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SOME IDENTITIES OF PARTIALLY DEGENERATE BELL
POLYNOMIALS ARISING FROM DIFFERENTIAL EQUATIONS
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ABSTRACT. Recently, several authors have studied partially degenerate Bell num-
bers and polynomials. In this paper, we find the inversion formula of differential
equation arising from the generating function of partially degenerate Bell poly-
nomials already shown in [6] and we derive some new interesting identities and
properties from this differential equation.
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1. Introduction

The Bell polynomials are defined by the following generating function:
z(et—1) = "
e = ZBeln(x)m, (see [4,5,7]). (1.1)
n=0

In [8], introduced the partially degenerate Bell polynomials, which are given by
the following generating function:

1 n

(A% - Z bely () . (1.2)

When A — 0, the partially degenerate Bell polynomials reduces to the Bell poly-
nomials.

lim bel,, \(z) = Bel,(z).
A—=0

That is (1.2) — (1.1). It is well known that the generating function of S;(n,!) and
Sa(n,l) are given by

i (log ZSl n, l (1.3)

and

(et — 1) ZSQ nl T (see [2,3]). (1.4)
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Now, we observe that

ew((1+)\t)%_1) _ ex( Liog(14at)_ 1)

b

Bely,(x) L‘ (< log(1+ At))™

m=0 A
= Bel, -m A" ,m)—
mzzo elm () 7;71 Si(n m)n
o0 n . tn
= Z Z Bel,,(x)S1(n,m)\ )—‘
n!
n=0 m=0
From (1.2) and (1.5), we get
bel, A (x Bely,(x)S1(n, m)A"™™. (1.6)
m=0
Also, by replacing ¢ by /\( —1)in (1 2) we get
1
bel a( eM—1)"
Z el (@) (56X~ 1)
oo tn
_ —m n
= Z belp, A () A ;Sg(n, m)A o (1.7)

= Z Z bely A () A"~ Sa(n, m))f:'

n=0 m=0

From (1.1) and (1.7), we have
Bel,( Z belyp A (x)A" "™ Sa(n, m). (1.8)

In [6]. introduced the differential equations associated with partially degenerate
Bell polynomials(Touchard polynomials) is given by

FV — (Zb (N, \)z 1+At)*—N)F (1.9)

1 N
where F' = F(t,z;\) = ew((H"\t)A_l) and F(V) = (%) F(t,xz; ).

Recently, several authors have studied partially degenerate Bell numbers and
polynomials. In this paper, we find the inversion formula of (1.9) and we derive

some new interesting identities and properties from this differential equation.

2. Some identities of partially degenerate Bell polynomials arising from
differential equation

Let
1
F=F(t,x;\) = ez((l""\t)*_l). (2.1)
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Then by taking the derivative with respect to ¢ of (2.1), we get
FO = QF(t, TN\ = ew((1+>‘t)%_1)m(1 + )\t)ifl
ot (2.2)
=2(1+ M) 'F
From (2.2), we have
oF = (1+ M) 3 PO, (2.3)
Let us take the derivative with respect to t of (2.3), we get
2FO = (A= 1)(1+ M) 3 FD 4 (14 M) 3O, (2:4)
Multiplying by (1 + )\t)l’% both sides of (2.4) and by (2.3), we get
22F = (A — 1)1+ M) 73 FO 4 (14 A>3 F@, (2.5)
From (2.5), we have

2FD = (A= 1)(A=2) 1+ ) 3 FD + (A= 1)(1 + M)A F®
FA=2)(L+ AV AF® 4 (14 )2 A FG)

(2.6)
= A=DA =21+ ) 3FD 4 (3x = 3)(1 + )3 FO)
+(1+ M)2RF®),
Multiplying by (1 + )\t)l_% both sides of (2.6) and by (2.3), we have
P =A—1)(A=2)(1+ )" 3FD + (38X = 3)(1 + At)2 1 FO® o
+ (14 M) AFG), '
Continuing this process, we get
N N
aNF = ap(N)(1+ M)A ), (2.8)

k=1

where N € N. To determine the coefficients a;(IN) in (2.8), let us take the derivative
with respect to ¢ on both sides of (2.8), we get

=

eNFO =37 (kA — N)ar(N)(1+ a3 1 F®
k=1

(2.9)

+ 5 ap(N)(1 + A)E= X D),

M=

=~
I

1
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Multiplying by (1 + )\t)l_§ both sides of (2.9) and by (2.3), we get

N
eNHF =3 (kA — N)ap(N)(1+ Ak 3 F®)

1
N N (2.10)
+ 3 ae ()L + A0S F®
k=2
= (A= N)ay(N)(1 + x) =5 FO)
+an(N)(1+ A)NFI=50 pOv+)
N
+ 37 (kA = N)ag(N) + a1 (N)) (1 + At)F= 57 F 8,
k=2
By replacing N by N + 1 in (2.8), we get
N+1 .
N =" ap(N +1)(1+ at)F > F®)
k=1
= a1 (N + 1)(1+ At)- "3 FO) 1)
Fan 1 (N + 1)(1 4 AN =50 pOV+D '
N N+1
+) ar(N+ 1)1+ )k PR,
k=2
Comparing the coefficients on the both sides of (2.10) and (2.11), we get
a1(N +1) = (A= N)a1(N), an+1(N +1) =an(N), (2.12)
and
ak(N—i- 1) = (k)\—N)ak(N) +ak,1(N), (2.13)
where 2 < k < N. From (2.3) and (2.8), we get
zF = Z ar(1)(1 + )\t F®)
(2.14)

— ar(1)(1+ M) "3 FO)
= (1+ M) x PO,
Thus, by (2.14), we get
ai(1) =1. (2.15)
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It is easily get

aN+1(N+ 1) = aN(N) = aN_l(N - 1) == al(l) =1, (2.16)
and
a(N+1)=A=N)a;(N)=(A=N)A=N+1a1(N-1)= (2.17
:(/\*N)()x*N—l—l)'"()\*1)@1(1)=<)\7N>N, . )
where <z >p=1, <z >,=z(z+1)---(x+(n—-1)), (n >1).
Therefore, we obtain the following theorem.
Theorem 2.1. For N € N, the following differential equations
oNF = Zak )1+ A= PR,
L
have the solution F = F(t,z;\) = €* ((H’\t)A ), where
al(N) =< A-—N+1>n_1,
ag(N) = (kA =N+ 1Dap(N —1)+ap_1(N —-1), (2<k<N),
aN(N) =1.
From right hand sides of (2.8), we get
N 00 1
N, t
Zbk )1+ 30 P9 = 3 (k- )
k=1 =0
O\ k m
N 00 tl
= > (DA - Niagy)
k=1 1=0 ' (2.18)
o)
tm
X ( Z belm4k A(iﬁ)—,)

where (2)g\ =1, () = z(z — A)(x — 2X) -
(2.18), we get the following theorem

Theorem 2.2. Let N € N and n € NU {0}, we have

Nbel, \(z Z Z < > N)bely s in(2) (X = N)p_mx-

m=0 k=1

g

< (x—(n—=1)A), (n > 1). Thus, from
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