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A NOTE ON ¢-FUBINI POLYNOMIALS

UGUR DURAN?, SERKAN ARACI**, AND MEHMET ACIKGOZ?

ABSTRACT. Motivated by the construction of the generating functions of g-Bernoulli polynomials
and g-Euler polynomials satisfying with their important results, we define a new g-class of the Fubini
polynomials. We give some new properties including correlations with the number Sz 4 (n, k) given
in the paper. We also define two types g-Fubini polynomials with three parameters and then provide
several correlations and identities.

1. Introduction

Special numbers and polynomials play an extremely important role in the development of sev-
eral branches of mathematics, physics and engineering. The problems arising in the mathematical
physics and engineering fields are mathematically framed in terms of differential equations. Most of
them can only be solved using families of special functions which provide new means of mathemat-
ical analysis. They are also useful under algebraic operations including addition, multiplication,
differentiation, integration, and composition. They are also richly utilized in computational models
of scientific and engineering problems. Such families can be described in various ways, for exam-
ple, by orthogonality conditions, as solutions to differential equations, by generating functions, by
recurrence relations, by operational formulas, and by integral transforms. For more information
about the applications of special functions and polynomials, see [1, 2, 3, 4, 5].

The Fubini polynomials are defined by

Fuy) = § {i et

where {Z} is known as Stirling numbers of the second kind. These polynomials can be defined by
means of the following generating function:

1 s s
m :nan ) e

Because of the relation
Ky = —Fn(—— ), (<D
k=0 I=y 1=y

Fubini polynomials are called geometric polynomials ([6, 7]).
The n-th Fubini number is also defined by

Fo(1):=F, = g {Z}k!yk
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and counts all the possible set partitions of an n element set such that the order of the blocks
matters ([6, 7]).

Recent works including a class of the new family of Fubini type numbers and polynomials as-
sociated with Apostol-Bernoulli numbers and polynomials by [8], degenerate Fubini polynomials
by [9], symmetric identities for Fubini polynomials by [10], degenerate ordered Bell numbers and
polynomials by [11], g-generalized Euler numbers and polynomials by [12], two variable higher-order
Fubini polynomials by [13], Fourier series of functions related to two variable higher-order Fubini
polynomials by [14], sums of products of two variable higher-order Fubini functions arising from
Fourier series by [15], symmetric identities involving Fubini polynomials and Euler numbers by [16],
have been studied extensively.

We begin with the definitions of the following notations that will be useful in this paper:

N:= {172737”'}7N0 = {07172737"'} :NU{O}
and
Zm ={-1,-2,-3,---} =2, \ {0} .
As usual, Z denotes the set of integers, R denotes the set of real numbers and C denotes the set of
complex numbers.

Let g be chosen as a fixed real number satisfying |¢q| < 1. A g-analogue of a real number n is
defined by

-1
Obviously that
qEIil_ [n], = n.

The g-derivative operator Dy of a function f is given as

f(@)—f(gz) -
(D,f) (z) = Dyu f (z) = { (1—q);1 ifg#landz#0

F0) it 2=0 (1)

provided f7(0) exists.
For any two functions f (z) and g¢(z), the product rule and quotient rule of the g-derivative
operator are provided by

Dy (f(x) g(2)) = g(qz) Dyf (z) + f (x) Dgg (x) (1.2)
and
9(@)\ _ f(gz) Dyg () —g(qz) Dyf (x) _ f(x) Dyg (z) — g () Dyf (x)
2 (%) - 7 ) F (g2) - F@ e
The g-binomial coefficients [Z]q and g-factorial [n] ! are, respectively, defined by
[k]q =R, 2k ke o)

and
[nl,! = o], [ — 1], (1= 2], [1],; Ol=1 (neN).

The g-generalization of (A + u)" is defined by
Aomr=0+p) A+qun)- A+ )=
=

N
0

where the notation @ is borrowed from ref. [17], [18].
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The two different types of g-exponential functions are given by

oo n

eq(t) = Z# and E, (t) = Zq( 3) t] T (1.4)

n=0

satisfying eq (x +y) = eq (z) eq (y) for the g-commuting variables « and y such as yz = gqzy and

¢ (@) By (y) = ¢ (0 p), ) -
Note that
oo t"
lim e t—hmE =e = —.
Jim e, (1) t=e=3Y
We also have
Dy:ieq (t) = €q (t) and D Ey (t) = Eq (qt)
where the operator Dg; means g-derivative with respect to parameter ¢.
The tools related to g-calculus shown in this part can be found in [12,17 — 22].

