarsest of all the topologies
in which a subset of X open (closed) in both the topologies is clopen.
Consider the following collection of subsets of X:

B(L?) = {U-V :UeQandV e %1}

B(Z,l) = {U-V : U e %1 and V € %2}

B = {(U-V)U(V-U): U € &1 and V € S}

Then, By 3), B(31) and B serve as base for topologies generated by Ry o),
R(2,1) and R operator respectively.
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Example 4.1: Let X be the set of all positive integers. Let A,, = {me X :
m>n}. Let &1 ={ A, : n1>1}U {¢} and Sy = Discrete topology on X. Then
(X, Sg) is also discrete topology.

Definition 4.8: A subset A of X is called R-dense if R-cl(A) = X. In this
case X is called R-hull of A.

Theorem 4.2: A subset A of X is R-dense in X if VU € & and V € 9
we have UNA #VNA.

Definition 4.9: A bi open filter § on a bitopological space (X, §1,372) is
defined as a collection of non-empty subsets of X :

(1)%@951 USsand §NS; #oVie {1,2}
()E,FeF:E,FeS$ ENF e Vvie{1,2}

(i) GeFand GCHwith G, He §; He FVie {1,2}

Theorem 4.3: Let (X, $9,32) be a pairwise T bitopological space and
let Y C X such that R- cl(Y) = X then two different elements in X have
different biopen filter.

Proof: Let p, g€ X : p # q. Let $,= {UN Y : Uis $; neighborhood of p
Vie{1,2} } and Yy = {UNY : U is ; neighborhood of q Vi € {1,2} }.
Then both i, and 4, are biopen filter on (X, S, ). Since X is pairwise
To, there exists U € $y, I € {1,2} containing one of p and q but not the
other. Without loss of generality we may assume that U contains p then UN
Y eil,. If UN'Y € 4, then there exists V € ¥y, 1 € {1,2} such that UNY =
VNY. A contradiction to the fact that Y is R-dense in X.

Theorem 4.4 : If (X, 1, S9) is a pairwise T bitopological space then the
induced topological space (X,Sg) is T;.

Proof: Let p, q € X : p# q. To show that (X, Sg) is Ty it suffices to show
that Sg-cl{p} = {p} Vp e X.

By definition, if q € Sg-cl{p} then J2-cl{q} N {p} N U, # ¢ # I-cl{q} N
{p} NV, V & neighborhood U, and V I3 neighborhood of V, of p = every
1 neighborhood and every &9 neighborhood of p contains q and every &
neighborhood and every 3y neighborhood of g contains p which is contrary
to the fact that (X, 1, o) is a pairwise Ty.

5. RELATION BETWEEN T px AND Sp

Theorem 5.1 : If a bitopological space (X, 1, o) is pairwise Tp* then
(X, Sg) is discrete.

Proof: Let x € X. Then Sp-cl(X-{x}) = {y € X | -cl(y) N X-{x} N U;#
¢ and j-cl(y) N X-{x} N U;# ¢ } for every ; neighborhood U; of y and
3 neighbourhood Uj of y.

If x € Qp cl(X-{x}) then Jj-cl(x) N X-{x} N U;# ¢ and F;-cl(x) N X-{x}
N U;# ¢ for every 3; neighborhood U; of x and ; neighborhood Uj of x.
Let z € Qj-cl(x) N(X-{x})N U; = z € ;- cl(x), z # x and z € Uj;. Since X
is pairwise D*, x has a neighborhood U; such that U; —{x}= P1N Py such
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that each P; is open in &; and none of them contains x. If z € U; then
P; is a neighborhood of z not containing x = z ¢ ;cl(x). Hence X-{x} is
closed implying that {x} is open in Sr. Since each singleton is open in Sg
therefore g is discrete.

Theorem 5.2 : In a bitopological space (X, S, S9) if (X, Sg) is discrete
and each derived set is closed then (X, 1, S9) is pairwise D*.

Proof: Let (X, Sg) be discrete then Sg-cl(X-{x}) = X-{x}= x has a
neighborhood U; in S for i € {1,2} such that Sj-cl(x) N (X-{x}) N U; =
¢p=S-cl(x) N (X-{x}) N U; = Yy-cl(x) N U; = {x}. Also ;{x}/ is closed
= x has a neighborhood V; in $; such that $y-cl(x) NV, = {x}. Taking U;
NV; =W; , we get W; N (Sy-cl(x) U j-cl(x)) ={x}. Consider X-(W;-{x})
= (X-W;) U{x} = (X-W;) U(S5-cl(x) U Sj-cl(x)) = (X-W;) U j-cl(x)) U
$j-cl(x) = F; UF; where each F; is $; closed and contains x.

Corollary 5.1: In a pairwise regular bitopological space (X, S, Qo) if (X,
Sg) is discrete then (X, 1, S) is pairwise D*.
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