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RELATIONS ON BERNOULLI AND EULER
POLYNOMIALS RELATED TO
TRIGONOMETRIC FUNCTIONS
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ABSTRACT. The cosine-Euler polynomials, the sine-Euler polynomials,
the cosine-Bernoulli polynomials, the sine-Bernoulli polynomials have
been recently studied by Kim and Ryoo [4] and also Masjed-Jamei et
al. [5]-[6] and Srivastava et al. [11]. The purpose of this paper is to
derive some new identities and relations for these polynomials with aid
of generating functions and trigonometric functions.
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1. INTRODUCTION

Mathematicians and other scientists have studied on trigonometric func-
tions, special numbers and polynomials and their applications because these
functions have various mathematical easily usages which are derivative, in-
tegrals and other algebraic properties. By using these functions with their
functional equations and derivative equations, various properties of these
special numbers and polynomials have been investigated (cf. [1]-[11]).

By using these functions involving trigonometric function, we not only
study some special families of polynomials and numbers including the Bernoulli
polynomials and Euler polynomials, but also derive some identities and re-
lations for these polynomials and numbers.

We use the following notations and definitions:

Let N={1,2,3,...}, Ng = NU{0}, Z denote the set of integers, R denote
the set of real numbers and C denote the set of complex numbers.

Now we introduce generating functions for very useful special numbers
and polynomials.

The Bernoulli polynomials B, (z) are defined by means of the following
generating function:

t o t"
1 F = = N" B, (z)—
(1) B (t,2) = G—e€ 7;) (@)

where [t| < 27 (cf. [1] -[11]); and the references therein).
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We observe that
B,(0) = B,
which denote the Bernoulli numbers (¢f. [1]-[11]; and the references therein).

The Euler polynomials E,, (x) are defined by means of the following gen-
erating function:

(2) Fp (t,x) =

t_|_1 _Z

where [t| < 7 (¢f [1]-[11]; and the references therein).
We observe that

E.(0)=E,

which denote the Euler numbers (cf. [1]-[11]; and the references therein).
Masjed-Jamei et al. [5]-[6], Kim and Ryoo [4], and Srivastava et al.
[11] have studied on the cosine-Bernoulli polynomials and the sine-Bernoulli
polynomials, and also the cosine-Euler polynomials and the sine-Euler poly-
nomials with their generating functions. Therefore, in work of Kim and
Ryoo [4], the cosine-Euler polynomials and the sine-Euler polynomials were
defined by means of the following generating functions, respectively,

(3) Fre (tz,y) = i 1ezt cos (yt) = Z B, y)t;""
n=0

(4) Fgs (t,z,y) = 2 bsin (yt) = Z Ef?

(cf- [41, [6]).

Similarly, in [4], the cosine-Bernoulli polynomials and the sine-Bernoulli
polynomials were defined by means of the following generating functions,
respectively,

(5) Foo (t,,y) = e cos (yt) = 3 BIC)

n=0
(©) P (1:2:2) = e sinut) = 3 B 9 ay)
(cf. [4], [6))-

In [11], Srivastava et al. studied and investigated various properties of
Apostol type cosine-Bernoulli polynomials, Apostol type cosine-Euler poly-
nomials, Apostol type sine-Bernoulli polynomials and Apostol type sine-
Euler polynomials. For the names of these polynomials, they gave the names
two parametric kinds of Apostol-Bernoulli, Apostol-Euler polynomials.

The other new families of polynomials are given by the following gener-
ating functions:

(7) Fo (t,x,y) = e cos (yt) = Y C(, y)’%,
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(8) Fs (t,x,y) = " sin (yt) = ZS’ xy

(cf. [4], [5], [6], [11]). By using above equations, we get

5]
o) = _)k (V) g2k 2k
) ) = 3 (1" ()%
and
(10) Sn(:zz,y) _ [nf} (_1)k < n )xn—2k—1y2k+1
= 2k +1
(cf- 4], 5], [6], [11]).