By using g-exponential function, the generating function of ¢g-Bernoulli polynomials B,, 4 (z) are
defined by Kupershmidt [21] as follows:

t
Z Bn q [n] 1 = W@q (iL‘t) (15)
and Kim also gave g-Euler polynomials £, 4 (33) by the following generating function:
2
E _— t) . 1.6
Z nq [n] | eq(t)—i-leq(x) ( )

Since lim,_,1- €4 (t) = €, it is obvious that

lim By, (z) :== By (z) and lim E, g (z) = E, (z)
q—1- q—1—

calling the classical Bernoulli polynomials and the classical Euler polynomials, respectively.
The family of a number denoted by Sy 4 (n, k) are defined by means of the following generating
function to be (see [19])

- (g () =D
;sm (n, k) Wl = BECAR (1.7)

In the following section, motivated by the generating functions of g-Bernoulli polynomials and
g-Euler polynomials, we consider a new g¢-class of the generating function of the Fubini polynomials.
By making use of the generating function of ¢g-Fubini polynomials, we derive some of their basic
properties including correlations with the number Sy 4 (n,k) We also define two types g-Fubini
polynomials with three parameters and then provide several correlations and identities.

2. Construction of the ¢-Fubini polynomials and their applications

In this section, we begin with the following generating series:

o0

1 "
T - > Fu(z) ~ (2.1)

n=0

where F), (z) is known as the classical Fubini polynomials (or known as geometric polynomials).

213



214

U. Duran, S. Araci and M. Acikgoz

Motivated by (1.5) and (1.6), we extend (2.1) to g-class of Fubini polynomials by using g-
exponential function as follows.

Definition 1. g-Fubini polynomials via q-exponential function as in (1.4) are defined by the fol-
lowing generating function to be

1 > "
T e - ;FM (2) oRk (2.2)

Remark 1. When z =1 in (2.2), one may write Fy, 4 (1) := F, 4 that can be called n-th q-Fubini
number as in the classical Fubini number.

Remark 2. In the case ¢ — 17 in (2.2), one may get
lim Fig (2) = Fu (2)
are the classical Fubini polynomials. '
We give the derivative property with respect to the variable z for ¢-Fubini polynomials as follows.

Theorem 1. We have the derivative of g-Fubini polynomial as follows:

d NP J " [n

Fa@ =21 L] A @B =Y )] Aa@hog@. @)

j=0 L/ da k=0 "q =0 L' g

Proof. By (2.2), we derive

d [& t" d 1
E(ZF""Z(Z)[TM> - 5(1—z(eq(t)—1)>

n=0
e () =1
(1= 2 (e (8) — 1))

n=0
oo n 7 . n
n J n
- S (2] Z ] e mraa -3 [)] Au @ A
n=0 \j=0 t/da}=o "1q =0 L' dq
which means the desired result (2.3). O

‘We now state the following theorem.

Theorem 2. The following relation
Fug () = 3 2 K], S0 (n.K) (2.4)
k=0
holds true for n € Ny.
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Proof. In a suitable interval of convergence, we use geometric series expansion for

follows:

1
@D = )

n=0

R
[n],!
> (eq () = 1)F
k

=0
SO Sog (0, k) [;—T'
k=l n=k q°

=}

n

> (Z ¥ [k] 1S4 (n, k)) [;—;'
n=0 q’

k=0
which means the asserted result (2.4).

From the special case z =1 in Theorem 2, we have the following corollary.

Corollary 1. The q-Fubini numbers satisfy the following relation
n
Frg=Y_[K]!S2q(nk).
k=0

We here give the following theorem for the ¢g-Fubini polynomials.

Theorem 3. The following relation

m=0 k=0
holds true for n € Nog and z # 1.
Proof. By (1.7) and (2.2), we observe
1 z tn 1 1
I—Z;Fn,q(l_,z)[n_}q! 1—z<1—liz(6q(t)—1)>
_ 1
T 1—zeg(t)
= Y e -1+
m=0
oo m m m
= Y= Z(k) (eq (1) = 1)F
m=0 k=0
fe ) m m m \ oo
= > Yy . ) 1! > Saq(n,k)
m=0 k=0 n=k
o o min(n,m) m
-y (e 3 (k> [k],!52.4
n=0 \m=0 k=0

which imply the desired result (2.6).
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From the special case z = % in Theorem 3, we obtain the following corollary.

Corollary 2. The gq-Fubini numbers holds the following relation

o0 min(n,m)
1 m
a= ZO om+1 z : (k) [k]q!slq (n7 k) . (27)
m= k=0

We give a relationship for g-Fubini polynomials as follows.

