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AN EXPRESSION FOR CENTRAL BELL POLYNOMIALS

DAE SAN KIM, GWAN-WOO JANG, D.V. DOLGY, AND TAEKYUN KIM

ABSTRACT. Recently, the central Bell polynomials were introduced by Kim-Kim
in [12]. In this paper, we derive an expression for these polynomials involving the
central factorial numbers of the second kind.
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1. Introduction

For n > 0, the central factorial sequence z[ is defined by

20 =1, gl = z(x+ g —1)(z+ g —2)-(z— g +1), (see [4,5,6]), (1.1)

where n > 1.

For all nonnegative integers n,k (k < n), the central factorial numbers of the
second kind are defined by the coefficients in the expansion

" = ZT(n,k)x[k], (see [1,4,5,14]). (1.2)
k=0

From (1.2), we can derive the following generating function of the central factorial
numbers of the second kind

%(e% _e—%)k:ZT(n,k)g, (k> 0). (1.3)
n=~k

Recently, Kim-Kim introduced the central Bell polynomials which are given by
the generating function
x(e%—e_%) S (e) "
e => B (), (see [12]). (1.4)
n=0

From (1.3) and (1.4), we note that

B{(x) =Y T(n,k)a*, (n>0), (see[12)). (1.5)
k=0

When z =1, Bl — BT(LC)(l) are called the central Bell numbers.
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It is well known that the Bell number B,, is the number of ways to partition a
set of m objects. For example, Bg = 5 because there are five ways to partition the
set {1,2,3} (see [3,16]):

{12,355 {120 {3} {L,3yuU{2} {2,3yU{l} {1} U{2}U{3}.

The two most well known expressions for the Bell numbers are the following (see

[16]):

=0
and
" /n
Bu =Y (1) B (nm=0) (1.7
k=0

where Sa(m, j) is the Stirling number of the second kind.

In [16], Spivey gave a combinatorial proof of the following addition formula for
Bell numbers which generalizes both (1.6) and (1.7):

Brim = z": ijn*ksz (m, j) B, <Z> . (1.8)

k=0 j=0

Here n, m are nonnegative integers. It is known that the Bell polynomials are given
by

n

B,(z) = ZSQ(TL, k), (see [3,15]). (1.9)
k=0

In [2], Gould and Quaintance extended the equation (1.8) to the case of Bell
polynomials as follows:

Bpn(z) =Y > j"* (Z) Sa(m, ) By(z)a? . (1.10)

In view of (1.8) and (1.10), we consider the central Bell polynomials and derive
an expression for these polynomials involving the central factorial numbers of the
second kind.

Let F(t) be the generating function for the central Bell polynomials. Then we
have

F(t) = er(efez) _ > B}ﬁ(z)%. (1.11)
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From (1.11), we note that

F(S +t) (e%_ffe*%r_t) _ em(e 7(65767%)-"-6%(6%767%))
_ =xe %(657675) xe%(eéfefé))
=€ N ¢ N (1.12)
= ( Z xkle*%t%(eg - e’g)kl) ( Z mﬂe?lsi(e% - t)]l)
ki1 =0 1 §1=0 J1
Now, we observe that
_ky 1 k
Zwkle 2t (62 —e2)™
k1=0 ki !
o0 o0 o0 tk3
_ Z C S Tk, k— Z 7) ) (1.13)
1=0 kQ k1 k3=0
> sh2 & Ky | g 43
-3 Z DT (ky b)) o S0 (= )
ko=0 k1=0 k 'kg 0 2 k?’
On the other hand
the%s-_'(e% _67‘)31
j1=0 Ju:
o o t]2 e g1 oJ3
Z Z .72;]1 ]2' 20(2)]3]3' (114)
o 2 LRy P
— Z (Z x]lT(]Q,]l))jgl Z (%)]JE
j2=0 751=0 J3=0
From (1.12),(1.13) and (1.14), we have
s+t _ s+t
F(s+1t)= em(eTfe T)
[e's) kQ o0 k tk3
_ (Z Za:le ko k) o )(Z (__1)ks_>
k=0 k1=0 ko k3=0 27 kst
t]2 > J3
X (Z ZmﬁT J2,41)) >(Z (2)”;3,)
Jj2=0 71=0 73=0

3 3 33 S S () ()

n1=0n2=0 ko=0 k1= 0j2 041=0

n2 Jl n2—j2 8 t2
J2 ni:ng:
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Z i (Zl “22 JZQ ( )( > @M (g, k)T (j2, 1)

n1=0n2=0 k,‘2 Ok,‘l 0]2 0]1 0

J1\ni4na—jo—ks) 81 1"
1)72 —J2 )
8 ( ) ( 2 ) m' ng'
By (1.11), we get
s+t _ st o 1
F(s+1t) = (¢ =) _ > B (z)—(s+t)™
TL1!
n1:0
[e'9) 1 ni n
= B(C) I 1 n24n1—n2
S e 3 (1)
1= na=

3

S C 1 nl nayni1—n
=2 > B7(ll)<x)n_<n2)s A

1|
no=0n1=n2

1 n1+n2\ .0
-y ZB,“W n1+n2)< n2 )Szt1

no= 0n1 0

3

1 ™2

= Z Z Ba(z?JrnQ(fU)n—l!n—Q!-

TL2=0 ni =0

Therefore, by (1.15) and (1.16), we obtain the following theorem.

Theorem 1.1. Let ny,no be nonnegative integers. Then we have

n1+n2 i 22 ”22 ( )( > 2P (kg, k1) T (2, 1)

=0 k1=0 j2=0 51=0

% (_1)n2*j2 (%)"14‘”2—,7'2—/%.

In particular,

B = Y ZiZ(m)( ) (k. k)T (G2. 1)

k2=0k1=0 j2=0j1=0

% (71)712—]'2 (]51)"1'*‘"2*]'2*/62.

Let us take no = 1 in Theorem 2.1. Then we have the following corollary.

Corollary 1.2. Let n be a nonnegative integer. Then we have
© _S-y n\ (Lynk
c . n—
Byl = T(k,i) <k> (5) .
k=0 i=0

2. Further remark and an open question
For A € R, the degenerate exponential function is defined by

eX(t) = (1+At)x, (see [9,10]).

(1.15)

(1.16)
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By (2.1), we easily get
0 n

() = (1405 = Z(x)m%, (see [7,10, 11, 13]), (2.2)
n=0 '

where
(@or=1, @ppr=x(x=A)(z—2X)-- (z—(n—-1)A), (n>1).
In [8], Kim defined the degenerate Stirling number of the second kind as

Dhnp = Soa(n, k) @)k, (n>0), (2.3)

where
()o=1, ()p=z(@—-1)(z-2) (z—n+1), (n>1).

From (2.3), we note that
1
(L) X - Zsm n, k: + (k> 0), (see[7,8)). (2.4)

Note that limy_,9 S2 z(n, k) = S’g(n, k), (n,k>0).
In [7], Kim-Kim-Dolgy defined the degenerate Bell polynomials by

clea®-1) _ z(a+ani-1) ZB"A (2.5)

Now, we observe that

¢ (exts+)- ZBM —(s+1)" ZB,L,\ Z( )s]t"7
j=0
-35 B (>ft“ SYER(T)r e

j= On—] 7=0n=0

J 4n
= Z Z Bn—i—j,)\(x)%;_!'

j=0n=0

Here, we have the following open question.
Question. Can we get a formula similar to equation (1.10) for By, (x)?
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