2. IDENTITIES AND RELATIONS RELATED TO SPECIAL NUMBERS AND
POLYNOMIALS

In this section, by using generating functions and their functional equa-
tions, we obtain some identities and relations including the Bernoulli num-
bers and polynomials, the Euler polynomials, the cosine-Euler polynomi-
als, the sine-Euler polynomials, the cosine-Bernoulli polynomials, the sine-
Bernoulli polynomials, the polynomials C,(z,y) and S, (z,y).

Theorem 2.1. Let n € Nyg. Then we have

e = Y (1)L ()8 e s @y

v=0 7=0
" n
+y (J) B (@,9)EC) ().
=0

Proof. By using (3) and (4), we derive the following functional equation:
Fgs (ta 2z, 2y) = (et + 1) Fgs (tax7y) Fge (t,ﬂ?, y) :

From the above equation, we obtain

o0 n o0
ZE (2z,2y)— :(et+1)ZE7(ls)(;r,y)t—|ZE,(LC) x
n=0 =0
Therefore
t - (1) N () mS) ©, "
ZE 2.%‘ 2y — = Z Z . E]' (-T;y)Eyfj(xvy)_,
v ) 4 j n!
n=0v=0 7=0
o n n s © tn
3y <3>E§ (2,9) B (w, )
n=0j=0

Comparing the coefficients of % on both sides of the above equation, we
arrive at the desired result. O
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Theorem 2.2. Let n € N. Then we have

B, (22,2y) = —Z( >Z< ) B (z,4)B\ (x, y)

2 nY\ (s c
J=0
Proof. By using (5) and (6), we derive the following functional equation:

t
§FBS (t7 2377219) = (et - 1) Fgps (t7$1y) Fpe (tvxmy) .

From the above equation, we get

ZB (2 Qyt

n+1 oo

1"
=9 (et — 1) Z B,(ls)(:r, y)ﬁ Z Bgc)(x
n=0 " n=0

Therefore
t" N A ) S C "
ZnB (2z, 2y— = 2) <> <)B(- (@, y) B\ () —
v Jj n!
n=0v=0 j=
o n n S ©) tn
2353 (") B (@, 9) B (=« U)o
n=0 j=0 J

Comparing the coefficients of fl—n, on both sides of the above equation, we
arrive at the desired result. (]

Theorem 2.3. Let n € Ng. Then we have
n
n n c c s s
Buw) =2 (30 (J) (B @.)B ) .9) + ES (2.9)B .9))
j=0

Proof. By using (1), (3), (4), (5) and (6), we derive the following functional
equation:

Fp (2t,x) = Fgc (t,z,y) Fpe (t,x,y) + Frs (t,x,y) Fps (t,x,y) .

From the above equation, we obtain

Z B,( Qt) Z E) (z, y
“Y B, y); > B
n=0 " n=0

tnoo n

B;C)(w)t—,
n

Therefore
oo

c c s 5 "
S rB@h =3y (7) (5@ B e+ B @ B ) o
n=0 n=0 j=0 ’

Comparing the coefficients of fl—n, on both sides of the above equation, we
arrive at the desired result. O
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Theorem 2.4. Let n € Nyg. Then we have
~ n C S 1 - n S
> (1) s =33 (1) B B .20,
j=0 j=0
Proof. By using (1), (5) and (6), we derive the following functional equation:
1
FBC (t,fL‘,y) FBS (t,fL’,y) = §FB (t7$) FBS (t7$72y) .

From the above equation, we have

S BO )t S B n,y)! ZB(:C © N B 2
~ " o y n! S
Therefore

BE) (2 9 (z.25) 5
ZZ B (.y)B,” ZZ 2B, (. 29) 1.
n=0 j=0 n=0 ;=0 '

Comparing the coefficients of ';L—n, on both sides of the above equation, we
arrive at the desired result. O

Theorem 2.5. Let n € Ng. Then we have

n n

n C S 1 n S

> (1)@ e =53 () a2

—\Jj —\Jj

J J
Proof. By using (2), (3) and (4), we derive the following functional equation:

1
Fge (t,l‘, y) Fgs (taxvy) = §FE (tvaj) Fgs (t,l‘, 2y) .

From the above equation, we obtain

S B (P S B (et LN S o) t"
> Ef (m,y)mZEn (x,y)HZEZEn(x)m EW¥) (z, 2y)—‘.
n=0 n=0 n=0 n=0
Therefore
c s VAR PRy 7) g tn
ZZ < ) B )(x,y)Efl,)j(:c,y)m =522 (j)Ej(w)Er(l)j(x,Qy)E
n=0 j=0 n=0 j=0

Comparing the coefficients of & =1 on both sides of the above equation, we

arrive at the desired result. O

Theorem 2.6. Let n € N. Then we have

B\ ) = 3 1y (5;) Bt B, 0).
j=0

|3

Proof. By using (5) and (6), we derive the following functional equation:
FBC (ta Zz, Z/) = FBS (t7 z, y) cot (yt) .

By combining the above functional equation, with the following well-known
relation

00 2n
(11) teot (t) =Y (-1)" Bgn%

n=0
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(cf 1], [3]), we get

N I e WV 7
Z;)yn n_l(m,y)m—z;] B (iﬂ,y)mzo(— ) 2 o1
Therefore
() S) r
ZnB xy) ZZ( 1)’ ( >47B iy 137(1 2; (7, y)—
n=0 j=0

Comparing the coefficients of % on both sides of the above equation, we
arrive at the desired result. 0
Theorem 2.7. Let n € N. Then we have
(©) 1 (7 4 —1 ()
By () == (1) (2 > 4 BojyP T By (,y).
i=0 J
Proof. By using (5) and (6), we derive the following functional equation:
FEC (tv z, y) = FES (tv z, y) cot (yt) .

Combining (11) with the above equation, we obtain

S e = B0 G S B
Therefore

S ety = 35 0 () e

n (z 2;Y _2](17 Y) nl

n=0 j=0

Comparing the coefficients of ;—T: on both sides of the above equation, we
arrive at the desired result. 0

Theorem 2.8. Let n € Ng. Then we have
"\ /n
Sp (2z,2y) =2 Z <j>Sj (z,y) Cn—j (z,y).
§=0

Proof. By using (7) and (8), we derive the following functional equation:
FS (t,2$,2y) = 2FS (t,.’II,y)FC (taxvy) .

From the above equation, we get

is (2x2)ﬁ—225 (z )ﬁ Ch (z )ﬁ
n=0 n=0 n=0
Therefore
tn
ZS (2z,2y) — —222( >S (z,y)C (:B,y)m.
n=0 j=0 ’

Comparing the coefficients of ﬁl—, on both sides of the above equation we
arrive at the desired result. O
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Theorem 2.9. Let n € N. Then we have
n
_ n
Sp(zy) =217 <j>5.7‘ (z,y) Cn—j (2,9).
Jj=1
Proof. By using (7) and (8), we derive the following functional equation:
FS (2t,$,y) = 2FS(t,.fL',y)FC(t,fE,y) .

From the above equation, we have

ZS z,y) —225 z,Y) ZC’n(m,y)g.
n=0 :

Therefore
o0 tn
> o2 is zz( )85 ) s ) &
n=0 n=0 j=0

Comparing the coefficients of & -1 on both sides of the above equation, and
since Sp (z,y) = 0, we arrive at the desired result. O

Theorem 2.10. Let m,n € Nyg. Then we have
Cp (mx,my) = m"C, (z,y) .
Proof. By using (7), we derive the following functional equation:
Fo (t,mx,my) = Fo (mt, z,y) .

From the above equation, we have

oo mo @ n

> Cn(ma,my) — =3 Co(w,y)m"

n=0 n=0

Comparing the coefficients of ‘;—n, on both sides of the above equation, we
arrive at the desired result. O

Theorem 2.11. Let m,n € Ny. Then we have
Sn (mx,my) = m"Sy (2,y) .
Proof. By using (8), we derive
Fg (t,mz, my) = Fg (mt,z,y) .
From the above equation, thus we have
e tn e n
n=0 n=0

Comparing the coefficients of % on both sides of the above equation, we
arrive at the desired result. O
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