Theorem 4. We have the following recurrence relation for g-Fubini polynomial:

Frng(5) =23 | ), > ], Fia (&) Facmg ()™
k=0

m=0
Proof. By (1.3) and (2.2), we get

qt(Zan []'> ZFTL+1q nq!
and on the other hand
1 —Dg (1 —z(eq(t) — 1))
Da (1 —z(eq (t) — 1)) (L =2(eg (1) = 1) (1 =z (eq (qt) — 1))
eq (t)
T—2(eg )= 1D) (1= 2(cq (g5) — 1)
eq (t) 1
M= (eg (1) - 1)) (1—2(eq (qt) -1)

=z Zan() T Z ZFn‘q(z)q"i'
n] [n — [n],!

(BB ) By

= i( i[ﬂqi[ ]qu(z nmq()q"‘m> "

]
n=0 \ m=0 k=0 [n]q.
Hence, the proof of this theorem is completed. O

We now consider the following definition related to g-Fubini polynomials with three parameters
as follows.

Definition 2. We introduce the q-Fubini polynomials with three parameters via q-exponential func-
tion as in (1.4) by means of the following generating function

1 = "
_ t) Eq, (yt) = Fog(z,y;2) —. 2.
1—Z(eq(t)—1)eq(x) q(y) nz:% ,q(xyz) [n}q| ( 8)
Remark 3. Taking x =y = 0 in (2.8) gives Fy, 4(0,0;z) := Fy, 4 (%) given in (2.2). Also, upon
setting x =y =0 and z = 1, we have F, 4(0,0;1) = F, , given in Remark 1.

The immediate result for the g-Fubini polynomials F), 4 (x,y; z) with three parameters are related
to the classical g-Fubini polynomials F, , (z) as stated below.
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Theorem 5. We have the following binomial formula for g-Fubini polynomial:

n
n n—
Fug@yi2) =Y [1] Fea@G)@@y)™ (2.9)
k=0
Proof. In view of (2.2) and (2.8), using Cauchy product, we see
S Fgeid) ey = e (a0 B, (1)
Frg(z,y;2 = eq (2t) B, (yt
2, Fna T Toale@-po

|

N

M8
=

0@ ) (S wow;
n=0 [n],! =0 [n],!

3 (Z (1], P ) ) ‘~> o

which is the claimed result (2.9). O

By Theorem 5, we easily attain the following Corollary.

Corollary 3. g¢-Fubini polynomial with three variables can be written by g-Fubini polynomial with
two variables as follows:
n

n i
Frg@y2) =Y (] Feq(092)am (2.10)
k=0
and N
(n— k)(n k—1)
Fog(zy;2) = Z[ ] Fioq (2,05 2) y" -k, (2.11)

We present the following theorem.
Theorem 6. The following relation holds true:
ZFhq(x+1,y;2) = (2 + 1) Fg(z,y;2) — (2 ® y)Z . (2.12)

Proof. Using Definition 2, we consider
e n

;(Fn,q(x+lvy§z)_Fn,q(x7y;z))[n—]q! = l—z(eq t)—l)

1 z(e,(t)—1)
El—z(zeq(t)—l) ( t)Eq(yt)
)

L e Bt
z(l—z(eq() ) Q(t)Eq(yt)>

: (i (Fug (@3:2) - @@ 9)}) #)

n=0

(D0 e o)

for the g-commuting variables « and ¢ such as tx = qzt, which yields
2Fg(@+1,y52) = (2 4+ 1) Fug (2,y52) — (z @ y)y (n € Np).
So, the proof is completed. O

Some special cases of the Theorem 6 seems nice consequences as follows.
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Corollary 4. Each of the following identities
2Fg (Ly;2) = (2 +1) Fug (0,952) — " V/%",
2Fnq(1,0:2) = (2 + 1) Flog (2),
2Fng (0,y52) = (2 +1) Fag (=L ys2) — (-1@y);
2Fpq(0,0;2) = (2 +1) F, g (—1,0;2) — (—=1)".
hold true for n € N.

We provide the g-derivative properties of the ¢g-Fubini polynomials F, 4 (,y; z) with three para-
meters with respect to x and y as follows.

Theorem 7. The following q-derivatives for g-Fubini polynomials with three variables

Dq:an,q (:K, Yy z [nl n—1,q (33 Yz ) and Dq:yFn,q (wa Yz [nl n—1,q (ZE qy; = ) . (213)
hold true.
Proof. By means of (1.1) and (1.4), we derive

oo

quaanq(x YiZ) Ty [n ] ] = quzan’q(x’y;Z) [Ti]n'
n=0 n=0 !
1
= TG o e B )
t

= W% (xt) Eq (yt)

tn+1

= ZF"I’”/’ [,

By comparing the coefficients #", of the both sides, we can readily acquire the first asserted result

n (2.13). The other can be deriéed utilizing the similar method used above. O
The g¢-definite integral is defined by (cf. [17]):

[ 5@t = =063 (#) win [" 5@ [T @t [ @ @1

We provide the definite g-integral propeties of the g-Fubini polynomials F;, 4 (z,y; z) with three
parameters with respect to = and y as follows.

Theorem 8. The following definite q-integrals are valid:

¢ Fri1q (& 432) = Fagiq (.95 2)
Fp g (,y;2) dgw = 2050 dns AL (2.15)
/77 n,q q [n+ 1]q

and

/‘< P ( )d Fn+1,q (377 3; Z) - Fn+1,q (37» %; 2)
g (T,Y5 2 = .
L. v Y [n+1],

hold true.
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Proof. Since

-3
/.mﬂ@%w:ﬂm—fmﬂwﬂﬂb

using Eqgs. (1.1), (1.4) and (2.8), we obtain

S
/ Fog(z,y;2) dg

Thus, we have the first desired result (2.15). Also, the other g-integral representation can be shown

in a like manner.

We give the followig theorem.

Theorem 9. ¢-Fubini polynomials with three variables of degree n+ 1 can be written by g-Fubini

[n—i—l] / DyFi1,4(z,y:2) dgz

1 s X
n ) - F, Pt} .
n+1], ( “q< q Z) “’q(x q Z))

polynomials with three variables of degree n as follows:

X T
Foj1q(m,y52) = xFuy, (Ey; Z) " +yFny (Ey; Z) q"

+ZZ[ ] n—teg (2,93 2) Frq (q_l,O;z) q".

Proof. By (1.2), (1.3) and (2.8), we get

o0 tn
ZFnH,q (z,952) ==
= [n],!

which yields to the wanted result.

= L2 eq (wt) E, (yt

weg (2t) Eq (yqt) yeq (xt) Eq (yqt)
(1-2(e(qt) = 1)) (1—2(eq(qt) — 1))
zeq (xt) Eq (yt) eq (t)

T2 lea - 1) A== (eq (at) — 1))
= x n = T n "
St () iy o ()

(S e ) (Eraoi )

oo
x xr
(IFn,q (—7 Y 2) q" +yFng (—» Y3 Z) 7"
‘ q q

n=

k=0

We state the following theorem including the symmetric property.
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Theorem 10. For n € Ny and z # 22, we have the following symmetric identities for g-Fubini
polynomials with three variables as follows:

n

n
E [k] Fioq (21,915 21) Frmiq (72, Y25 22)
k=0 1

2 =R
= Z[ ] Fokg (1 ®y1,92;20) ©

n

K

P k — Z[] Foukg (22 ® Y2, 915 21) 27
2 — 2 = Lkl PR e

Proof. It is observed that
(W@q (ﬂflt) Eq (ylt)> (Weq (xzt) Eq (yyﬁ))
_ 2 <8q (z1t) By (y1t) eq (2at) By, (ygt)> A (eq (z1t) By (11t) eq (zat) B, (yﬂ))
2 A 1—22(eq (1) — 1) Zp — 21 1—2z1(eq(t)—1) ’

then, by (2.8), we get

(ZF,q xl:yhzl ) (Zan(M,yz,Zz)[ ] ')

1 ( q((xl@yl) t) By (yot) e (@2 ®y2) ) By (t) , t))
n -2 1— 22 (eq () - 1) T=zi(eg(®)—1)

n
t’ﬂ
= zk
= ZQ_le(ZQZ[ ] n—kyq x1€9y1,y2,z2)x2—z12[ ]q n—kyq (T2 ® y2,y1:21) T )[”] .

k=0
Thus, the proof of this theorem is completed. O

eq (zat) —

The Theorem 10 provides several pretty outcomes and some of them are presented below.
Corollary 5. We have the following difference relations for q-Fubini polynomials:

n 20Fy g (T2, Y25 22) — 21Fn 4 (T2, Y25 21
[k] Fioq (21) Frzkg (72,925 22) = nq (72,42 72) ng (72,9 ),
q Z2 — 21

n 20Fy g (21,y1522) — 21F0 g (21,915 21
{k] Fioq (w1,91521) Frogg (22) = a (21,41;22) a(®1,y )7
q

T

22 — 21

=
Il
)

" 20Fh g (29) — 21 Fh g (2
Z[ ] Fioq(21) Fkg (22) = = n,q(z)_; na { 1),
— 2 1

n

n
> [k] Fioq (0,915 21) kg (22,923 22) =
k=0 1

29 Fy q (T2 @ y1,Y2; 22) — 21F ¢ (T2 ® Y2, 15 21)
Zo — 21

We here define the ¢-Fubini polynomials with three parameters of the second kind as follows:

1
T, m - E anq(x ¥i2) ] L (2.16)

When z =0 =y, Fn4(0,0;2) := Fpq(2) is called the g-Fubini numbers with three parameters of
the second kind.
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Some basic properties of the polynomial F,, ; (x,y; z) are listed below:

Faalo?) = Y [4] Frala) oy
k=0
Faa (@,932) = Xn:[Z]qu,q(U,y;z)x""“
k=0
Fraloiz) = i [Z]quﬂg (2,0;2)y" "
k=0
ifn,q(x,y;z) _ n-1 [n] q(n—k)(n—k—l)/zj_-n’q(:L_’y;z)
dz ra klg

We now introduce a new family of numbers as Sy 4 (1, k) as follows:

oo n _1\k
n;szq (n, k) [:l]q! - (Eq([fc% (2.17)

We give the following theorem.

Theorem 11. The following relation

n

Fug(2) = 2" [K]\S2q (n, k). (2.18)
k=0

holds true for n € Ny.
Proof. By (1.7) and (2.16), we obtain

1

TG * (B, (1)~ 1)F

Il
it

2 [k],! i Sa.q4(n, k) [;—;,
0 n=k q°

]

which means the asserted result (2.4). O0

]S () |
[n]q'

Mg I8
M=

=~
Il

n

0

Two correlations between the both g-Fubini polynomials are given by the following theorem.

Theorem 12. We have the following identity for q-Fubini polynomial as follows:

Fog (@52 = 1) (-1)" = Fog (2 @ 1), —y5—2) (2.19)
and
n
n (n—k)(n—k—1)
Fag(@yiz=1) ()" = Y [1] o5 Fig (-~ —2). (2.20)

k=0
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Proof. In view of (2.8) and (2.16), we obtain

= n 1 o (s B
;JF @z =D D" o = T e m e T v
_ eq (—at) By (—yt)
1—z(eg(—t)—1)+eqg(—t)—1
o ((—x @ 1)qt) B, (—yt)
- L+z(Eq(t)—1)
o0 t”ﬂ
= ;fmq ((—fl) ® 1)q y Y _Z) [n_]q|
and
> — 1
_ eq (—at) Eq (—yt)
L—z(eq(=t) = 1) +eq(—t) -1
_ eq(=wt) By (—yt)
N 1,,+ 2 (B, (qt) —1) Eq (1)
ad " n—k)(n—k—1 t"
- SRR o) o
which give the claimed results (2.19) and (2.20). O
Taking = 0 =y in (2.19) and (2.20) yields to the following results below:
Fug(2) = (0" [1] o= Ay (=2 - 1), (2.21)

k=0
From (2.21), we deduce that
" kel i it ‘
Fag(2) =[] a" (=)™ (24 1) (11,50, (k).
=0

k
k=0 j

Thus, we state the following theorem.

Theorem 13. ¢-Fubini polynomial can be written in terms of a number Sz 4 (k,j) given in (2.17)

as follows:
n

k

n (n=k)(n—k=1) i - .

Fag (@) =3 [ a5 0" e+ 17 1)1 (k. 5).
k=0 =0

3. Concluding Remarks and Observation

Kupershmidt defined ¢-Bernoulli polynomials by the generating function:

- %eq (at) . (3.1)

tn
! eq(?)

z B g (x) [n
n=0 q°
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and Kim defined g-Euler polynomials by means of the following generating function:

ZEnq [n] = eq(t%eq (at). (3.2)

Motivated by the generating functlons (3.1) and (3.2), we have introduced g-family of Fubini
polynomials by means of the following generating function:

l—z(eq ZF"‘I [n] [ (3.3)

where F, 4 (z) is called ¢g-Fubini polynomials. One can see that

lim F, 4 (2) = F, (2)

g—1-
are Fubini polynomials. By (3.3), we have derived some new and interesting relations. After that,
we have defined ¢g-Fubini polynomials with three parameters

1 - "
=25, =D (wt) Eq (yt) = Y Fug (2,5 2) ok (34)

By (3.4), we have derived some new applications. In [13], Kim applied tools of umbral calculus
to the classical Fubini polynomials, and derived many interesting identities. By making use of the
technique of Kim given in [13], we will try to derive some new interesting formulae for g-Fubini
polynomials arising from g-umbral calculus.
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